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INTEGEATION 



OF 



DIFFERENTIAL EQUATIONS 

BETWEEN TWO OB MORE YABIABLBa 



SECTION I. 



DIFFBBEKTIAL EQUATIONS OF THE FIRST OBDEB AND 
DlBGBEB. 

1. In that part of the Integral Calculus which relates to 
the integration of explicit functions of one variable, we have to 
determine the relation between y and x from the equation 

in the present portion, we have to determine it from the equa- 
tion 

or to assign the relation between x^ y, (where is a function 
of the independent variables x and y), or between a greater 
number of variables and their fimctions, from the equation 



^^' |'*'*'y)=0' 



or from other equations in which a greater number of variables 
and differential coefficients of higher orders are involved. 

2. A differential equation is said to be of the n^ order, 
when the differential coefficient of the highest order which it 
involves is the n^. 

A differential equation of any order is said, moreover, to be 
of the first, second, &c., degree, when the differential coefficient 

H. I. E. .1 
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which marks its order, is raised to the first, second, &c., power : 
or when it inyolves a product at most of m dimensions in differ- 
ential coefficients and their powers, it is said to be of the m^ 
degree. 

To integrate a differential equation of any order, is to pass 
to the primitive equation between the variables and the con- 
stants, firom which the proposed may have been derived by the 
process of differentiation. 

3. We shall begin with the simplest case, viz. that of 
differential equations of the first order and degree, which will 
be of the form 

if and ^being flmctions of x and y. 

Every differential equation of the first order and degree k 
either the 'direct derived equation of a primitive; or it results 
fix>m the combination of the derived equation with its primitive, 
so as to eliminate a constant which enters in each only to the 
first power ; the former sort are called exact, the latter inexact. 

4. First, let u—f{x, y) =0 be an equation between x and 
y, by virtue of which y is a fanction of x; then, as is proved 

in the Differential Calculus, -^ is given by the equation . 

dx iy * dx" ' 

the partial differential coefficients ^ i ;7- > being formed as if 
the variables x and y were independent of one another; or, since 
^, -^ , are functions of x and y which we may r^^resent by 
MfoAN, 

a differential equation of the first order and degree, of which 
fi^iV)^^ ^ ^^ primitive or integral. Now if / (oj, y), 
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besides other constants which are affected with x and y* 
contain a term + O independent of x and y, this will not 
enter into M and N^ having disappeared in differentiating; 
and if there be no such term, we may add it, and/(a;, y) + C»0 
is still a relation between x and y which satisfies the equation 

nnder this form it is called the complete integral ; and the con- 
stant C, which does not appear in the differential equation, is 
cidled the arbitrary constant; if the integral did not contain 
such a term as + 0> it would not be sufficiently general, and 
would be only a particular case of the complete integral. 

We shall presently give the test which every equation of 
this sort must satisfy, and the mode of integrating it. It is 
evident that no equation of the first order which is not of the 
first degree can be exact. 

5. Next, let C^ be another constant which enters to the 
first power in the equation 

/(aj,y) + C = 0, 

then 0^ will be affected with x and y, and will consequently 
appear to the first power in 

and if a value of C^ be obtained firom either of these equations 
and substituted in the other, the result will be 



K-^N.f-0. 



an equation of the first order and degree, involving all the con- 
stants which enter into /(a?, y) + (7= 0, except C^. Hence whilst 
the direct derived equation of 

f{x,y) + C = 0,viz.M+N^^O, 

does not involve the term C which is independent of x and y, 
there will be as many other differential equations of the first 
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order and degree that have /{a;, y) -f (?« o for their primitive, 
as it has independent constants entering only in the first power ; 
if any constant enter in a dimension above the first, the diffe- 
rential eqxiation obtained by eliminating it, will evidently not 
be of the first degree. 

There are two principal methods of integrating equations of 
this sort, which consist either in separating the variables, by 
substitution, or some algebraical process; or in restoring the 
factor which makes them exact. 

Exact Differential Equations of the First Order. 
6. Let y be a function of x determined by the equation 

then the eqxiation which gives the value of -^ is 

the differential coefficients -r-, -j- being formed on the hypo- 
thesis that the variables x and y are independent of one another ; 
then, as proved in the Differential Calculus, 

dM^dN 

dy dx ' 

Conversely, an equation of the form M-^ N-^ = being 

proposed in which M and N are functions of x and y, if the 
condition 

dJI^dN 

dy dx 

(which is called the criterion of integrability) be satisfied, the 
equation results from the immediate differentiation of an equa- 
tion of the form /(a?, y) = ; and to find its integral amounts 
to finding a function of two variables / (a;, y) whose differential 
shall be Mdx + Ndy^ and then to put / (a;, y) equal to a con- 
stant; if the above condition be not satisfied, there exists no 
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equation by the simple differentiation of whidi, the given equa- 
tion can be pzoduced. 

7. To integrate the exact differential equation 
Let the equation from which it is derived be 

denoting bj F a function of y which maj have disappeaiedy 
since M is the differential coefficient of u relative to x^ on the 
hypothesis that x and y are independent ; 

.-. ^=J^-|a^feaf), and r=/rfy{iy^-|(/dirJIO}. 

the complete integral involving one arbitnuy constant. 

8. Obs. The equation Y ^ fdy {N - ^ {SdxM)] wiU be 

d ^ 

absurd, unless the expression N—-j-{fdxM) be independent 

of X : tiierefore its differential coefficient with respect to x most 
vanish; 

, dN d d ,., ^ dN d d ,,, ^ dN dM 

must equal zero ; which it does, since the criterion of integra- 
bility is supposed to be satisfied. Hence it will be necessary 
only to integrate those terms in ^ which involve y only ; and if 
N can be reduced to such a form as to contain no such terms, 
the solution will be u^JdxM+ (7= 0. 
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9. As the simplest case of exact equaticms, we maj first 
notice those in which the variables are separated; thqr will be 
of the form 

where X denotes a function of x onlj, and Y a function of y 
only; here the criterion of integrabilitj is manifestlj satisfied, 
for 

dy dx ' 
and the complete integral is 

/cfaZ+/&?r^-a or JdxX+JdyT^ a 
To this case may likewise be reduced the equatioQ 

which becomes, when divided by X^Fi, 

Ex.l. _L=+-J_|^ = 0; 

a a a 



»-(I\/^^!\/^ 



or sm-*l-A/l-S+^A/l--iJ = 8in"*-:, 



or 



x'^cf-j^ + y^a^-af^aC', 



at which we may also arrive, by multiplying the proposed equa- 
tion by a?y, and integrating by parts, which gives 
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7 
or, since the part a&cted hy the sign fdx vie. 

is eqtud to zero bj the proposed. 



Ex.2, i+y+y + (i+flj + a?^^-0, 

C7(a? + y + l) =2ay+aj+y-L 

10. The following are instances of the integration of exact 
differential equations bj the method of Art. 7. 

Ex. 1. aa? + iy + c+(iaj + my + n)^ = 0. 

Vaj' + y" \y yVa?'+y*/«c 

j^+aaj + (l-a?y)^ 

Ex. 4. I ^ J 1 = 0. Shew this to be exact. 

y^+ 3i^« — a + a V 
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Ex.5. {sf + y'-a*)-£^+{a?+2ay + a')=0, 
a*a;+a5»y + Ja^ + Jy* -a^=> a 

^ «• x^l-ay^l-oa^ "^' here /^if + 0- 0, 

oriogi(i±^il:iM.?^+a-o. 

Va-a?(l-a?y) « 

HomogeneouB Eqvatums. 

11. We come next to the case of inexact equations, in 
which the yariables are separable by substitution ; of these the 
most important class is homogeneous equations. 

Let if + N^ s be a homogeneous equation, that is, one 

in which each of the functions M and ^ is or can be expressed 
bj series of the form 

Jf = ay*ar* + Jy^aT* + cy^aT* + &c., 

N^ a^aT" +i8y''ar' + 7y'ar'H-&c., 

the sum of the dimensions of x and y in each term of Jf and N 
being equal to r. 

Let yssxz where a denotes a new function of x, then 
M^af ^ag + 6g + &c.) -ar/(*), 

dy , ^ 
^™ dx' 

Hence, making these substitutions in the given equation, and 
dividing by af , 

in which the variables are separated. Similarly, the variables 
may be separated by making x^yz; and the latter substitution 
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will be more conyenient when ^ is a more complicated expres- 
sion than if. 

Hence it is easy to effect the separation of the yariables in 
equations which are either homogeneous, or can be made homo- 
geneous; besides these, the number of equations in which that 
separation is possible, is verj limited. 

Ex. 1. 3y*a?4-2«*+y^ = 0. 

Here ^= ^ T =3~-f 2^=--f 4; 

1 I dz \ sf dz 

•'• 5"^3 . 2 . -^"^^ ^' i"^?T3?T2^"^' 

1 / 2« » \ cfe ^ 

/. log« + log («•+ 2) - ilog («• + 1) - log C; 

4. (a?-y)^-aay = 0, a?+f'Olf. 



«• '•'^-y-Va^-y', 8m-^|=log 



» 



7. Vy+(Vy-Vi)J = 0, 

log (y - \^ + a:) + ;^ tan-^ ^— ;7-^ 



H. I. E. 
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12. In the following instances, the equations are not homo- 
geneous, but are made so hj simple substitutions. 

Ex. 1. ax+ly+ c + (ma; + ny+p)^ = 0. 

Let aa5 + Jy-l-c=B«, mx-^ny+p^^Vf 

M and V denoting functions of a;; then ^ >» — , and 

.dydz ^ dy dv 

mv — nz dv . ,, v A? ^ 

av'-lz dz ^ ' efo ' 

this being homogeneous, assume t; = ^k;, w being a function 
of«, 

in which the Yariables are separated. 

Ex.2. a^(<^ + teJ)-3r(a3r+^«^), 

ori(&r--^y)|.»(«y-aar)i. 

Let a5"as«, y'ssv, « and V being functions of 0?, 

m 1 c& n <^ 1 i;?t; nx dy u dv 

''a? z €uc* y dx v dx^ " my oS « S ' 

which is homogeneous. 

Ex. 8, ^ + a^af+byaf = will become homogeneous by 

making y^z^'^^ the equation of condition between 

«», «,i?, J, being (p + 1) (1 - j) » (m + 1) (1 -n). 
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Ex. 4« -jT- ^ — i"- • 

ax cr + xjf 

This may be written — -^ (-] = ^ , 

y 

and therefore becomes homogeneous when z is written for - • 

Linear Equations of the First Qrdsr. 

13. The next important class of inexact equations of the 
first order which admit of being integrated, are linear equations, 
the general form of which is 

P and Q being functions of x ; they are called linear because 
they involve no power of y above the first 

Aasune y «■ tM9, t; and z being functions of as, 

dz dv -^ >K 
.% v-^-^z-^-^Pvz^Q. 

Now z being an indeterminate quantity, may be assumed so 
that the equation last written down may resolve itself into two 
others, each of which admits of the separation of its variables ; 
to this end let 

dz 1 dz 

or, dividing by t?, ^ + Pj5 = 0, <>' - ^ + ^« ; 

.% hgz^ -JdxP^ or « » e"-^*^. 
The remaining part of the equation gives 

« ^= C or, substituting for «> ^== Q^l 
.-. v^fdxQ/'^+O, 
andy = 6--^*'{/(&C/*^+ O}, 
the complete primitive involving one arbitrary constant. 
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Obs. It is unnecessary to add a constant after perfonning 
the integration indicated in the equation z s= e^^\ for let 

then y =«t? = C,^-^-'* 1^ /(fe Qi/'^'^ oU e^ Udx Q^^ CO,), 

which is the same result as before, since (7(7, is equivalent only 
to a single constant. 

14. If we differentiate the result 

wegete>»^(^ + iV)=e^-''<?, 

which shews that if we multiply the proposed equation by «^*^, 
each member is separately integrable; and this is the most con- 
venient practical mode of integrating it. When it is once known ^ 
that the factor which makes the equation integrable is a func- 
tion of X only, its value may be immediately found ; for let it 
be denoted by X; then 

X ^+ (i^ - C) X= is exact, 

.•.f.|(P,-«)Z=J>X.»ig=P, 

/. logX=/(faP, orX^^-*'. 

15. It must be observed that if the second member of the 

equation -J^-^-Py^ Q \^ multiplied by any power of y, it is 

still reducible to the standard form of a linear equation of the 
first order. For suppose the equation to be 

then dividing both sides by y^, and multiplying by — (n — 1), 
we get 

J,G^)-^(«-l)^=-«(n-l). 
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Hence the fiustor which jnakes both sides integiable is 
a""-"-*', and the result is 

_J^ = ^-»j)^ |_ („ _ 1) /diB^-c-«>«'+ (7). 

P=-2, /<&P=-2a;, «-^*'=e-*'; 
.-. C=/<fo6-*(-2aj)=e-*'aj-/&!e-*' = e-*a + ie-*+ O; 

3. ^-«y = «, y=Ce^-l. 

_ rfy . . , 6sina; + cosaj . „j„ 
7. ^^afonx + hf, y — a. ^-^-^5 — + (V. 
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Riceaii's Equation. 
16. There are certain cases of the eqtiation 

(called Biccati*8 Equation, after the Mathematician who first 
considered it) in which the variables are separable* 

First, let m « 0, then^=a-Jy^, or ^_^ a «1, where the 
variables are separated. 

Secondly, let w «• — 2, and assume y « - , « being a fiinc- 

tion of X : 

• 1 f^ -. ** -L ^* ^ • 

X dx of of 9a 

du , , 

.% x-^^a-^-u — bu^ 

where the variables are separated. 

Thirdly, let m» — 4, and assume y»T- + 3, 






where the variables are separated. 

17. Besides the above, the variables are likewise separable 
in the cases when m^ . ^ , i being any integer firom to in- 
finity ; all which values of m evidently lie between and — 2. 



First, let m = --; — r: assume y = r-+-x-; 
2«— 1' ^ ox ofu 
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^ 1 __2 l_du^ 



therefore adding ^ese together. 



or a?*f + auV^-6«0, 
dx 

Now, let aj = «^ then 

du du dz , ^. ^.du 

B* -4» TO+4 4»-4 4{«-l) 

Butm-gj-^, .-. -;;r+8**"^-:3''~2(.-i)-i"*»'- 

Hence by these substitutions the equation is transformed 
into another of exactly the same form, with t — 1 instead of i in 
the index of the variable in the second member. 

1 1 -^ 

Similarly, by substitatmg t— + ^— i for «, and jfj"*** for «, 

o.z u^z 

we shall transform the equation into another of the same form 
where w, « oT'-^gT— i ' ™^ consequently, after t substitutions 

the index of the varifrble in the second member will become 
cero, and the variables will be separated. 

Secondly, let m^'-r. — i ; assume y=B- Aen 

^ du b _ ^«« . 1 .^ t 

•"u»^-^?='^' or-^ + i«aa^u, 
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1" " A tt«. S-|.|-(»+.)^g, 



m j; . m 








— 4t m — 4t 


-4» 



2t + l' w + l — 2t + l 2f — 1 

Hence bj these substitutions this case is reduced to the 

J, • 

former; and therefore when in« ^T. j , the variables in the 

2f ± 1 

equation ;^+^ "^ ^>^ c^n be separated. It maj be observed 



that the more general equation, -A-^ht^ = «*^> ^ reducible 
to this form bj putting af^z. 

18. We shall now give some other instances of equations 
in which the Yariables are separable by particular substitutions. 

Ex.i. a(*|-y) = (a^+y|)v^+?^. 

When an equation contains the expressions 

y^+'^' "'^-y' ^*'+^' 

the introduction of polar co-ordinates will sometimes effect the 
separation of the Yariables ; that is, to assume 

0? =5 p cos ^, y 8 p sin 9y 
p being supposed a function of 6^ for then 

dy ^ dx dp dy dx • 

Hence the proposed equation, which considering x and y as 
functions of 9, may be written 
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17 
becomes ap*=p^v9^3^, ora = - Vp"-a? ^; 

or atan"*^=:Vaj"+y-c^-.a8ec"»^!^^^±^+a 
» a 

Ex.2. y-«|4-|0a» + Jy)| = O, 



assume -=^7, is being a ftuxction of y , 



where the vaiiables are separated. -/ ^^ . ^ ' 

Ex. 3. -^^/{mx + ntf). het mx + nff^z^thtn 

-^ = «i + n-^ = m + n/'(«), where the variables are separated. 

Ex. 4. ^ +p + sy + *:/= 0, Pj j, and r being functions of 

X. Having given ysu a particular integral, to find the com- 
plete integral. 

Assume y = i« + «"*, then 

dz 

^— (j + 2wr)«— r = 0, a linear equation ; 

y-ii 
Thus for the equation '^ = 1 + (^""y) i'^^^^)} 
di 



or ^ = H-aa?"-(a + i)a:y + iy*> 



H. I. E. 
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18 
j=s(a + &)aj, r = — 6, and evidently u=aj; 

Ex. 5. (1 -a?y) ^ + »*+«» = 0, 

^^ssomey^ ..^^ , 8othat« = ^— — ; 

where the variables are separated. 

« ^_ 1 _ 

•*• (l + e*)(»+nVl+F) S~l+a? * 

*^-^* ^-y + a + bx + ca?' ^* ' jf + a + bx+ca?' 

1 Idz 1 

•'• {n-ey-b{n-e) + ac' z dx~ {a + hx + ea?){n+cx)' 

Ex.8. ^+i> + 2y + ry* = 0. ^terej = ^logyJ. 

/. tan"* (y y ^) +fdx'/r^:=^ C, 
or y = y^tan(0-/da;Vty)- 
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Thns if we take^asa^, r=s«*, tiien 5 = —^- — , and the 

ion 

solution of 

^ + a^+^(n-w)y + a^y* = 0, is 

y = aj" tanJC; ; — -^j-. 

^ ] fii+n + 2J 

Elder's EqoatioiL 
19. To integrate the equation 

OTy considering x and y as functions of a new variable t^ 

Let the function of i which expresses x be determined by 
the equation -^ » V7, and therefore that which expresses 

y by the equation ^ = — VF; also let a? + y =2>, oj -y = j, 
^ and ; being fonctions of U 

Then since f-^j = -T; 

^dx €Px dX d^x - rfX 

similarly g=i^. 

•'• de^*\i3^^ dy) 

=i {25 + 20 (a?+y) + 3e(aj»+i^ + 4/(a^+y^} 

-6 + o(«+y)+J{(a:+yr+(aj-yr} 
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and ^ .§«X- r=ft (« -y) +c (a?-y)+e {i^-f) +/(a^-y*) 



or VX- ^/r= (aj-y) VO+e («+y) +/(a! +y)», 

the integral required. The disooTeiy of this integral, which is 
due to Ealer, was of great importance, as being the first step 
towards the foundation of the Theory of Elliptic Functions. 

20. To integrate the equation 

Vl-c'sin'^ + Vl-i^sin'^ ^=0, 
or considering ^ and -^ as functions of another variable t, 
Vl-<?8in'-^^+Vl-<^8in»^^=0. 

Let ^=A/l-<^8in*^, and /. ^=_ Vi-d'sin'^; 
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Let j» = ^ + ^, J-^--^, 

/. -^ fs — <? sin p COB q, 

•^— — ^ cos^ sin J, 
/. '±-^GBinq; flimilarlj ^=s (/sin^; 



.-. Vl-c*8in«^T Vl-c"8in«i/r= C78in(^T^) 

i8 the integral of the proposed equation ; which is only Euler's 
equation under a different form. 

The equations VTT^+^l +»*^ = 0> 

are immediately reducible to the above form, viz. 

Vl-i8in«^ + Vl-i8in«^^ = 0; 

the former by making a; = tan|^, ystan^^^; the latter hj 
making V^s cos ^, Vyscos-^. 
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On the FactoxB which render integrahle a Differential Equation of the 
First Order. 

21. The most natural way of obtaining the complete integral 
of a differential equation of the first order, is to prepare it so that 
its first member may become an exact differential coefficient ; for 
then we shall have only to integrate and add a constant. This 
preparation is always possible by means of a factor, when the 

equation is reduced to the form -^ + K^ 0. For let an equation 

/(^> y> C7) = be resolved with respect to 0, so that 

(7=^(aj,y); 

.-. by differentiation, = P+0^, or ^ + ^ = 0. 

Now the equation 2f + -^^ = may be put under the form 

^+-K's=0, which agrees with the preceding, and may conse- 
quently be supposed to have arisen firom the elimination of a con- 
stant between the primitive /(«, y, 0) =0, and its immediately 

derived equation. On this supposition, therefore, ^+-S'=:0 is 
identical with ^+7) = 0; 

.•.|.^.i(p^«i), 

or ^4> (a?, y) = C^^ + z) , identically. 

The second member therefore is an exact differential co- 
efficient, which proves that there always exists a fiu^tor proper 

to render the expression ^ + ^ integrable. 

22. But although the existence of the factor in every case 
is thus established, the investigation of it is usually attended 
with greater difficulties than the solution of the original equation. 
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For let P+ Q-^^0 be an exact differential equation; and 

let Sj a function of x and y« be a common factor of P and Q so 
that P= i&, Q-NSf by the removal of which, the equation id 
reduced to the inexact state 

dy 



then because P+ Q-^ «= is exacts 



dP^dQ d{Mz) ^ d(Nz) 

dy dx^ dy dx ^ 

dM ^dz _ dN jj.dz 

"dy dy'^ dx S' 



or 



dx dy \dy dx}* 



an equation between x^ y, «, and the partial differential coeffi- 
cients of z^ for determining the factor z. The consideration of 
this equation in its general state must be reserved till we come 
to treat of partial differential equations of the first order ; but 
the following particular cases may be noticed. 

23. First, suppose that the factor is a function of only one 
of the variables a:, then^ =0, and the equation becomes 

1 dz \ (dM dN\ 
zdx^N\dy da)' 

which, being integrated, gives z; for the hypothesis requires 
that the second member should be independent of y. 

Similarly, if the factor be a function of y only, it will result 
firom the integration of 

1 dz^l^/dN_dM\ 
z dy M\dx dy)' 

of which the second member is independent of x. 



Digitized by VjOOQ IC 



24 
Hence, if in any equation if -f- -^^= we find 

a function of x only, or 

M \dx dy ) 

a function of y only ; the factors which make it integrable are 
respectively e^**, e^^^. 

Ex. 1. ^ + (jF^- 0)=0, the linear equation of the first 
order. 

This compared with Jf + N ^ = 0, gives 

M^Py^Q, N^l; 
dM dN ^ ,1 (dM dN\ ^ 

a fdnction of x only ; therefore the factor is e^*^. 
Ex.2. y+(l-ay)^=0, 

rfiV dM_ . 
therefore the factor is -^ . 



The fieuitor by which this is made integrable is a function of 
both the variables - ^, as may be shewn by introducing it, 
and applying the criterion of integrability to the equation. 
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Ex.4. f? + l^-i^y« = o, 
ax qdx pdx^ 

where J? and j are any functions of a?, is made integrable "by the 

factor ; r= , and its complete integral is 

q{p'\rqy) p^dx 

24. In the case of homogeneous equations, a factor proper 
to render them integrable, is readily discovered by means of the 
property that if t« be a homogeneous function of n dimensions of 
the independent quantities t and Zy then 

, du . du 

For suppose F, a homogeneous function of x and y of m 
dimensions, to be a factor which makes M-^N-^ an exact dif- 
ferential coefficient, M and ^ being homogeneous functions of x 
and y of r dimensions; then if 27 denote the primitive function, 
it will be homogeneous and of m + r + 1 dimensions, and we 
shall have 

tKC dx 

hence since F3f and K^are the partial differential coefficients of 
Cwith respect to x and y respectively, 

xFJf+yFi\r=(wi4-r+l) U; 

" Mx-^-Ny w + r+l'Z7db' 

and as the second member is an exact differential coefficient, 
it follows that the first is so likewise, and consequently, that 

M+N-^ is made exact by means of the multiplier 

1 

Mx^Ny' 

H. I. E. 4 
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25. The property of homogeneous functions assumed above 
is easily proved. Let u be a homogeneous function of the inde- 
pendent quantities t and z of n dimensions ; then if we change t 
into < (1 + h) and z into z{l+ A), u will become 

u{l+hy=u-\- nuh -h &c. 
But by Taylor's theorem, u will also become 

du ^^ du , . « 
u-\'-j-.ht'\"j-.hz-\- &c., 
at dz 

therefore, equating the coefficients of A, 

,du ^ du 

And, generally, if u be a homogeneous function of n di- 
mensions of any number of independent quantities t, «, tr, &c., 
and we change them into <(l-|-A), «(1-|-A), ti7(l+A), &c., 
the new value of u will be equally expressed by t* (1 + A)* or 

by e^ * '* u ; and equating the coefficientB of A*" in these 
two identical expressions, we get, separating as above the sym- 
bols of operation from those of quantity, 

n{n-l)...{n-r + \)u-(tj^+z^+w^ + ...)u. 

Ex. a?y + y*+(i^-a5^^ = 0. 

The factor is 

L__ = JL. 

•• 2y»aj ■*■ 2/aj d^ ' 

is an exact diflferential coefficient, and gives the primitive by 
Art. 7. 
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26. Whenever the variables can be separated in an equa- 
tion, a factor which makes it integrable can also be found. 



For suppose that Jf -f- -Y^ = 0, by the introduction of two 

lex 
that 



du 

Other variables u and «, is transformed into 5-f fl^-y- = 0, so 

az 



and suppose F to be a function of u and z^ such that if we 
divide ^+ ^^ ^7 i*? the variables are separated, i. e. -y con- 

tains z only, and p. contains u only ; 



•••K*-^l)-MS 



is an exact differential coeflScient; and consequently -p., which, 
upon restoring the values of u and z, becomes a function of x 
and y, is a factor which makes Jf + N-^ = integrabL 

Ex.1. a + Ja^y'-f a;*^ = 0. 
Assuming y = - , we find 



X' 



and dividing by a? (a — m + iu*), we get 

a; (a — w -h 6m*) a; a — m + it*" 
1 1 



' * a; (a — a -h Jti*) aa; — a^y -f Ja^y* 
is a factor which makes the proposed equation integrable. 
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Ex.2. | + /-| = 0. 

a? 
The integrating factor here is -jrrrz — WZT » *® results 

from the substitution by which (Art 16) the variables are 
separated. 

Ex.3. y' + aa; + (l-a?y)^«0. ^ 

By assuming y = -j , it may be shewn that a factor 

which makes the proposed integrable is 

1 



y* + Zayx — a + oV ' 



Ex. 4. if +^^ =0, a homogeneous equation. 

In this case we know, that making y = xz^ we have 

M^xJ{z), N^x^4>{z), 

andif+i^^ = af/W+«f^(.)(^ + ajg); 

consequently, dividing by 

ar'[f{z)^z4>{z)\=^Mx^Ny, 



we get 



Mx-^Ny ^ X '^JJzfTz^) ' 



1 



" Mx-^-Ny 
is a factor which makes the proposed equation integrable. 

Obs. That ^ j^ is an exact differential coefficient, 

provided M and N be homogeneous functions of x and y of the 
same dimensions, admits of an easy proof as follows. 
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We must shew that 

dy \}Lc -f Ny) "" dx \Mxi-\-NyJ 
Now putting 2i = j5, we have 

if 1 1 1 1 



Mx^Ny X Ny a?'l + F(«)' 

Mx^Ny^yK Mc-^Nyj'^y y l'^F{z)' 

dFjz) 1 
d f M \ _ 1 <fe 'g; 

•'• dyKMx'^Ny)'' xJ}TT(z)^' 

dF(z) y 
d ( N \ 1 rfg V 
dx\Mx^Ny)^ y'[\+i[z)Y' 

which expressions are evidently equal to one another, 

27. There always exists an infinite number of factors which 
render an equation of the first order and degree integrable. 

For let « be the factor by means of which the equation 

dx 
is made integrable, and ti =0 its complete primitive, so that 



i^-^i) 



dy\ __ du 



multiply botli sides by F[u)y where i^(w) denotes any function of 
u, and we have 



.#M(if+i.|).f(»)g, 



and as the second member is an exact differential coefficient, it 
follows that the first is so likewise ; therefore zF (u) is a factor 
which makes the proposed equation integrable, whatever form be 
assigned to F{u). 
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Geometrical Problems prodadng Equations of the first order and 

degree. 

28. The following geometrical problems are added to illus- 
trate this part of the subject. 

I. To determine the trajectory of a given family of curves. 

Let AA\ BB* (fig. 1) be two of a family of curves resulting 
firom the equation /(JT, F, c) = 0, by giving particular values to 
the constant c; and let AB be a curve which cuts AA\ BB^ and 
all the curves resulting from the equation by giving all possible 
values to c, at the same angle ; then AB is called the trajectory 
of this family of curves. Let a;, y, be the co-ordinates of the 
point A in AB^ between which we are required to find a 
relation; AT\ AT^ tangents to the curve and trajectory at -4, 

dY 

tan TAT:=a ; and let a value '^(X, Y) of ^jn.be obtained from 
the equation f{X^ F, c) =0, not involving c ; then at the point 
A,ifii,nAT'N^^{x,y)y andtan^2W=2, 



a=« 






the difierential equation to the curve AB-, and as it does not in- 
volve c, AB will cut every curve in the series at an angle whose 
tangent = a. The equation when integrated will involve an 
arbitrary constant, and consequently will represent a system of 
curves, every one of which cuts the former system at the same 
angle ; the constant may be determined, if a point through which 
the trajectory is to pass, be given. If the angle 2M 7' be a right 
angle, or a be infinite, the differential equation to the trajectory, 
which is then called orthogonal, is 

Ex. 1. To find the orthogonal trajectory to all curves re- 
sulting from the equation y' (c — «) = a?^ by giving all possible 
values to c. 
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therefore, substituting for ^ (a;, y) its value, the differential equa- 
tion to the trajectory is 

a homogeneous equation whose integral is (Art. 11) 



Similarly, let/(p, 5, c) = be the equation to the curve A A* 

referred to polar co-ordinates, and let it give for p -r- the value 

'^ (p, 0) independent of c ; then considering p and as co- 
ordinates of the point A in the curve -45, 

Uii8AT^it{p,0), Un8AT = p^, 
•••« = fe' 



l+t(p,^)/>^ 



which is the differential equation to the trajectory ; or if it be 
orthogonal, 

Ex. 2. Let the curves be a system of circles touching a 
straight line in the same point, then taking that point as the 
origin and measuring from the line, their equation is 

/) = c sin 5, 

1 cos^ rf^ d0 Bin0 , , n\ 

, sin ^ c» ^ n , ' n ^ r. 

.*. 1+ — Apy-'^O, or cosff + 8inffp:5- = 0, 

cos ^ '^ op '^ dp ^ 
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the equation to the orthogonal trajectory, which represents a 
system of circles passing through the given point and having the 
given line for their diameter. 

We may generalize this problem, by finding the orthogonal 
trajectory of all circles described through two given points. 

II. To determine a curve such, that the locus of the ex- 
tremity of its polar subtangent shall be a straight line. 

The polar subtangent is a line drawn from the origin per- 
pendicular to the radius vector to meet the tangent. 

Let /), 5, be the polar co-ordinates of any point P in the 
curve sought (fig. 2) ; then those of the extremity Toi its polar 

M IT 

subtangent will be p*^ and &—^i which must satisfy the 

equation to a straight line, viz. 

p' = c sec (^ — a) ; 

^de (^ ir\ c 

^ dp \ 2/ sm(tf-a) 

.*. T = sin (^- a) ^> and - = cos (g- a) -f C; 




P = 



C+cos(g-a)' 



the equation to curves of the second order, having the pole for 
one of their foci. 

III. To find a curve in which SO varies as 8P, PO being 
a normal at P, and 8Q a fixed line through 8^ (fig. 2). 

Taking 80 for the axis of a?, the equation to the normal at 
Pis 

(F-y)g4:X-a: = 0; 
therefore making r=0, X=^ SG^x-\-y^, 
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and fiP=V?+y, .-. aj+y^ = eVaj* + y", 

or V?+y = «B+0, 
the equation to a curve of the second order. 

IV • To find a curve which is always cut hj its radius vector 
at an angle proportional to the corresponding angle of revolution ; 
that is, ^SPTcc lABP, (fig. 2). 

Let />, By be the co-ordinates of anj point in the curve, then 
the angle at which the radius vector outs the curve, has for its 

tangent p^; 

dB ^ ^ I dp coBnd /pV . ^ 

/.p^ = tan«(9, or-J = ^j^, /. (^j^smnd. 

y. To find the locus of the centre of an ellipse rolling along 
a straight line. 

Let ON be the line along which the ellipse rolls, and which 
touches the ellipse at P; ON=Xj NG^y^ the co-ordinates of 
its centre; then OP is a normal to the locus of G (fig. 7), and 
therefore 



'^^^. 



but ^ + V-CI»^-^, 

the difierential equation to the required curve, in which the 
variables are separated. Gfenerallj, H p=^f{p) be the relation 
between the radius vector and perpendicular on the tangent in 
any curve, then the locus of the pole, when the curve rolls along 
a straight line, will have for its equation 



*=/{V'-(i)]' 



H. I. E. 5 
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Thus if the curve "be a parabola, to find the locus of its focus we 
have p = Vap ; 

.•.y=\/«y{l + (-!)}*, or y = a^l +(!)". 
the equation to the common catenary. 

VI. To find a curve such that the intersection of the tan- 
gent at any point and a line drawn from the pole inclined at a 
constant angle to the radius vector of that point, shall trace out 
a given curve. 

Let zA8P=0, 8P—p (fig. 2) be the polar co-ordinates of 
any point P in the required curve, YQ a tangent at P inter- 
sected by a perpendicular upon it from ^S" in F, and by a line 
through 8 inclined at a constant angle P8Q = a to SP in Q. 
Also let j:A8Q = 0'y 8Q^p be the co-ordinates of Q^ which is 

supposed to lie in a given curve whose equation is -r =/(^); 

then ff^e + (i\ and, calling ^PSY^ 0, 

1 cos (a + 0) cos a sin a c?p . , , 1 dp 

~ = — ' ji a— j^» smce cot A =- jg . 

p pcos<p p p da ^ p dd 

Hence the equation to the locus of P is 

OT^^^^^C^-^ (dd^^^f(0 + OL). 

p sm a '' J \ ' J 

a a cos fi-{-C COS ff ^ , _ , 

Suppose -7 = , a curve of the second order ; 

r ^ 

then - + Cfe-**^**= h c cos 0, another curve of the second 

p cos a 

order when (7=0. The result seems to fail when a = i tt; but 

in tl 

find 



cos 8 

in that case, first changing the constant into C + , we 

cos a 



-+ C'-5C08)8 = CC08 5. 

P 
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SECTION n. 

DIFFERENTIAL EQUATIONS OF THE FIBST ORDEB BUT NOT 
OF THE FIBST DEGBEE. 



29. When a differential equation of the first order is of 
a higher degree than the first, we know that it is not obtained 
by the direct differentiation of its primitive, but results firom 
eliminating a constant, (which enters into the primitive in a 
dimension above the first,) between the primitive and its de- 
rived equation ; the degree of the differential equation and the 
dimension of the constant eliminated above the lowest dimen- 
sion in which it appears, being always the same. The general 
form of such equations free from radicals, is 

the coefficients being fimctions of a; and y. 

If this can be resolved with respect to ^ into its n simple 
factors, it will assume the form 

then each of these factors put equal to zero, will be an equation 
of the first order and degree, whose integral may be foimd by 
the methods of the preceding Section ; and any one of these 
integrals, as well as the continued product of any number of 
them, will evidently satisfy the proposed equation. If, there- 
fore, we integrate the n equations, 

| + ?. = 0' | + ?. = o,... |+?. = o, 

and complete them all with the same constant C, as the pro- 
posed equation is of the first order, we shall obtain the required 
primitive involving C in the n^ power, by equating their con- 
tinued product to zero. 
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^•'- (IM !-'=»• 



y^+« 



.'. +'/t^ + a? = x + 0, and -VyTs? = a?+<7; 
.-. (^/7+^-C'-aJ)(V7+^ + C+a:)=0, 
.-. ^+a^-((7+a5)» = 0, or j^^iCke+C. 



dx 



rfy . /-s s clxKxJ 

'4-y = ±a;V^T7, or 7^=1- 

and -log(| + yr7^ = log(y^l + ^-|) = a, + C; 

•'. va?+y*+y = ca^, changing the constant, 
and Va? + y»-y = caje'; 

Ex.3. 3^+(y0 = 2na! + 2nyg. 

y + (a!-c)» = n''+2naj, 
the equation to a cirde. 
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This IS the solution of the Problem to find a curve in which 
the square of the normal is always proportional to the sum of 
the abscissa and subnormal. 

30. When the resolution of the proposed equation into its 
simple factors is impossible, there are still various forms for 
which the complete primitive can be determined, or its determina- 
tion made to depend on elimination ; this is done bj means of 
substitution, or differentiation, or other analytical artifices, of 
which we shall now give some instances. 

Ob8. The arbitrary constant in what follows is often reserved 
under sign of integration. 

31. When the equation contains only one of the variables, 
X suppose, and can be solved with respect to that variable, so that 

a5=/f^j; let^ be denoted by^, then x=f(jp); and inte- 
grating the equation ^ =p by parts, we get 



y--xp-JdaJ^^jpf{p)-fdpf{jp); 

between which and the equation a?=/(j?), eliminating ^, we 
shall obtain the required integral. 

Similarly, if we havey=/(^), since 

dx^^ d^_l dfijp) 
^"^ dy' dp "p dp ' 

we shall have to eliminate^ between y=/(2?), 
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Ex.2. y = aVl4-y, a;-f C=alog (vy--a*+y). 

This is the solution of the problem in which it is required to 
find a curve such that the perpendicular on the tangent from the 
foot of the ordinate shall be constant. 

Ex.3. yVrT7 = <g>. Here|=p^^,; 

This is the solution of the problem to find a curve such that 
the tangent terminated at the axis of x shall be of a constant 
length. 

32. An equation not coming immediately under this case, 
may sometimes be reduced to it by putting p = xz, or p= yz. 

Ex. (^y+aa;^ + a^ = 0. Let^ = a;«, 

ttZ 

then ic («•+ 1) + ajs = 0, or «= — t-^T* > 



dy_dy dx _ aV(2g'-l) 
•*• dz^dx'dz^ («'+!)' ' 

and z must be eliminated between the integral of this, and the 

az 
equation a? = — :p- — | . 
\-\- z 

33. When the equation contains both the variables x and 
y, provided it be homogeneous with respect to them, we may 

assume - = « ; then the equation will take the form, (which is 

not solvable with respect to^ by supposition,) 
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Suppose this capable of being solved with respect to z, and let it 
give « = 0(/>) ; now y^xz gives^ = 2J + a;-i- , 

1 1 dz 

or -= -i~, 

X p— z ax 

substitute the above value of «, and integrate this equation ; then 
p must be eliminated between the result which will be of the form 
loga? = jP(;>), andy = a^(p). 

a; -* 
.'. loga:= - i {log (i> + Vl +^*) +n log Vl +/} +log G\ 



Vl+y ' a: ^ ^' 

between which equations^ must be eliminated. 

This is the solution of the problem, to find a curve such that 
the perpendicular upon the tangent from the origin shall vary as 
the abscissa to the point of contact. 

n y 

Let n = l. -- = l4.y+jpVl+/, ^=i>+vT+y; 

X X 

...s!±^-=(,+,,(,+vrf?)'-^. 

or y* — 2Gx — a?j the equation to a circle. 
34. Another integrable form is y = a?^+/(^), which 



Digitized by VjOOQ IC 



40 

is called Clairaut*s form, after the Mathematician who first 
considered it. Substituting p for ^ , and differentiating, we 
get successively, 

y = ^-f/(i>), 

•••I'+l-^wil-"' 

which resolves itself into the two 

The first of these giv es ^ = ^ (a:) suppose; this value sub- 
stituted for p in the proposed equation, furnishes a relation 
between x and y which satisfies the proposed equation, but which 
involves no arbitrary constant, and cannot therefore be the 
complete primitive. The other equation must therefore lead to 
the complete primitive ; but this gives ^ = C7, and by substituting 
this value of p in the proposed we find 

y=Cb+/((7). 

Hence Clairaut's form has the property, that the complete 
primitive is obtained by substituting the arbitrary constant C 
for J?, in that form. K we integrate^ =« (7, we find y = Gx-\- C; 
but the condition of the proposed equation being satisfied gives 
C' ^f{G)^ the same result as before. 

We shall afterwards return to the consideration of the other 
solution, which is called the singular solution, and is not de- 
rivable firom the complete integral. It is evident that Clairaut^s 
form may be put into the rather more general shape 

Ex.1. y=.^ + ^(l±^. 
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Differentiating, we get^ —p + x-+ + a(l — i) ;f > 

.'. ^ = givesjp= (7, and y=CbH — ^—^ — i, 

the complete integrid; and 

a; + a-^ = 0give8p=±y/I^, 

which, substituted in py = a -{-p^ {x + a), gives the singular 
solution 

± y V ^^* ^' ^' y* = ^^ (^ + ^)' 

Ex.2, y =a; (p - c) -h Va*- c'+i>V, 
y = a:((7 — c)+Va*— c^+ (7*a*, the complete integral ; 

/][_ , + ^ — |-^ = 1, the singular solution. 

The two foregoing examples are the solutions of the problems 
to find a curve for which the Iqcus of the intersection of the 
tangent and perpendicular upon it firom the origin shall be a 
straight line, and a circle, respectively. For the co-ordinates of 
the said point of intersection are 

p (y ^px) v_ y-px ^ 

and these substituted in the equations to a straight line and 
circle, viz. X + o = 0, F* + ( JT — c)* = a', lead to the preceding 
equations. 

Ex. 3. To find a curve such that, a, )8, 7 being the angles 
which the sides of a triangle on a given base and with its vertex 
a point in the curve, form with the tangent at that point; we 
may always have tan' ^ = tan a tan 7. 

H. I. E. 6 
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Let the given base 8C^c, .8N=: x, NP==y, the co-ordi- 
nates of a point P in the curve, PT a tangent, PG a normal at 
that point, u4P parallel to SC; ^APT=a, SPT=^fi,CPT=^y 
(fig. 8) ; then tan*)8 = tan a tan 7 gives 

^ cos'iS A X / X 

1 5^ = tan a tan (7— a) ; 

cos' a ^ 



fSG\'_GN PN GN 
•'• "^ Up/ ~ PST' GN'^UN' 

on (""^^t-' -^ ^^ 



«+y 



or 



dp 
irrr-[i)> or, putUng^«^, 

c 



/. Va^ H-y* = (a: - c) C^-py ^® complete integral, 

representing a conic Section, the two fixed points being its focus 
and center, and its eccentricity = C; and {x — 2c)* 4- y" = 0, is the 
singular solution, representing a point, viz. the other focus. 

Ex.4. y = :g? + Vj' + ay, 



y = Cb + VJ*+ (T'a*, the complete integral, 

«y + ^*^ = «*^*> the singular solution. 

This is the solution of the problem to find a curve, such 
that the product of the perpendiculars dropped from two given 
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points upon the tangent maj be invariable; for taking the line 
joining the two given points (whose distance suppose = 2c) for 
the axis of x^ and their middle point for origin, and x^ y the 
co-ordinates of anj point in the curve, the equation to the tan- 
gent at that pDint will be 

and the lengths of the perpendiculars dropped upon this line 
from the points (c, o), (— c, o) will be 

VTTp« ' Vl+/ ' 

and the product of these = ^"^^ y 7 ^ = ^'> suppose; 

l-\-p 

.'. y = :cp + V?+"^*i putting a* = J* 4- c*. 

35. A still more general case is the equation 

y^xf{p)'¥4>{p), 

which bj differentiation is reduced to a linear equation of the 
first order in a;; for we get 

••• {i'-/(/'))f=»'|/(p) + !*(/'); 
'dp " f{p) -p fkp)-p' 

which gives x=F{p)', then p must be eliminated between this 
and the proposed equation. 

Ex.1. y = x/ + 2p; .: p=p* + 2xp^l + A, 



oEk 2a; 2 

orT- + - 



dp^p-l p*-p' 
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which is made integrable hj the factor (p — 1)*; 

... x{p-iy=- jdp^^ = - 2p + log/ + a 

But p=i i\/+IJ> therefore substituting this in the 

*C V flJ OCT 

preceding, we obtain the complete primitive betwe«i x and y. 
Ex.2. y-Qcmp + niJl +p*; 



xp 



''~,h 



JL 






Ex. 3. y+^(a-a?)=n/da;Vn-/; 

This is the solution of the problem of finding the path of a 
point P which moves uniformly towards another point Q also 
moving imiformly in a straight line. 

For taking A (fig. 3) for the origin, and AB^ which is per- 
pendicular to By the line in which Q moves, for the axis of a?, 
we have, supposing P and Q to start together from A and J?, 
BQ^nAP, or if AN^x, NP^y, AB^a, 

y + {a — x)p = nfdx Vl -f-jp*. 

36. In the following examples the method of substitution 
succeeds. 

Ex. 1. (l-jp')a^y=i?(a:'-/-c*), 

which expresses that the normal bisects the angle between the 
focal distances; 2c being the distance of the foci, the origin at 
the middle point between them, and the line joining them the 
axis of a?. 

therefore, difierentiating, 

f, <? \dz ^ 



Digitized by VjOOQ IC^ 



45 



this resolyes itself into 

x=± , which gives y*+ (a?— c)'=0, 

1 + ^ 

the singular solution ; 

and ^ = 0, or « = (7, which gives y*= (7 f aj^ — r — ^ j, the com- 
plete int^raL 

Ox 
If we integrate j? = — , we get y*= Cy+ (7', where C" 

mnst be determined hy the condition of the proposed equation 
being satisfied ; and by this condition, in general whenever the 
method of solution raises the order of the equation, must the 
number of constants be reduced. 

Bj the same substitution may be solved the more general 
form 

ciayja^ -hp {a? — ay* — ft) — a?y = 0. 

ax X X \ \ax xj ar 

T . .1 ^y dz y ^ dz 

Jjety^xz, *hen -^ = j2? + a;-j- = ^+a?-^; 

1 dz X 



K X= I, we have sin"*« = sec"'a:+ C, 
or sin"*^ = sec"* x+ C. 

X 

Ex. 3 and 4. 
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Introducing polar co-ordinates, we get for the first, 

.,, de Zip) 



7c 



The second gives 



7c 



. ., a\ ^^P Vl-{/'(co sg)|' 

= =/(C08d), Or-;^ -^f—^^ . 



^^-^,.„„.;, --^- ^(^e>) 



The former expresses that the perpendicular on the tangent 
from the origin is a given function of the radius vector; the 
latter that the sine of the angle at which the radius vector cuts 
the curve is a given function of the cosine of the angle at which 
it is inclined to the axis of x. 
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SECTION m. 

ON THE SINGULAR SOLUTIONS OF DIFFERENTIAL 
EQUATIONS OF THE FIRST ORDER. 



37. From the complete integral of a differential equation 
we can deduce as many particular integrals as we please, by 
giving to the arbitrary constant particular values. But some 
differential equations are satisfied by a relation between x and 
y not containing an arbitrary constant, and not deducible from 
the complete integral; such a relation is called, as has been 
said, a singular solution of the differential equation. The 
existence of such solutions depends upon the fact, that when 
a solution of a differential equation has been obtained in any 
manner, it will still be a solution after a quantity of any kind 
has been introduced in any way, provided the same derived 
equation result. This is merely an extension of the principle 
on which the arbitrary constant is added. 

38. Before entering upon the general theory, it may be 
useful to consider the foUowing^particular instance* 

Let the equation 



'-'t^'Hi)' '" 



be proposed, which, since it falls under Clairaufs form, has for 
its complete integral 

y= Cx + a+aC^; (2) 

C being the arbitrary constant. If we now regard (7, not as 
a constant, but as a Amction of x, and differentiate, we get 



|=o.(«^««of, 



and if we eliminate C between this and y = Cx-{-a-\-a(P, we 
shall obtain a differential equation, but not the proposed one. 
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for that arises by eliminating C by means of the equation 

-^ = (7. But if (7 be 80 detennined as to make the coefficient 
ctx 

dC X 

of -^ vanish, that is, if (7 = — —, then the derived equation 

will be -f^ = (7, and the result of the elimination of C will be 
the proposed equation. 

Substituting for C its value, we get 

y = -2S^^ + 4^=-4a + «' 
a relation which manifestly satisfies the proposed equation; iot 
it gives ;r^ = — 5~ > ^^^ these values of y and -# , being sub- 
stituted in the proposed, equation, make it identical. But this 
solution contains no arbitrary constant, and being the equation 
to a parabola it cannot, either by making (7=0, or any other 
constant quantity, arise from the complete integral which is the 
equation to a straight line ; it is consequently a singular solu^f 
tion, and arises from the complete integral by changing G into 
a frmction oi ,x so determined^ as to make ^e term involving , 

--J- disappear from the value of -^ . 

Thus we see how the singular solution arises from the com- 
plete integral; next, let us consider its geometrical signification. 
The proposed difierential equation expresses that the curves to 
which it belongs have the property, that the tangent at any 
point is intersected by a perpendicular upon it from a given 
point, in a given straight line. 

Take the given point 8 (fig. 4) for the origin, and T8y AS 
respectively parallel and perpendicular to the given line ACy 
for the axes of x and y. Let TC be the tangent at a point 
whose co-ordinates are x and y, then its equation is 
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BXii the equation to the perpendicular upon it from 8 is 

and for their point of intersection 

but this point is always in AC (ox which Y^AS^a; 

the same as the proposed equation. 

The complete integral y = CSr + o (1 + C*), which represents 
a series of straight lines, eyidently satisfies the problem for all 

values of C; for let Tb be any one of these lines, then y « — -r^ 

is the equation to a line through 8 perpendicular to it ; and 
combining the equations to get the co-ordinates of their point 
of intersection, we have 

y = -CV + a(l+C^, or y = a; 

the intersection consequently Mis ia AC. And as a straight 
line is its own tangent at every point, the equation 

y = Cb + a (1 + C*), for all values of (7, 

represents a line sudi that the intersection of the tangent at any 
point, and a perpendicular upon it from 8, falls in the given 
line A C. Now the curve which is generated by the perpetual 
intersections of these lines will also satisfy the problem; for 
each of the lines will be a tangent to it, and therefore per- 
pendiculars from 8 upon its tangents will intersect them in 
the various points of A G. To get the equation to this curve 
we must, according to the usual method, difierentiate with 
respect to the parameter (7, which gives 

0=a:-f2(7a, 
and eliminate C between this, and the equation 

H. I. E. 7 
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which gives 

of 
y^^—^a, or 4a(a-y)=a^, 

the equation to a parabola, vertex -4, focus Sy of which curve 
it is a well-known property that the perpendicular from the 
focus intersects the tangent at any point, in the line touching 
the parabola at its vertex. 

This result being obtained by exactly the same process as 
the singular solution was obtained, of course coincides with it ; 
hence it appears that the singular solution belongs to the curve 
which touches the family of curves resulting from the complete 
integral by making the arbitrary constant assume all possible 
values. The conclusions arrived at in this particular instance, 
we shall now shew to hold generally. 

89. Having given the complete integral of a differential 
equation, to find its singular solution. 

Let f\Xy y, ^j = be a proposed differential equation, and 

suppose it to result from the elimination of the arbitrary con- 
stant c, between the equation F(xy y, c) = 0, and its imme- 
diately derived equation 

Now change c into c' any function of x and y, then our equa- 
tion becomes F{x, y, c') = ; and its immediately derived equa- 
tion is 

^'+^'l+^'£=o (1), 

^entering into Jf' and W just as o did into if and N, and 

^ being formed in the usual way for a function of two variables 

r-^f *® ^***^' °f ^Wch is dependent on the former. Now 

»K^n/L '*;*^^ '^*^*^^'''* ""^ ^('^> y' ''') ^*^ ««P««t to «'. 
TolyTa « ^ -^ "^ constant, and will therefore usually in- 

value for . 'T "^ '..*°"* "^ P°* *1'**^ ^ zero, will give such a 
«w makes the last term of equation (1) disappear; 
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and then the elimination of c' must evidently produce the pro- 
posed equation fi^iVj-^j^ ^' I^* ^^^ value of c be sub- 
stituted in jP(a?, y, c ) = ; then this equation is changed into 
^ (^> y) = ^> ft^d furnishes a relation between x and y which 

satisfies the equation /(a?, y, ^ j = 0, but contains no arbitrary 

constant, and is not deducible from the complete integral by 
giving a particular value to the constant ; since it results fix)m 
the complete integral by substituting for c a variable value 

deduced from the equation ^i?'(a;, y, c) = 0. Consequently, 

the relation ^ (a?, y) = is the singular solution required. 

40. To explain the geometrical signification of the singular 
solution of a differential equation. 

Let F{x, y^c)=0 (1) be the complete integral of a differential 
equation between two variables ; if we differentiate it with regard 

to c, we have •-tF{x, y, c) = (2) ; and if between these equa- 
tions we eliminate c, we get ^ {x, y) = (3) where c does not ap- 
pear, and which is a singular solution of the differential equation 
of which (1) is the complete primitive. Suppose equation (1) to 
be the equation to a system of curves, in which the position and 
dimensions of any particular curve is defined by a particular 
value of the parameter c ; also let equation (3) be the equation to 
a curve referred to the same co-ordinate axes. Now equations 
(1) and (2), when c receives a certain value, are satisfied by the 
same values of x and y. Hence from the manner of its forma- 
tion, equation (3) is satisfied by the same values ; or the curves 
which are represented by (3) and (1), with a particular value of 
c, have a common point But equations (3) and (1), being each 
a solution of the same differential equation, frimish the same 

value of -^ for the same values of x and y ; consequently the 

curves touch one another at their common point. The same 
thing happens for every one of the system of curves which 
equation (1) represents. Therefore the curve represented by 
the singular solution touches in a point every curve represented 
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by the complete primitive. This is the geometrical interpret- 
ation of the singular solution of a differential equation of the 
first order. 

41. Haying given a solution of a differential equation, to 
find whether it is included in the complete integral or not. 

Let ;T^=/(a;,y) he the proposed differential equation, and 

y=i F{x, c) its complete integral, c being the arbitrary constant ; 
and when c = c, let this become y «= w, w containing no arbitrary 
constant ; then y = u is a particular integral of the proposed. 

Hence since F{x, c) — w becomes zero when c = c, we have 

F{x, c) — u = {c'' c )••. z^az suppose, 

z being a function of x and c, which is neither infinite nor zero 
when c = c, or when a = ; and m expressing the highest power 
^f^ — ^' which enters into every term of F{x,c)'-u. Conse- 

r the complete integral becomes 
y^u + az^ 

being substituted in the proposed equation, 

w since z is neither infinite nor zero when o = 0, we may 
. it in a series of ascending powers of a, in the form 

z^K+Aa' + Bcfi + Scc, 

:c. being increasing and positive, and K, A, B, &c. func- 

ain, the development of/(a!, u + az) will be of the form 
f{x, u + az) =f{x, u) + M{azy- + N {az)' + &c., 
ic. being increasing and positive. Hence, by substitution 
ition (1), observing that — =f{x, u), we get 
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= Ma"^ {K-\-Aaf' + &c.)- + Nd'' {K-\- Aa^ + &c.)" + &c. 

Now unless this equation is identical, y =» t* cannot result from 
y=^F{xj c) by changing c into c' ; and therefore y = w cannot be 
a particular integral of the proposed ; and consequently if it 
satisfies the proposed, it must be a singular solution. Now the 
indices m, «, &c., are known, for they result from writing U'\'€lz 
for y in/(a?, y) and expanding according to powers of az ; and 
we must endeavour to determine a, jS, &c. so that the two mem- 
bers of the equation may be identical. If m be > 1, this can 

easily be effected ; for we must have -j- = 0, or jr= a constant ; 

dA 
a + 1 = w, and -j- * MK*^ ; and so on for the other terms. Con- 
dx 

sequently it will be possible to make the two members identical, 

and y = u will be a particular integral. In the same way the 

identity may be established if w = !• But if w < 1, there is no 

term on the first side corresponding to MK^oH^ ; and since K 

cannot be equal to zero, it is impossible to satisfy the identity ; 

and therefore y = w is a singular solution. Hence to discover 

whether a given solution, y = t*, of a differential equation 

is a singular solution or not; we must write t^ + A for y in the 
value of -#, and if the expansion in ascending powers of h in- 
volve a power of A, whose index is < 1, the solution in question 
is a singular solution ; otherwise it is a particular integraL 

42. To deduce the singular solutions from the differential 
equation, without knowing its complete primitive. 

Let y = w be a singular solution of the equation 

then by the preceding article, substituting w + A for y, we get 
/(x, tt + A) =/(a;, u) + MV" + i^A* +&C. 
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where tn, n, &c. are proper irsctions ; 



••• if{x,u + h)=^-^f{x,u + h)r.mMh^''-\-nNfr'^&c.; 



consequently, when A = 0, ;j-/(a?> w) == oo . 

But -j-f^^ t*) is what -j-f^^y y) becomes when y= w; and 
therefore, conversely, every yalue u of y, which satisfies -^ =/(a?iy)> 
and makes y-fipo^ y) = oo , is a singular solution of the equation 

43. It is not essential to give the equation the explicit form 
^=/(a;,y).: Forlet^^;?, and let r=0 be the given rela- 
tion between a?, y and p ; then we may regard ^ as a fonction of 
X and y determined by the equation F= ; hence forming the 

dV dV 
differential coefficients j- , -^ 9a \£ y and p were independent 

of one another, we get 

dV dV^^^ or ^=.-^^^^ 
dy dp dy * dy '3y * dp' 

Hence the condition -j-f^^^ y) =s oo is equivalent to ^ = 0, 

dV 
provided -^ remains finite ; and therefore the singular solutions 

of the equation F«jP(a?,y,/>) = 0, are determined by eliminat- 
ing p between V— and ^ = 0, provided always that these 

solutions satisfy the proposed equation and do not make 

dV 

-J- = 0. And conversely if the solution of an equation be given, 

and we deduce itom it the value of -j- ^p, then if this value 

dV . . *. . dV 

make -j- vanish without making at the same time ;j- *= 0> it is 
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a singular solution ; otherwise it is a particular integra^Jl It is 
evident that if we consider y as the independent variable, and 
put the equation under the form 



the same reasonings woidd shew that singular solutions may 

dx dV 

be obtained by eliminating p' = -7- , between V^ and -^ = 0, 

provided that these solutions do not at the same time make 

— = 
dx 

Ex. ]. To find the singular solution of 

dx 
Here ^ = — a; + ^ = ; /. j?* = 2^, and the proposed becomes 

(a; + y-a);?=y + a?p*, or (a:-f y-a);>=2y, , 
or (a5+y-a)' = 4ay, 
which may be reduced to the form Vx + Vy = Va. 

The three former examples determine respectively the curves 
which have the properties that Or+ OT' is constant, that the 
area of the triangle TOT is constant, and that TT is constant, 
TT being the tangent at any point meeting the axes Ox^ Oy in 
T and T^ (fig. 5) ; the last determines a curve such that the 
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product of the portions of two fixed parallel straight lines inter- 
cepted between the tangent at anj point and the axis of Xy shall 
be invariable. 

.. ,.|._.»-.(g))|-,.<,. 

Here ^ = a:-tan->-^. = 0; 



^^^"p-^Tty'' 



y = j— I, .-. aj^cos-'Vy + Vy-y', 

which represents a cycloid whose base coincides with the axis 
of Xj the origin being in the centre of the base. This is the 
solution of the problem to find a curve always touched by the 
same diameter of a circle rolling along a straight line. 

g ^_ X ^ 

• ^^^ -"L { _y___ iV 

.'• the relation o^+y*— a^'-'O makes -^ infinite, and satisfies 

the proposed equation ; it is consequently a singular solution of 
the proposed. But if we suppose the solution given, we may 
find whether it is comprised in the complete integral or not, 
by Alt. 41. For we have y^slcf — a?) therefore substituting 

Va* — 07* + A for y in the value of -^ , we get 

^ L -^ fl I ^^ &cl 

when developed according to powers of A ; and as the index of k 
is a proper ftaction, sf ^-j^ — ef^O cannot be comprised in the 
complete integral, and is therefore a singular solution. 
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7. {x-a) (^-^j - y ^+ a=0, to find whether y» = 4a(a:-a), 
y =s X, are particular integrals or singular solutions. We get 
dV ^, . dV 

dV 
Hence the solation y^x which gives i> =» 1, does not make -j— 

dp 

vanish, and is therefore a particular integral. In fact the pro- 
posed equation being 



, .dy a 



dx 
its complete integral is (Art. 34) 

y=(a;-a) C + ^; 

and this becomes y == a?, when (7 = 1. But the solution 

y* = 4a(a;-a) gives 3{p = 2a; 

dV 
and these values of y and p reduce -j- to zero without making 

dV 

-^ vanish; consequentlj y* = 4a (x — a) is a singular solution. 



«• 3^® + ^^ + '^ + ^ = ^- 



dV dV 

■^ = 2y(j»/+x), -^ = 2p{j>y+x). 

The value of p which makes -j- vanish is » = , and the 

^ dp ^ y' 

dV 
result of the elimination of^ is oaj + Jy — a? = 0; but as -^ 

vanishes for the same value of p^ this cannot be a singular 
solution. In fact, it does not satisfy the proposed equation, and 
is not a solution of any sort. 

H. I. E. 8 
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the value of ^ which makes -^ vanish, i8^= ay, and this value 

does not make -r- vanish ; but the result of the elimination 

of p, ©y == 6a?, as it does not satisfy the given equation, is not 
a singular solution. 

44. Every factor proper to make a proposed differential 
equation integrable, is made infinite by the singular solution. 

Let ^ +/(a?, y) = be the proposed equation, F{x, y)-c 

its complete integral, and z the factor which makes it integrable^ 
so that 



I 



'{|+/(-.y)}=i^(-.y)5 



also, let y =: u be the singular solution ; then this is not deduci- 
ble from the complete integral, and therefore if w be written for 
y in J'(a?, y), the result will not be constant; if therefore we 
substitute u for y, in the preceding equation, since the second 

member will have a finite value, and the factor ^+/(«, v) of 

the first member will be zero, the value of the other factor z 
corresponding to this substitution must be infinite. 

This property will sometimes lead to the discovery of the 
&ctor which makes an equation integrable ; as in the example 

(«*-«*) ^+ajy = aVa:» + y« -a', 

a singular solution of which is ic" + y'-a* = 0; if we try a 
factor of the form 



1, w = -J; and the fact 
is 



we arrive at m = - i, n = -i; and the factor which makes the 
proposed integrable is 
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SECTION IV. 

DIFFEBENTIAL EQUATIONS OF THE SECOND OBDEB» AND OP 
HIQHEB OBDEB& 



45. Evert differential equation of the n^ order admits of 
a primitive with n arbitrary constants. 

Let f{x^ y, c^y c,, ... cj »0 be an equation between the 
variables x and y, containing n constants c^, c,, ••• c^. Let the 
first n derived equations be 



Jn V«» y» ^ > ^ > — J^ > ^l» — ^n) -0. 

Between these n equations and the original, the n constants 
may be eliminated, and the result will be 

'(-».|.g.-s)-«. (') 

a differential equation in which none of the constants enter. 

Conversely, a differential equation of the n^ order being 
proposed, it must admit of a primitive containing n arbitrary 
constants, because that number of constants, and no more, can 
be eliminated in its formation. Hence every differential equa- 
tion of the n*^ order admits of a primitive containing n arbitrary 
constants. 

46. Again, between the original equation and its first w — 1 
derived equations, n — 1 of the constants may be eliminated, 
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quation of the (n— 1)*** order with one constant 

Ferential equation, having the same primitive 
J is a first integral of that equation; hence 
ition of the n^ order has n first integrals, 
equation of the (n — 1)*"* order, and containing 

the original equation and the fiirst r of its 

r of the constants may be eliminated, and a 

>n of the r^ order containing n — r constants 

LS an integral of equation (1). Now r constants 

in a number of ways equal to the number of 

things taken r together, or 

n(n-l) ... (n-r-fl) 
1.2.3...r 

lumber of integrals which equation (1) has of 
» each a differential equation of the r^ order 
- r constants. 

meral equation of the second order 

ill consider the following particular cases, in 
)lved with only one, or two, of the other 

;,* and which admit of integration, or rather 
ms of the first order. 

\ = 0. Let this by resolution give 

gain and adding another constant, we obtain 
fral. The same process applies to -^ =/(«)• 
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Also, if we have^^^sH. ^) = 0, and put^=x«, we get 

^{-fZ.> *♦) = ^ » *°^ ^ *^*8 <*ii be integrated, and gives w =/(«), 
it is reduced to the caae jnst noticed. 

/. y = a log - + Cfe + C\ 

..y = l (2c'+a^ VT^r^ + ic"* sin^*- + ac+ C". 
"'''^' ^(^' ^y"^^* Let this by resolution give 

S=/(l). «'!-/«• p-^^l-i-' 

<fe_ 1 _fj 1 
'''dp'fip)' ''^^ApV 

j7 must be eliminated between these two equations. 

J, dy dy dx a , ^, 

,.f+(7=log21Z^. 
a ° a 

m. ^(^,y)»0. Let this give ^=/(y); 
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.-. ^ = V6'+2/(%/"(y), and«=/rfy 



and this, treated as above, gives x^^{u); and if 0; = ^ (u) can 
be solved with respect to u, it is brought under Case I. 

Ex... a-g.,-0, .-. ^•|g.«,|-0= 

.-. a8in~*-^ = a;+C. 
wG 

Ex. 2. ny'g-l^O; l(a,-cT=iy'-i. 

This is the solution of the problem, in which a curve concave 
towards the axis of x is sought whose radius of curvature shall 
vary as the cube of its normal : for this requires that 

(l+^«).^|=„y.(l+^.).. 

Ex. 3. ^^^=1- 

■^ = I (^'y + C)« - 2 (7VVy+C7+ 0'. 

'^- ^©. I- -)=»• 

This becomes of the first order in^ and «, by putting jp for 
^ and ^ for ^ ; let its integral be ^ (a?, ^, C) = 0. 
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If this hy resolution give i> or -g =f{x)f then y =/<irf (a?) ; 

among other cases, this will happen when the proposed is of the 

form -j^ + P'T'- Ci.for the latter can be solved as a linear 
oaf dx Vr 

equation of the first order. 
If it gives^a; =/( j>), then . 

Ji^U !f^Sdiep=^xp''fdxx^=^xp-'Jdpf{p); / 
and p must be eliminated between these equations. 



c^x 1/1 + c" 



1 + ca? 



^ry?^X.^^y = ^log(l + (xr)--^+C''. 

Ex.3. a:(a + fta:)^ + (c4ea:)^ = 0; 

I <^ _ c + ex __ ca;"* e 

' ' p dx" x^a + bx)^ ax^A-h a + bx^ 

.•, p=>c'x"'(a + hx)''' andys C+c'Jdxx"' {a + hx)''*. 



Ex 



4. J— ■^- =/(aj); .-. 



1 dp L. 
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'''Vi+7=^'^7P) = -^'""PP^"*' 



This is the solution of the invereie problem of the radius 
of curvature, in which it is required to find a curve whose 
radius of curvature shall be a given function of the abscissa. 

Ex.5. g+(6«-l)^ = e-, y = e" + Ce-^ + (7'- 

dy 
dx 



Putting -^=p, we get 



da? dy'dx ^ rfy ' 

and the substitution o{ p-f-tor -^ > and pf ^ for -^ , will make 
the proposed of the first order in p and y ; let its integral be 

4>{py Iff C)^o. 

If this by resolution give P^^-r =/(y)> then 
If it gives y =/(i>), then 
and^ nmst be eliminated between thesie equations. 
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/. ilog(l+p*) + nlogy = ilogC; 

••.i>-=V(7y-^-l, and aj=n/rfy-^^=. 

This is the solution of the problem in which it is required to 
find a cunre whose radius of curvatore shall yarj as its normal ; 
for this condition gives 

— or + according as the curve is convex or concave to the axis 
of a?. If n = 1 the curve is a circle, if n = 2 a cycloid, if n = — 1 
a common catenaiy. 

™. . dx ai/' + C 



^^•*- 3'*S + \A+W=*^'S^^^ 



dx y 



TI. F(g.,,«)-0. 



As there is no substitution by which this can be generally 
reduced to an equation of the first order between two variables, 
the artifice to be employed in any case will depend upon the 
H. I. E. Q 



Digitized by VjOOQ IC 



66 

nature of the example proposed. Among other substitatiohfir 
for -T^ , the two following may be noticed, 

da? dx\ dx \xj) ' <&* da? dx 

Ex. I. a^g=2y; 

■ <^'(ay) „dy^2y ^^ d'jxif) ^2 d{xy) 
da? dx X ' da? x dx ' 

.'.^{xt,)=Ca?; andy = ^+^. 

Ex. 2. (a^ + y*)" ^ + o*y = 0, let | = », then 

d_ / , dz\ a* z _ 
dx[f3ij '^^ {!+?)* ' 

tdz d (. ^\ cfz dz _ 

'•Vdx) n-**-^' 

1 ., vrr? 



or 



Ex.3. -fK-ax + by; 



OT-^{ax + hf)=^b{ax + by), 



which becomes ^ = J«, putting ax + by^^z^ and so falls under 
Case III. 
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48. Of the general equation of the second order involTUig 
^' ^' ^' ^' ^^ following particular cases may be noticed, in 
which P denotes a function of x. 

this when multiplied ^7^ ^ niay be written 

Thii8if(l-a^g-«|+2»y-0; 

>JC^Z^dx Vl-aJ" J VC 
which may be pat under the fonn 

y = C, cos (j 8in~'«) + (7, sin (j sin"' a). 

Similarly, (oas + ia?) ^+^ia + &c)^ + <jy = 0, 
leads to -!=== -t- s - . 

•••s(4-»)^^('l-»)-»= 

•••4-^='^-'"«s©-?«r" 
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48*. When the equation 

is homogeneous, reckoning the dimensions of p and, -^ to be 

and — 1 respectively ; it may be reduced to an equation of the 
first order by putting 

y = xz^ and -^ = * . 
' dx X 

For each term, if r denote its dimensions, will consist of some 
function of ^ multiplied by a factor of the form 



©"-"(1)" 



m and n being any numbers from to oo ; therefofe upon nuJdng 
the substitutions stated above, every term will be divisible by«f, 
and the equation will assume the form 

and if this can be solved relative to ;, we shall have 

let this give 

dz 
jP = '^ W> then -^(2) =« + «^> 

which will give the required integral « = ^ =^/0»)» 
putting ^=^, y^xz, ^ = |,wefind 
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4a neliiinreqMlMa of tltt unorder is 



all die ooeflkientB haskg fimctkttB of jc, and eadi tern of tlie 
fiist member mml i k i g foAm y, or ona of ita diffia e nlia l eo- 
^kioDtB, in die fint poiwcr. The fist step towarda die 
integntioo of diia eqpadan is die estaUialunent of die fidlovmg 
dieorem* 

If diere be % paidciilar Tabes ii^, Hg, Hg ... «Wy fimctions of 
x,1ldlid^l^en gnbatitntai fcr y, aat^ the < 

its complete integral is 

o^y «,» ... a^ being arbtt g aj y conntanfn 

For let tUa nbe of 9 ba aolMtiiBted in the 

and it 






or, cdkcting &e tenns multipli ed by- die btbaa a,, a,, ... a., 
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♦ Now, since u^, u,, ... u^ flatisfy the equation, each of the 
quantities within brackets is equal to zero, and therefore the 
whole is identicallj zero; and therefore the assumed value of 
y satisfies the equation; and it contains n arbitrary constants, 
consequently it is the complete integral of the equation. 

Thus the equation ^ — n*y==0i8 satisfied byy=i=e**, and 

since it is not altered by changing the sign of n, it is also satis- 
fied by y = «■**; .*. y = a^e"* + a/T^ is the complete integral. 

Linear Equations with constant Coefficients. 
50. To integrate the equation 



d*y rf*-*y rf*-»y 

all the coefficients and ^ being constant. 

First write y + -^ instead of y, and the equation becomes 

which shews that we may treat the proposed equation as if if 
had no term q independent of y, provided we divide that term 
by the coefficient of y and add the quotient to the value of y 
obtained on the supposition that j = 0. 

Let y = c**, .•. 6*^ (m* -{-p^nC^ + ... -f-j?*) is the value of the 
first member; now this will vanish if m be any root of the 
equation 

m* +i>im*"* +pjnr'^ + . . • -f-i?« = 0, or Jf =/ {m) = 0, 

which is called the auxiliary equation of the proposed linear 
equation. 

Hence the n real or imaginary roots of' this equation, 
m,, Wj, w, ...m», provided they be all unequal, will give n 
different particular values of y, 6**i*, c"V, ...6*^, which satisfy 
the proposed equation; and therefore its complete integral is 

y = a^e"^' + a/T^ + . . . + a^c**-*. 
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51. But if any of the roots are equal to one another, as, 
for instance, m^ = i?i„ the value of y becomes 

y = {a^ + a^ e*»'4-o,e*^+ ... o»e"^, 

which contains only n — 1 arbitrary constants (because a^ + a, 
can be reckoned only as a single constant), and therefore cannot 
be the complete integral of the proposed equation. In this 
case, in order to discover the complete integral, first suppose 
the two roots iw^, i?i„ to be only very nearly equal to one 
another, so that iw, = iWj + A, where A is a very small known 
quantity; then the part of the value of y corresponding to these 
roots is 

= e"^' (c^ + e^ + \cJioi? + ic^V + &c.), 

replacing the constants a^ + a, and ajij by c^, c, respectively. 
Now let A =s 0, then this becomes ^»* (c^ -f- c^) ; and the com- 
plete integral consequently is 

* y = («t + ^f^) «"•»' + V"^ + — + ^m^"^- 

52. Generally, if we suppose r roots of the auxiliaiy equa- 
tion to be nearly equal to one another, and therefore to be 
represented by 

m^ + Aj , wij + Aj, . .. m^ -f A^, 

where A^, A„ ... A^ are very small quantities, the complete in- 
tegral takes the form 

y = e*»* (a/»* + a/*" + . . . + a/^ + a,^.ie^'' + &c., 

or, expanding «*»*, cV, &c.. 



or, replacing the constants 

2(a), 2(aA),.. 
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by Ci,Cg...(v, 
y = e^i* (Cj + c^ + ... + c^*^* + tenns multiplied by A^, A„ &c.) 

Now let A^=ssO = A, = .., = A^, in which case the auxiliary 
equation has r roots each = m^ ; then the solution becomes 

which contains n arbitrary constants, and is consequently tho 
complete integral. 

53. Of the correctness of the above modification for the case 
of equal roots, we may assure ourselves by the following reverse 
process. Let y ^ e'^u, then since by Leibnitz's theorem 

d^'juv) d^v rf*"*t? du , n(n-l) d*'^v d^u j, 

da^ "•<&^^'^'*&r^-S"*" 1.2 •^^•dic-'^*^-' 

^,(e u)-e {m.u + nm .^+ ^ g ^ ^"'"^^•J 

separating the symbol of operation from that of quantity. 

Hence the first member of the equation, or /(j")^"***! 
becomes 

-.-{/W.4/wg+f/'»g+...+|i/"wg}. 

Now let m = w^, then since /(w) = has r roots equal to wi^, 
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each of the quantities /(m), /'(♦»), •••/*''"' W becomes equal to 
zero, and the first r terras vanish ; and if 

tt = Oj + a^ + a^ + ... + a^^y 

then -g^, ^^»'*"^7v» likewise become zero, and all the re- 
maining terms vanish. Hence for each group of r equal roots 
whether real or imaginary in the auxiliary equation, there will 
be in the value of y a term of the form 

€"•** (aj 4- a^ + a^ -f ... + aX"')« 

In the treatment of the linear equation with constant co- 
efficients 

great use will be made of the formulee just obtained, 

(J\ -1 
J- J is equivalent to jdxy the former 

leads to 

64. Let h±k V — 1 be a pair of imaginary roots in the 
auxiliary equation, then the corresponding terms in the value of 
y will be 

or «**{C(cosA:a; + V— 1 8infcc)+ (7' (cosfer- V^sinfcc)} 
= e** {c, cos Icx-k-c^ sin fer} changing the arbitrary constants, 

or = Vc * -4- c */>*^ J-7t: z_L_ cos kx -f -? — ^' sinfcg^ 

H. I. E. 10 
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=i8^cos (A» + a), again changing the constants by putting 

Vc' + c"=/9, and -tana = ^. 

And if there should be r pairs of imaginary roots in the 
auxiliary equation, equal to A ± A; V^, the corresponding part 
of the value of y will be 

c** (a^ + a^ -f ... + a^^) (cos hx -f V^ sin hx) 
+ 6** (J^ -f Jga?+ ... -f M'"') (cos Aaj - V^ sin fee), 
or, changing the arbitrary constants, 

6** (aj + a^ + ... + o^*^^) cos he. 
+ e** 08, + iSj^a; + ... + /9^*) sinAxr. 

55. We shall now give some examples of integrating linear 
equations with constant coefficients, by the elementary method 
just investigated. 

Let ^ = e~ /. wt»e~ + me"' - 2c'*' = 0, 

or «»* + »» — 2 = 0; .'. m=l, or —2; 

Lety = €"^; .-. w' + n" = 0, orm=±nV^; 

= 0, (cos wa: 4- V— 1 sinna;) + (7, (cos n« — V— 1 sin noc) 

= (0, + C,) COS nx + ((7, - (7,) V^ sin no; 
s= a, cos nx -f a, sin no;, changing the constants, 
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= ^(cosna5COBa — sinnajsin a) =i8 cos (na; -f-a). 

This equation^ l^^'^V^^^ of which the solution is 
y = ttj cos na; + a, sin naj, or y =»/9 cos (naj+ a), 
is of very firequent occurrence. Hence also the solution of 

4. :j;| + n"y + aa;+J = 0, or 



d^ 



( ^ ax b\ ^ , / ^ ax b\ . . 



d* / , ax , h 



ax b ^ , X 

y 4- -T + -1 =p cos (wa; + a). 

/. y =e**((7cosnaj4- Csinna;). 



y = e-^/S cos (x Vn* — w* + a), (n > m). 
y = ^, (A»+1)(A;-1)»=0; 



'y = ^ + (a + aja?)cosnaj+(i + Jja;) sinna?. 
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t 

''• y — I »T >ts* + «"™' (« + <*i^) cos na; + e"~ (J + J,a5) sin wx. 

Integration of linear equations with constant coefficients by separation 
of symbols. 

56. Before proceeding to the general case of linear equations, 
we shall consider the case of a linear equation with all its 
coefficients constant but having a function of a;, X, for the term 
independent of y. This equation can be shortly treated by the 
method of separation of symbols : for if we separate the symbol 

of operation -y- from its subject y, the equation becomes 

{(l)"+i'"(£'"-^--»-^-}^=^^ w 

or if Oj, a,, ... a, be the n distinct roots of the auxiliary equation 

/(«)=2"+2>.«"-*+...+/>, = 0, 

•••^=K(|-«y+A(^-«.)'V...+A(^-a.)-}x, 
-4j, -4j, &c., having the same values as in the resolution of 

into a similar series of terms, and being therefore known in 
terms of a^, a„ &c. respectively. (Integral Calculvs, Art. 34.) 
But by Leibnitz's Theorem (Art. 53) we have, 

[^ + myu^e'"-UdxYe-'u; 
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and in the present case 

the arbitrary constanta being reserved under the signs of in- 
tegration; or if thej be expressed, we most add to the above 
value of y, 

which is called the complementary function, and is the value 
assumed by y when X=:0. 

d 1 

If we denote ;t-/(«) ^J fi?)^ then since -4^ = T^rr—r- , the 

above result may be written 

57. If the auxiliary equation have r roots equal to a^ 
then from (1), 

and this function of -^ may be resolved into partial fractions 
{IfUegral Calculus^ Art. 36), so that 

e'^'{c^ + c^x + ... + c^iOT-'), c„ c, «Sfcc., 
being the constants introduced after each integration, 
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+ A,^^^'^^Jdx{e-^^^X) + ... + A^er^fdx {e-^X) 

+ {C,+ G,x + ... + a.,0 «"*•+ Cr^te'^'^' + ... + 0.^^, 

a single constant being substituted for the sum or product of 
several constants in forming the complementaiy function. 

58. Again suppose 

a^ = p (cos tf + V~l sin tf) = pe*^"^ 

to be an imaginary root of the auxiliary equation, then since A^ 
is a function of aj it will be of the form 

.B (cos a + V^ sin a) = Itef^^y 
and the term involving a^ in the value of y will consequently be 

or Bef^"^^ {cos (a + xp sin 0) -f V~l sin (a + xp sin 0)] 
X jcbce'"^^^ X (cos {xp sin tf) — V~ 1 sin {xp sin 0)]. 

Now the term in y involving the conjugate root to a^, will result 
from this by changing the sign of V— 1 ; and therefore the sum 
of the two terms introduced into the value of y by the pair of 
imaginary roots p (cos ± */^ sin 0), will equal twice the real 
part of the foregoing expression, that is, 

2Be^<^9 cos (a 4- xp sin 0) {Jdxe''^^^ cos {xp sin ^ Z+ C] 

+ 2i2e^«*^ sin (a + xp sin 0) {fdxe'i''^^^ sin {xp sin 0) X+ C] : 

where 2B^'^^ [ C cos (a + a;p sin ^ + C sin (a + xp sin 0)}, 

are the terms introduced into the complementary ftmction, and 
may be replaced by 

e^^* {c cos {xp sin ^ + c sin {xp sin 0)]. 
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59. Exactly in the same way, if the imaginarj root 

occur r terms in the auxiliary equation, it will produce in the 
value of y, r terms of the form 

or since A^ is a function of a^ and may be assumed 

= i?« (cos 0^+ V~l sin O = ^.^^'^^ 

of the form R^t^oo^^ e^^'^^^'^^^ (/db)"e-^«**e-'*»"*"*^* X, 

or ^«e^«»*{cos (o^ + xp sin 0) + V— 1 sin (a^ + xp sin &)] 

X (/£ic)-6-«»»~**{oos {xp sin tf) - V^ sin (xp sin fl)} X 

But the root conjugate to a^ will produce a term precisely the 
same as this except with — V— 1 instead of + V— 1 ; conse- 
quently the sum of these terms will produce twice the real part 
of the foregoing expression, that is, 

2^^e**»«**cos {a^-k-xp sin 0) (/da;)'"e-«*>«**cos (arpsin &) X 
+ 2^«€**»««*sin (o^ + xp sin 0) {Jdx)'^e''^'^^Bm {xp sin 0) X; 
and to get all the terms introduced into the value of y by the 
pair of imaginary roots p (cos ± V— 1 sin 0) that occur r times 
in the auxiliary equation, m in the above formula must receive 
all values from 1 to r. Also we see that the part of the comple- 
mentary function introduced by these roots, by substituting a 
single constant for the sum or product of other arbitrary constants, 
will take the form 

(c^ + c^ + . . . c^_i«^') «^***cos {xp sin 0) 

+ (c;+ c>+ ... + cV.,0 e^«**sin {xp sin 0). 

60. We shall now give an example of each of the cases that 
have been examined. It may be observed that for equations 
capable of being reduced to either of the forms 
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the process may be greatly simplified. For in the former case 
since -j- e"^ = Tne*, the symbol j- is equivalent to the factor m ; 

+ complementary function. And in the latter case if J / ( j~) f 
can be expanded in a series of powers 



^^ + A| + ^.(0+&c., 



then as every differential coefficient of Jf higher than the m^ 
is zero, 

Also if X= cos {mx+a) or sin {mx + a), since in either case 

cTX 

-^-^ s — m'X, if the proposed equation contain only differential 

coefficients of an even order, that is, be of the form 



/{(£]- 



:C08 (ma?+a), 
then its solution is 

y=- — 273 — «r""^"*" complementary function. 

the roots of the auxiliary equations are n, 2n, 3n; and a's=e'***"; 

/I* 
•■• ^ " (log « - n) (log a - 2n) (log a - 3n) "*" *'»*" ■*" "'**"''" "**""• 

the roots of the auxiliary equation are 2±5V— 1, 3, 3; and 

/(I) = 104, 

e* 
.'. y =Tjn + (« + «'^) «**+ (* COR 50? + J' sin 5a;) c**. 
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= a {a^ -6a? +18X-2A) + {c + c'x)e''. 
Ex. 4. ^ + 5 (^ +6y = coB{mx + a). 

•■• y^ ^-W+l ^^^" (xV2 + /9)+ C'cos (arV3 + 7). 

Ex.5. g-a"y = X 

Let J = a (co8^ + V^sin^) = a6*^^ be a root of the 
auxiliary equation «" — a* = 0, where ^ = , r being any in- 
teger, then if B (« — A)"* be the term corresponding to this root 
in the resolution of («* — a*)"* into partial finactions, 

Hence the corresponding term in the value of na*"' y is 

= ^****{cos (ooj sin ^ — n^ + ^) +V^sin {ax 8in^--»^ + ^)} 
X /<ire**'*^*{co8 {ax sin ^) — V^l sin (jax sin ^)} Z; 

and as the root conjugate to b will produce a term exactly the 
same as this, only with — V— 1 instead of + V— 1, doubling the 
real part of this expression, we get . 

H. I. E. 11 
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;j=j- COS {ax sin <f> - n(f> •\- (f>) fdx cos {ax sin <f>) Xe""^^** 

4- ;rT" sin {ax sin </> - n<^ + <^) / da; sin (aa; sin <f>) Xe"*"^* 

for the general term in the value of y, where ^ = - 2r7r, and to 

get all the terms, r must be taken from to ^(n — 1) or ^, 
according as w is odd or even; only the terms that result from 
this by making r = or r = ^, must be divided by 2. 

Ex. 6. ^ + a*i/ = X The process, and the expression 

for the general term in the value of y, are exactly the same as 

in the preceding example, except that ^ = — (2r + 1) tt, where r 

is any integer ; and to get all the terms we must take r from 
Otoi(n — 1) or^n — 1 according as n is odd or even; only 
the term that results from taking r = ^(n — 1) must be divided 
by 2. 

Ex.7. ^-2cosea^g+a-"y = X 

Let & = a(co8<^ 4- V^ sin<^) =a€*^-* be a root of the 

auxiliary equation «** — 2 cos tfa V + a** = 0, where ^= - (2r7r + 0) 

r being any integer. Then if B {z — i)"* be the term corre- 
sponding to this root in the resolution of («"*— 2 cos ^aV+ a**)^, 
into partial fractions, since 6**= a* (cos + V— 1 sin 0), 

I 1 g-(«-i)^vn 



5= 



-i* 



2n (**- a" cos 0) J""' 2w V- 1 sin ^a"J*"' 2n V- 1 sin 0a' 
Hence the corresponding term in the value of n sin 0a^^^y is 

or y==^earco8^g(<Mr8ln^->i^+^)V-i/'^^-a4rCOS^g-4Mr8in«^v-I Jf 
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or ^^r^T €*^*^* {cos {ax&in<t>—n<f>-^<f>) + V^ sin (oajsm^— n^+^)} 

x/(£ce"*'^*{cos(aa?8m<^) — V— 1 sin (aa?8in<^)} X. 

Hence taking double the real part of this expression we get for 
the general term of the value of n sin Oc^'^y 

€!*'«»* sin (oa? sin </) - n^ + </)) Jdxe^""^* cos {ax sm ^) X 
— e*»«>»* cos (oa? sin ^ — n^ + <f>) Jdxe"^^^^ sin {ax sin <f>) X, 

when 6 =— (2r7r + 0) , and to get all the terms, r must be taken 
n 

firom to n — 1. 

61. The solution of /( -j- j y = e"^ in the form 

fails, when m = a^ a root of the auxiliary equation. Suppose 
that flj, the root to which m becomes equal, occurs twice in the 
auxiliary equation, so that f{a^) =^f'{a^) = ; then by altering 
the constants the value of y may be written 

Now let m = ttj + A where A is a small quantity, then 

or, making A = 0, 

y = 7777-7 + (c + c'a;) e"»' + &c. 

And if the root a^ to which m becomes equal, occur r times, 
^"/>y"^ (^0 + c,x+ ... + c,.jO e"«' + &c. 
These results are easily obtained by differentiating the 
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nmnerator and denominator of the vanishinff fraction — ztt-k — 

f[m) 

in the usual way. 

The principle employed here and in all similar cases is to 
suppose the arbitrary constant to have such a value as to make 
the expression which becomes infinite, assume the indeterminate 

form -; then its real value can be assigned by the ordinary 

rules. In the instances which follow, a negative value is as- 
sumed for the arbitrary constant, which becomes infinite; so 
that the difference between the two infinite quantities may be 
finite. 

Ex. 1. ^""^V = ^"'- ^"^t suppose the second member 
to be c*^, then 

hence making m = a, 

see"* 
y = -j^ + c,e"* + c,6"^ + )9cos(aa;+a). 

Ex. 2. ^ — «*y = cos ax. Suppose the second member to 
be cos mo;, then 

cos mcc — cos oa; ^ _^ 
y — + ^ g«* ^ c g «^ ^ c cog ax + c.^inaxi 

hence making m = a, 

o^sinoa; . /. . 

y = j-8 ^■ complementary function. 

Ex. 3. -T^ + ^V = ^^s *^> 



xmi,nx , , 

y = — 2 hccos wa; + c smwa;. 

62. To deduce the solution of the linear equation of the 
n*"* order with variable coefficients 
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from the solution of the same equation when the term inde- 
pendent of y is supposed to become zero. 

Let tij, tt„ .,. t«^ be the n particular values of u which satisfy 
the equation 

J-u/ d'^'u^ d^u^ ^ _ .^. 

with which the proposed coincides if we suppose its second 
member to become zero ; then, as already proved, 

K we now divide both sides by u^ and differentiate, we shall 
eliminate Cj ; next dividing both sides by the coefficient of c, in 
the new result which suppose Vj, and differentiating, we shall 
eliminate c,; again dividing by t?, the coefficient which now 
affects c, and differentiating, we shall eliminate c,; and pro- 
ceeding in this manner till all the constants are eliminated, our 
final result will be of the form (where each symbol of differen- 
tiation affects the whole of the expression after it) 

^ J- A J- AiAii-o 
dx v^j dx v^^ *" dx v^ dx u^" * 

in which the coefficient of -?-= is evidently ; there- 

fore dividing by this, so as to make the coefficient of -r-^ unity, 
we get 

»-i !»-«••• I i^S t?^^ dx v,^ '" dx Vj dx u^^ 

which must be equivalent to the first member of equation (1). 
Therefore the same expression, only with y instead of w, must 
be equivalent to the first member of the proposed equation, 
and therefore equal to X. Hence equating these equals, and 
reversing the operations, we find the integral of the proposed 
equation, 

X 
y = ujdxvjdxv^...fdxv^jdx -— — ; 

(each symbol of integration affecting the whole of the expression 
which follows it), which is a general formula for deducing the 
solution of a complete linear equation of the n^ order, from the 
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solution of the same equation when the term independent of y is 
supposed to become zero. 

63. The application of this method is seen in the following 
examples. 

K we suppose u to denote the value of y in this equation 
when a = 0, since the roots of the auxiliary equation are —2, —2, 

in which expression the coefficient of -y-j is e**, therefore dividing 

by this coefficient, and changing u into y, we get 

d^ 

Ex.2. g-2mg+(m' + n»)y = X 

If we suppose u to be the value of y in this equation when 
X=0, we have 

u = C^e*^ cos nx + G^ sin nx ; 
.*. dividing by e*"* cos no;, and differentiating, we find 

-^ e"^ sec noj . w = Gjn> scc'tw; ; 

d ^ d _-j_ 
.•. T- cos woj^-e^^secwa;. w = 0, 
dx ax ' 

in which expression the coefficient of -7-^ is e~^ cos na;, therefore 

dividing by this coefficient and changing u into y, we get 

e"" sec Tia; ^ cos' na? ^ e"*** sec na; . y = X; 

.-. y = 6*^ cos nx^dx sec' nxjdxe^ cos najJT, 
or, if we suppose the constants to be added after each inte- 
gration, 

y =«"** ( C^cosna; + C smnx) +e"** cosnxJdxBed'nxJdxe^ coQnxX. 



Digitized by VjOOQ IC 



87 

Hence the solution oi -J^ + r^y—X is 

y = Coos nx + C sin na; + cosnxjdx sec* nxjdx cos nxX. 
Also if we take X=^A cos {mx + a) + J? cos (na; + fi)y 
then fdx cos nxX 

A 

= — I 1 {m sin (Twaj-f a) cos wa? — w cos {mx + a) sin wa;j 



+ -^ ]o" ^^ (2naj + /3) + a; cos)9h 

/. fda: sec' na; /da; cos ?ia;X= 5 a ^ - 

•' "^ m—rc cosnaj 

jB fa: sin {wx + /3) sin )8 , ] 

-h— \ ^ ^--—^ tan na?h: 

2 [ n cos naj 2n' J ^ 

.-. y= Ccos7ia;+ Csinnaj + -5 scosfmar + a) 

+ 77"^ sin (na; + /3). 
2n "^ ' 

here « = c, (1 - ^) + c, f 1 + ^) e"*", (Ex. 2. Art. 64.) 

64. As this method cannot be applied till we have obtained 
a solution of the proposed equation deprived of the term inde- 
pendent of y, the following propositions are sometimes of use 
for equations of the second order. 

I If y = M be a particular integral of the equation \ 

the other particular integral will be ufdx [u^e''^^. For if we 
denote the two values of y by m and r, we have 

d^u T.du ^ ^ d\ r%dv ^ 
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d*v (Pu nf dv du\ 

.: v = CuSdx{u^e^*^. 
Ex.1. ^+mP^-»i*(P+l)y = 0. 

It is easily seen that y^u^e"" is a solution ; 

.-. y = c~ {C + CJdxe-*^--^'^. 

2 
Suppose m=l, P= —^, - JdxP- log {x +3)*; 

.-. y = c* { C" d- C/eirc-* {x + 3)»} = C'e' + Ce" (cc* + 7* + 12^) 
is the solution of 

Ex.2. j3 + 2n^^--| = 0, of which v = m = 1 is a solu- 

dar ax or ' ^ nx 

tion, and thence we get y = C" (l j + C (l-\ J e"*^. 

y = o; • , from which the complete integral may be obtained, 
of which y = w = JB* is a solution. 

1 -fdaP -^ • -< . fJ ^ •'^ •'' 



;? 



e-^'^r^x^-\-x-*, .'. ujdx 



8 5 ' 



.'"'^^■^''■(i+li.) 
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65. It is easily seen, hj actual substitation, that if y = u 
satisfy the equation 

then the equation 

will he satisfied by the value 

Thus for the equation ;o + ~ ;^ + «*y'*^ 

yszu^ C7aj"* {cos (naj+ a) + na: sin (na;+ a)}; 

.'. ^= Cb'^{(nV- 3) cos (na:+ a)- 3iia? sin (tia? + a)}, 
and 6^*^ = 0?*, 
/. y = C{(nV- 3) cos (na? + a) -3naj sin (wa; + a)} 

is the complete solution of ^ — ^ + **V='^- 

66. If we know a particular integral of a linear equation of 
any order that has no term independent of y, we may reduce it 
to another equation of the same kind, of the order immediately 
inferior. 

Let y s u be a particular integral of /( -^1 y =» 0, 

and assume y = u fdxx, z being a new variable, a function 
of x; then, separating the symbols of operation firom those of 
quantity, we have 



^-{i'^ih^^"' 



U. 1. E. 12 
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^ being understood to affect u only, and ^ to affect /(&« 

only. 

Hence, substituting for the differential coefficients in the 
proposed, by this formula, and again separating the symbols of 
operation from those of quantity, we get successiyely 

But since w is a particular value ^^^i /(^]** = 0; hence 
reversing the order of the terms and observing that/"^ f ^ J de- 
notes the same function of the symbol ^ , that ^\ ' does of t?, 
we get for the depressed equation 

fn(n-l) {Pu . , ^. iftt , 1 d^z . j^f d\ ^ ,^. 

Similarly, if we know another particular solution u^ of 

equation (1), then ^ Mj will be a value of « in equation (2), 

and we may depress this equation to another of the same form 
of the (n — 2)*"* order ; and if we know r particular solutions of 
equation (1), we may in this way depress it to an equation of the 
same form of the (n - r)*** order. 
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Method of Parameters. 



67. There is also another mode of integrating linear equa- 
tions, which deserres to be mentioned, called the method of 
Parameters, which we shall now explain. It may be stated thus. 
The complete integral of the linear equation of the n*^ order 
will be of the form 

where u^, u,, ... u» are the n particular integrals of the equation 
when the term independent of y becomes zero ; and r^, v,, ... r. 
are functions of Xj determined bj equations of the form 

Let the proposed equation be 

and suppose jf^v^u^ -f v,u, + ... + v,w, = 2 (vu), 

and as we have made only one assumption respecting the n 
independent quantities v^, v^ ... t;^} we maj make n — 1 more ; 

putting for the first of our additional assumptions ^ (^^J "^ ^> (1) > 
""■•^^ »■*("£)■ Potft-gS^ J).0.(2),&c.&c. 

Substitute these values for y, ^, ^> ••• ^> ^ the pro* 
posed equation, and the first member becomes 
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which manifestly reduces itself to X, since each of the quan- 
tities within brackets is equal to zero ; hence if the parameters 
Vj, t?,, ... t;,» be determined subject to the above n equations 
of condition, the assumed value of y will satisfy the equation ; 
and since there are n equations in which the n quantities 

dx* dx* *** dx 

enter to the first degree, each of the parameters v^, t?,, &c. will 

dv 
be determined bj an equation of the form ^ —fi{^)y and 

so n arbitraiy constants will be introduced. 
Ex. ^ + n'y = sec nx. 

The solution of ^ + n*y = is y = a, cos nx-\-a^ sin nx. 

Let .*. ys5t?j cosnaj + t;^ sinno:; 

dy 
.•. ^ = — t?jn sm na? + v^n cos na;, 

makmg ^ cos wa; + -^ sm na? = 0. 

^ = — Vjir cos ria; — t?,n' sm na? + sec ?ia?, 

i_. rf^i . dv^ 

makmg -^n smna; + ^'n cosnaj = secna?; 

, cfoj 1 sinwa: 1 , ^ ^ 

•• x:^'""^ x::! — > or Vi = -ilogco8wa;+ (7.. 
oa? n cosna; * n ° * 

•'• y = ("i log cos na? + Cj cos na? + (- + CA sin na?. 

Change of the Independent Variable. 

68. Besides linear equations with constant coefficients, very 
few equations of the second and superior orders admit of being 
integrated; and those only by particular methods. Sometimes 
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die int^ratioii of an eqtiAtion may be £u2ilitftted hj changing 
the independent variable; and this is the method which has 
be^ att^ided with the greatest sncceff. Thus in the example 

if we make tf the independent variable, and consequently for 

the equation is transformed into the. integraUe shape 

69. In the above example there is no difficult in fixing 
upon the new independent variable. In other cases we must 
consider x and jf as functions of a third variable i, and substi- 
tute the values of ^, ^i &c. corresponding to that sup* 

position. When the equation is thus generalized, we must 
assame for x or y some known function of ^ adapted to the 
particular form of the equation, so that there maj arise for de- 
termining the fdnction of t which expresses y or ;e, a differential 
equation simpler than the proposed one ; between the integral 
of which and the assumed function, if we eliminate ^, we obtain 
the required relation between x and y. 

Ex.1. (i-a^g-«| + nV = 0. 
The generalized equation is 

using x\ «", &c to denote -^ , -^ , &c. 

Let a; = cos ^, /, a;' =: — sin <, aj" = — cos ^, therefore by sub- 
stitution -^ + vfy sss 0, which gives 

y = ^ cos n< + jSsin nf ; 
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/. y = -4co8(nco8"*a;) + -B8in(ncoa"*a?). 

Ex.2. «*^+^ = 0. 
The generalized equation is 



let »' 



hence by substitation we get 



' = -«■, or a: = 7, .-. a?" = 2a^, 



y" + fy' + cy = 0, or^^ + c<y = 0; 



/. fy = /8oos(<Vc + a), or yas/a«co8f— + aj. ' 
If c = — n*, the solution is if^x{cjf+c^'*). 

where « denotes a given function of x. This when generalized 
becomes 

. x'y"-y'x" , fdu \ y' , 
let a?'«t«, or t—Jdx-^ .*. ^*^, 



hence by substitution we get the integrable form 



§ + ,^ + J,.X 



Here the substitution x^e* gives 
dV a 
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Ex.6. g + ^^+^.-^y.O. 

The generalized equation is 

Let a;'=sa + &c, or.e^ = a + Jx; .*. x**»hx\ 
hence, substituting, 

the solution of which is 

m and m' being the real roots of m*+ (^ — &) m + £~ 0. 

If the roots be impossible^ and of the form m ±n*J^^ the 
solution is 

y = iSe"^ cos (n< + a) =)8 (a + &aj)^ cos {log (a + &»)^ + a}. 

The same substitution of course succeeds for tiie equation 



% 
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which, by putting a + hx^z^ may first of all be reduced to 
the form 

and then to a linear equation with constant coefficients, by the 
formula 

where « = e^, and^^, j?,, &c. are such that the roots of 

i* -i?j*""* +i?,i"^- &c. .-. ±p^Jc = 

are 0, 1, 2, 3 ..• (n — 1) ; so that the preceding formula may be 
written 

70. The result just noticed 
where a? = e', may be written 



as 



2S? 



<%)>' 



tuning the symbol P« to denote the product of the n factors 
formed by subtracting firom ^ the n numbers 0, 1, 2, ... n - 1. 
Hence multiplying by i»^ = ^, we get 

But by Art. 63 we have 



/®0-'^/(|+-)y. 
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which shews that in the expression /[-j:] «*V we may remove 

the power of «* from the operation of the symbol /{^) , and 
prefix it as a factor of the whole expression, provided we add 
the index of the power to -^ ; and conversely in the expression 

€^/f-j +injy we may transfer the power of ^^ to be a factor 
of y, and so bring it nnder the symbol of operation, by subtract- 
ing the index of the power fit)m ^ + w« Hence 



a^ 



S-^-(l-)«-»- 



71. Hence an expression such as 

(a + &» + «»'+... -f irO ^* 5^ 
is transformed by the substitution a; = e* into 

where for convenience d is written for -=-> ^he differentiak of t 

at 

being omitted ; and consequently an equation such as 

(a + Ja; + caj» + iSccOa;*^4-(a+i'aj+cV4-&c.)ar'^^ 

is transformed into 

aP,(rf)y + a'P^,(rf)y + a"P^(J)y+... + a^*»y 
+ JP.(rf-l)e'y + J'P^,(rf-l)^y + J'T„(rf-l)«'y+... + J<-Vy 
+ cP,(rf-2)6*y + cP^,(rf-2)e-y+c'T^.(rf-2)6*y+...+c<-»e^y 
+ &c».= T (a function of ^, 

H. T. E. 13 
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which is evidently of the form (where ^(^, f^ {d), &c denote 
rational and integral fiinetions of d) 

and in this form only differential coefficients affected with con- 
stant multipliers enter. By this transformation, the object of 
which is to bring all the variable quantities imder the symbols 
of operation, we can in several cases effect the solution of the 
equation, or its reduction to a simpler form. 

72. Thus suppose the first member reduced to a single 
term 

Md)e^y^T, or6-;/(rf+r)y=r, or fr{d+r)y = e^T, 

an ordinary linear equation with constant coefficients. This 
happens to the equation 

which by replacing a + Ja; by a; is first transformed into 

and then, making x = e% into 
which is of the form fo{d)i/=T. 

this becomes {d'+ (a- 3) df + (-a + J + 2) rf + c} y = X, 
if therefore a = 3, J=l, c = — 1, and Xsa?**, ^""y = ^*^> 

and y=^^i:3 + «o + ^cos(^y-+aj 

= ^riY + Co + ^co8^1oga; + aj. 
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Orifa«-3, ft = 7, o = -8, then (rf- 2)»y = X, 
and y = e« (fdty e^X=a? {fdx^*- f , 

because Jdt prefixed to any subject is equivalent to fdx - . 

73. The meaning, in the above and similar cases, of such 

a notation as (jdx-j u is that the complex operation fdx-- 

(which consists in dividing the subject by a?, and then integra- 
ting it with respect to x) is performed three times in succession ; 
first upon u which gives a result u^, then upon u^ which gives a 
result ttg, and thirdly upon «,. Thus to get the complementary 
function in the above result, we must make X=0; then 

JdxU^JdxO^C,, Jdxlc,^C,\ogx+C,, 

X X 

/<&i (C,logx+ 0.) = iC, (logzy+ C, aogx) + C,i 
and the complete value of y is 

,-!.^(/&iyj+a?{tO.(log«)'+0,(log«) + CJ- 

y = aj* log (1 +a;) + aj' K +^i ^^8 « + ^« (l^ga?)*}. 

74. Next suppose the first member of the transformed equa- 
tion to consist only of two terms 

or e"-/« {d+m)i, + e~/. {d + m) e^^y = T; 
which by dividing by the coefficient of y, is reduced to the form 

Let r + -^ (rf) e^v = T, be an auxiliary equation whose solution is 
known for any function T^ of 6*, as the value of its second mem- 
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d with which we wish to make the proposed equation co- 
Assume y =/(rf) » then 

order that this may coincide with the auxiliary equation 
Bt have the two conditions 

ter of which gives 

^_±W j.fy_._±{dl il>{d-r)... _ il>{d) 

Pr denotes the product of an infinite number of factors 

from ^il hy replacing rf by rf — r, <?— 2r, &c. Hence, 

sing known, T^— {/(^)}"* T^ can be computed ; then v is 
from t? + ^^ (rf) e'*t? = Tg an equation which is supposed to 
of being solved when T^ is any given ftmction of e\ and 

;x.l. a^g+(a+l)xg + (ft+Ya?)y = X; 

.-. rf(rf-l)y + (a+l)rfy+(6 + 2»Oy=7; 
or {d* + ad+h) y + ^e''y=T; 

•'-y^dT^h^y^'^- 

the proposed equation can be solved when a = — 1, J s= 0, 
auxiliary equation be 

■'-f^^^^^dT^idTl^^^^^''-'^- 
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'"''^d^ + ad + b f{d) "^^ f{dy 

and such values must be given to the constants a and b as will 
produce a value oi f{d) that will allow y to be detennined from 
the equation y ^f{,d) v =f{d) ficoa{qx + a) when X= 0. 

If 2* be preceded by a negative sign, the value to be used 
for V in this and the following examples will be aef^+fie^. 

2. a^g-2na:g+(2n + j«a?)y = 0; 



.-. y=^d{d-2) {d-i) ...{d-2n + 2)l3coa{qx + a); 

bhe symb 
equivalent to 



but the symbol of operation -j-'-r prefixed to any subject, is 



dt ' cfccaf ~ dx af' 

"^^ dx* dx a?* dx^'" dxQi?'^ 
_ 1 / . rf\*^C08(j^ + a) 

"^r ^; ^==^ • 

Let n = 2, then the equation is 

and its solution 

y=i8{— g'a^cos(ja; + a) + ja;sin (jx + a)}. 
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.-. y = {d- 1) (rf- 3) ... [d- 2n+ 1) iScos (gaj + a) ; 
and, as shewn in the preceding example, -t-^t prefixed to any- 
subject is equivalent to af^* 'T'^ » 

_ o^ 1 ^ d \ ^ d^ 1 ^^ d V 

If in this equation we replace y by a:"*y, it is reduced to the pre- 
ceding example ; and consequently its solution is 






if we make n equal to 1, 2, we shall find the corresponding 
values of y to be 

Q 

— i8j8in(ja; + a) —-cos (qx + a) ; 

X 

Bin6i-$(^--^]coB{qx + a)+ -^ sin (ja; + a) ; 
a and fi denoting arbitrary constants. 

Making a = — 1, J = 0, let the auxiliary equation be 
t; + 2i!?=:0, where v = a + /8e">", 

■■•/«-P.?T^' 
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and the constants a and b may receive suitable values as in the 
foregoing examples. 

6. ^^ + J^^-'»(^+l)y=0> herea==-l, J=-n(n+l), 

. ^/^ r. djd^l) _ (rf-l)(rf~2)...(rf-n) 

••/W-^i(^^^)(rf_^_l) (rf+l)(rf + 2)... (rf + n)- 

But £? — r is equivalent to a?*^* ^ a;"', and (rf+ r)"* to a?"^ (/da?) aT* ; 

Let n= 1, 

y= (a? ^) «-•/<£&; (a + /3e-*0 =a!*^(aa:--^a;-*e-^+ Ox*) 

is a solution, and if we substitute it in the proposed equation to 

determine the supernumerary constant, we find (7 = — . The 

necessity of adding a constant in finding y arises from the disap- 
pearance of the factor rf— 1 from the auxiliary equation. 

Letn = 2, y^U?-^* ^(x^Jdxyx{a + fie^ 

a- . ^G' 12(7 . 

omce y = a + -^ -j- is a solution, the supernumerary 

constants C and (7' must be determined by substituting this 
value in the proposed equation ; and the exact solution will be 
found to be 
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7. (l-aj^aj»^-(2w + a^a;^ + {m(m + l) + 2»a:^}y = 0. 

Making m = 0, let the atixiliaiy equation be 

where » = a cos {q cos"' aj) + /8 sin (^ cos"* x), (Art. 69) 

.'. y = rf(rf-l)(d-.2) ... (J-m + l)v 

= ic^ [^ j {a cos (j cos'* ic) +i8 sin (j cos"* a;)}. 
If 2* havd a negative sign before it, the value of r is 

75. Thirdly, suppose that the transformed equation can be 
put under the form 
y + ajid) ^y + aj{d)f{d- 1) ^y 

+ aJic^A^- ^)f{d - 2) e«y + &c. = 2*; 
then since /(<i — 1) e"y = «'/(<i) e'y ; 

.'.nd)f{d-l)^y^n^e'fid)ify^{f{d)^Yy, 
and generally 

/(^/(rf- l)/(*i- 2) .../(rf-« + 1) e-y = {/(<?) ^Ty, 

consequently the proposed equation becomes, if we denote the 
symbol of operation f{d) e* by p, 

.-. .y = (1 + a^p + a,p'+ ... + a«pT' ^ 
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resolvmg the function of p with which T is aficcted into its 
partial fractions, 

or y = -ATjUj + N^u^ + ... + N^u^^ where u^, m,, &c. 

are determined from the equations, 

76. If /(c?) = rf'*, the equation just treated of is the linear 
equation with constant coefficients : 

for this leads to 

Pn{^y+PtP^^{d-\) (fy +p^P^{d- 2)e"y + &C. = T; 

which is of the assumed form. For all oth^ values oi f{d) the 
equation has variable coefficients. If the equation be 



rf-« + l' 



which leads to a linear equation of the first order for the deter- 
mination of Uj, u,, &c. 

ar^(^:i^^ = q^xu,; if 2;«0, this gives w, = Oc^eV. 

If /(J) = a + & (rf — r)"*, the particular values of y are determined 
from linear equations of the first order, 

Ex. (l + aaj + Jai^a:'^-{2r + (r-2)aa:-4&r"}aj^ 
+ {r (r 4- 1) - roa? 4 2iaj'} y = X 

H. I. E. 14 
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Changing the independent variable into < = logir, this be- 
comes 

or ((i-r)((i-r-l)y + a^(rf+l)((i + l-r-l)y 
+ Je" (rf+ 2) (rf+ 2 - 1) y = ar, 
or (rf-r)(rf-r-l)y + arf(rf-.r-l)«'y + W((?-l)^y = !r, 
d . yd rf — 1 ^ ^ 

or {l+ap + hp')y = T^, putting j—(f = p, 
or (l + ap + J/)«)y=(l-y,p)(l-y.p)y = 2',; 

where w, is given by the equation 

- ?ip) «i = ^.. or «i-?t J3; <*'"»= ^>' 
or {d-r)iu,-T,)^q,defu„ 

Further applications of this method may be seen in the 
Phtloaophiccd Transactions, where Mr Boole has treated this 
subject with great generalitj. As a concluding application of 
the method by changing the independent variable, let us solve 
the equation 

(a:'-4)g + 2(« + l)g-«(n + l)y = X 
* Taking z for independent variable where « + - = a?, we find 
(*-l)^g + 2««g-n(« + l)(«-l)y = Z 
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Now assume « = e', then 

or ^{d+n + l){d-n)if-id-n-i){d + n)if^Z, 
or (rf + n)((?-n-l)(e'y-y)=Z; 

••• ^'-'^y-2;h{d^i-dhh 

or (2n + 1) (« - 1) y = z'^Jdz z^ Z- z^idt tT^ Z. 
If Z= 0, we have 

and if for z we substitute its value i (a; 4- Vaj'-i), we shall find 



' = Ctt+C 



^■v^ {-»<--)!}. 



where a = a;' + aT* - (n - 1) a;"^ - (« - 2) oT* + &c. 

the general term of the series for u being 

/ .y («-r-l)(n-r-2)...(n-2r+l) 

( 1) i.2.3...r (n-2r+n»-«r)« 



Simultaneous Equations. 

In these equations, which sometimes occur in the higher 
parts of Dynamics, instead of one equation between a;, y^ and 
the differential coefficients of y with respect to x, being given to 
determine the relation between x and y ; we have two equations 
containing x^ y^ and t (of which x and y are considered as func- 
tions) and the differential coefficients of x and y relative to ^, to 
find that relation. 

77. To integrate the simultaneous equations of the first 
order, 

a» + Jy + §=7; a'a; + yy + ^=r, 
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T and T denoting fanctions of U Multiplying the latter by an 
indeterminate quantity n», and adding it to the former, we get 

A 

oa + «y + w (o'» + ft'y) + ^ (aj+wy) = 7+ *»r', 

or ^(a! + TOy) + (a + ma')(a) + |^^y) = 2'+«»2". 

Let 1 =5 m, which will give two values of w, m. and 

a + ma 

m^\ then the equation, under this condition, becomes a linear 

equation of the first order ; and we obtain by integration 

(a + wy) 6****^ = /eft (r+ mr) e«"*-^ ; 

and by substituting successively the twO values of m, we obtain 
two primitive equations each containing an arbitrary constant, 
which will furnish values of x and y in terms of t^ and the re- 
lation between x and y, if < be eliminated. If the two values 
of m are equal, we shall obtain only one equation between x, y, 
and t ; but if this can be solved with respect to a? or y, and we 
substitute the value so found in one of the given equations, we 
shall obtain a second relation either between x and <, or between 
y and t; and then t may be eliminated as before. 

Ex.1. 5aj-2y + -^ = «', By-x + -£-(^; 

.-. (5 - 1») a? + (- 2 + 6m) y + ^ (^ + my) = e* + me", 
let ^ = m, or m' + m — 2 = 0, or m = 1, or — 2 : 

e* 2 
similarly x^2y ^- — -re^ + C^e^*, 

which determine x and y in terms of t. 
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Ex.2. ^ + 5a: + y = fi', ^ + 3y-« = c*; 

.*. j^ (x + wiy) + (5 -in) a? + (1 + 3ni)y « e*+ me* ; 

. l+Sm^ ^^ l-2m + «i* = (l-m)* = 0. 

Hence the values of m are each = 1, and integrating, we 
find 

By means of this, eliminate y from the first equation, and 
we get 

and y = ±e'+Xe«+ C,{l + t)e^- C/T*'. 
The more general form 



oo; 



may evidently be reduced to the above by successively elimi- 
^ dy dx 

78. To integrate the simultaneous equations of the second 
order, 

aa: + fty + c + -^=:0, aa + iy + c + ^ = 0. 

Multiplying the latter by an indeterminate quantity m, and 
adding it to the former, we get 

{a + ma') a?+(6+i»J')y + ^ + ^ + ^ {x + my) =0, 
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^^ :j3(aj + ^y+Ci) + («+*««') (^ + »»y + <'i) = o (1), 

.- b + mb' ,^. c + mc' 

it ; = w (2), —- ?=c,; 

prating equation (1), and substitating snccessively 
of m given by equation (2), we obtain the two 
itives; or if the values of m be equal, we must 
he former case. 

r-(3a; + 4y-3)=0, ^ + (a^ + y + 5) =0; 

— 4 

— - = w, or w" — 4w + 4 = (m — 2)* = ; 

~~ o 

'.^{a>+2y)-{x + 2i,- 13)^0; 

.: » + 2y - 13 = ce*+c'c'', 
; X from the latter of the given equations, we 



;^-y + 18 + ce' + c'«-' = 0; 



^ = 18 - 1 (< - i) e' +^ fe-* + ae' + ae-*, 

- 23 +c (< + i) «• - c' (< - 1) e"*- 2a^ - 2a«-*. 
c . <& „ d*y dy , ^ 

have three variables Xy y, ie;, which are functions 
■^+ax+by + cz = T, 



Digitized by VjOOQIC 



Ill 

then if we mnltiplj the second and third by indeterminate con- 
stants m, m\ and add them to the first, and assume 

a + wWj + w'a^ss*, 

b + rnh^ + fn\ = nw, c + mc^ + mc^^m'sy 
we get 

^ {x+my + me) +8{x + fny + mz) = T+m?; + wT,. 

But the three preceding equations give 

and if values of m and m' be obtained from the two latter and 
substituted in the former, we get to determine s tlie cubic equa- 
tion 

(«— a) (*— &j) (*— cj— J^c,(«— a)— a,c(*--Jj) —ba^^s—c^—afiji—ajK^^O. 

Hence if w^, w/; nt,, w,'; w,, w/; be the values of m, m\ 
corresponding to the three roots of this cubic, we have by 
solving the linear equations, 

from which equations x^ y, z may be found in terms of U It 
may be observed that if J^=Cj, c^a^^ andaj = J, so that the 
cubic equation is 

then all its roots are real {Theory ofAlgeb. Eq. Art. 58). 

80. This method readily leads to Jacobi's solution of the 
equation 

+ {C+C'z+C"y)=0, 
which, upon introducing the independent variable t, becomes 

{{A + A'x + A"y) x-iB+B'x + B"y)\ ^ 
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and lesolves itself into 

^ - {A + A'x + A"if) x+ {B+B'x + B"y) = 0, 

^-(A + A'x+A"y)y+{C+C'x+C"y) = 0; 

dz 

or {putting ^ = — (-4 + Ax + A"y) z] into the system, 

^^^Bz^B'xz + F'yz^O, 

i^+Cz+C'xz+C"yz=0. 

Multiply the second and third by 9n and m respectively, and add 
them to the first, and assume 

A+mB+m'C=^3, A'+mB+m'C'^ms, ^"+i»5"+m'0"=m'* (1); 

then ^ (« + «w^«» + w'y«) + 8 {z+ macz + m'yz) = ; 

which gives « (1 + mx + m'y) ^ = C, or zue'* = C. 
But equations (1) lead successively to 
*-^=m5+w'(7, m{8''F)^A^-m'C\ m'{8^C")^A"+mB''; 

the two latter of which determine m and m' from s by the equa- 
tions 

m {{8-^B') (^- (7")-^"C'} = ^' (* - C'H C'A") 

fn* {(*- 0") (5-5') - jB"0'} = ^" {s^B')-k-A'B" j ^^^' 

and the values thence obtained of m and m substituted in the 
former give for finding s the cubic equation 

(*-^) [s'-B') («- C")^B"C' {s-'A) ^A"C{8-^B') 

- AB {8 - 0") + A'BC + ^'5" (7=0. 

Let the three values of a in this equation be tf^, «,, «,; and let 
the corresponding values of m and m\ be m^ and m'^, w, and 
m'„ f», and fn\ ; then corresponding to the three roots of the 
cubic we get tiie three integrals. 
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and if we raise these equations respectively to the powers *, — «j, 
«, — *j, *i— «j, and take their product, z and e* are eliminated, 
and we find the required solution 

or (1 + m^x + w',y)'*~* X (1 + Wj^ + 7n\y)**^^ 

X (1 + m,a; + m^Y^''* = 0, 

where w,, w'^ are given in terms of s^, 7»,, m', in terms of «„ 
and w,, w'j in terms of*,, by equations (2). This includes as a 
particular case the equation (Ex. 7, Art. 18), in which Euler 
separated the variables, 

(a + ia; + ca:^ + y)^-(n + ca;)y = 0, 



or ex 



(^S"^^)'^^'''^*'^'*'^^^"''^"^- 



81. When the proposed equations wre linear with constant 
coefficients, we may separate the symbols of operation from those 
of quantity and then obtain by the ordinary processes of elimina- 
tion an equation containing only one of the unknown quantities : 
for as the symbols of operation here employed combine according 
to the same laws as ordinary algebraical quantities, they may be 
treated precisely as if they were symbols of quantity. Thus the 

equations of Art. 77 (suppressing the dt in -rj may be written 

{d+a)x + by^T, {d-\-b')y'^ax^T\ 

T - ax 
the latter gives y = •. ,, ; and substituting this value in the 

former we get 

an ordinary linear equation with constant coefficients, from which 
the value of x may be obtained, containing two arbitrary con- 
stants; and thence the value oiy by the equation 

y-^\T-\{d^a)x. 

H. I. E. 15 
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Ex. ^ + 2cx-j, = e, §-2cy + 5(^x = e"'; " 

the latter gives for y the value y = ^^gc ' 
and substituting this in the former we get 

m + c <r c 

andy = (rf+2c)aj-^ 

=5?±^e~'-5^ + ^-?-/3c8in(c« + a)+2^ccos(c<-l-a). 
m* + (? c 

82. Again, suppose the equations of Art. 78 to be 

{cP + ad+ b) x = {md + n) y •{- T, 

(d^^ad + b')y={md'\'n)x+T'; 

obtaining a value of y from the latter, substituting it in the 
former and reducing, we find 
{d^^{a''-b-V-{'mm')d^+{ab'-ah-mn-mn)d'^lb'-nn}x 

= (rf*-ai + 5') T-\-{md^n) T' ; 

from which the value of x may be obtained; and if it be substi- 
tuted in one of the proposed equations, we may deduce the value 
of y. 

Ex. 1. {d-iyx = 2dy + cos t 

(rf' + 2rf + 6)y = -(^ + 5)aJ + sin<; 

eliminating y, we find 

(eZ* + 5rf' + 6) a? = 7 cos < - 2 sin t, 

.-. a; = -cosf-sin< + ccos(eV2+a)+c'cos(eV3+^); 

and the value of y may be now obtained from the former of the 
proposed equations. 
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Ex.2. [d' + (n + ^d+»*}x = dy+T, 

{^_(„+i)rf+^}j, = |^W-(„-Hi)(n--l.)).. 
eliminating y, we find 

which gives x; and then y can be obtained from the former of 
the given equations. In these examples d is used for ^ . 

Solutions expressed by Definite Integrals. 

83. Sometimes the complete integral of a differential equa- 
tion may be expressed bj a definite integral, as in the following 
instances. 

Ex- 1. ^s^^^^*^- 

Let Vj = Oj I dte*i'' . e'»» , a^ being a constant quantity ; 

then ^t?j = aj*|*rf<rVi»e"- = aj*(l+iwJ; 

change a^ into a„ 0^, &c., and let t?,, v,, &c. be the correspond- 
ing values of Vj, 






da;' 

Now suppose Oj, a,, ... a» to be the n^ roots of imity ; then 
multiplying each of these equations by arbitrary constants 
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Cj, c,, &c. such that c^ + c, + . .. + c» = m, and adding them toge- 
ther, we find 

^Fi (c,Vi + c,t;,+ ... + c,vj = w + a; (c^t?, + c^v^+ ... + c^rj. 

Hence i/=CjV^ + c^v^+ ... + c«v» is the complete integral of the 
proposed equation, containing only n — 1 arbitrary constants by 
reason of the equation of condition ; or it may be written 

Jo 
a being a primitive root of i* - 1 = 0. 

<Pv 
Let »t = 0, n = 3, then -^ = a?y, the solution of which is 



Let m = 0, n = 2, then ^=a^, and 



/•» ^ 2(7 f - 

v= C I dte'^ (e** + e"**) = 7= I ^^' cosa:^, putting <=«V^, 
Jo y — lJo 

^ 2£ N^ ^ a V2^6^ (Integ. Cal. Art. 112). 

which agrees with the result obtained by direct integration. 
Ex. 2. If the more general form were proposed, 

^, = (a + fix)y, 

assume a + fix = fi'^t; .-^£ = ^^^^ = 0'^^, 
, d'-'v ^—d*'^v ^ d'-\ 
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and to this form may the still more general case 

be reduced. (The above solution is taken from Crelle's Jour- 
nal, Vol. X.) 

Approximate Solutions of Difiereniial Equations. 

84. When all the known methods of integrating a proposed 
differential equation fail, we must endeavour to resolve it ap* 
proximately, that is, to obtain from it the value of y in terms 
of a?, in the form of a series. The first mode which presents 
itself of effecting this, is to assume for y a series arranged accord- 
ing to powers of ar, with both its coefficients and exponents 
undetermined; for in most cases it happens that the exponents 
do not follow the progression of the natural numbers, and that 
particular artifices are requisite for discovering their law. 
When the form of this series is known, we may determine its 
coefficients by substituting it and its differential coefficients, 

for y, -^ , &c. in the proposed equation. The following appli- 
cation of the method to Riccati*s Equation will give an idea of 
the mode of obtaining both the exponents and the coefficients. 



Ex. 1. ^ + Jy"-aa;" = 0, 



dx 
let by^-^-j-] .'. ^ — ahzx"" = 0, or putting c for — oi, 

^« • ^ 

^^czx^O. 

Assume z==af{A-¥ Ba? + Ga?^ + &c) ; then 

o(a-l)^a--» \ 
+{a+/3) (a+/3-l).aB"*'"+(a+2/3) (a+2/3-1) Caf*^+&c.[ = 0. 
+ cAx'^ + cjRb"*^*" + &c.) 
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Hence fi must equal n + 2 ; and then to determine a, A, B, 
&c., we have 

a(a-l)^ = 0, 

(a+ w + 2)(a+ n + l)B+cA = 0, 

(a + 2n + 4)(a + 2n+3) C+cB=0, 

(a + 3n + 6) (a + 3n+ 5) i>+cO=0, 



Hence a may be either zero or imity, and A remains imdeter- 
mined; calling therefore A and J.' the two values of -4 corre- 
sponding to a = 0, a = 1, we get 

''"^ ^^"" (n + 1) (n+2) ■*■ (n + 1) (n+2) (2n+3) (2n+4) "^^'^ 

'^"^''^ ^^ ~ (n+2) (71+3) ■*" (n+2)(n+3)(2w+4)(2n+5) " "^^'^ 

1 efe 
and substituting this value of « in the expression y=j-'-j-^ 

we shall obtain the value of y, involving only one arbitrary 

constant -^r. 

As the terms of the above series have divisors of the forms 
(n + 2) « T 1, where i is an integer ; if n be such that 

(n + 2)« + l = 0, 

one or other of the series will be illusory, and we shall only 
obtain a particular value of z ; and if n + 2 = 0, both series 
become infinite, but in that case the equation may be exactly 
integrated by Art. 16. 

Ex.2. (ai'-4)g + a.|-«'y = 0. 

Assume y = aj» (a, + a^afi + a^s^ + a^aJ* + &c.), 
.-. y = (a'-n') a,a^;+ {{a+/3)''-«'} a^x'^^-ia (a- 1) a^x"^ + &c 
+ {{a+rfiY-n*} a^x'^^-A (a-2r+2) {a-2r+l).a,_,x'^+&c., 
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the first tenn shews that a may be either + n or — w, a^ being the 
arbitrary constant; the next terms shew that ^ = — 2, i.e. the 
series is a descending one ; and that the coefficients are derived 
from one another by the law (taking a = n), 

(n-2r + 2) (n-2r+l) 

+ a\ {cc- + «x— + -(j"^-^-) ar— + &c.}. 
As the solution of the proposed equation is (Art 48) 
y = a. cos U cos"* | j + < sin \n cos"* | j , 
if we make a; = 2cos ^, we get the well-known result, 
cosn^=(2co8^»-n(2cos^--* + -^?-^^^ 

85. The transformation of Art. 71 may be employed in the 
case of linear equations to find the solution in the form of a 
series : for suppose the transformed equation to consist of three 
terms 

Let y = w^ + w^,ic***+...+w^_gar* + «^.,ar*4-MX + &c., 

where u^ in the general term u^ is an inyariable function of the 
index r, and ar* is the lowest power of x that can enter into the 
development of y. Now substitute this value of y (having first 
replaced x\fj ^ixi the proposed equation : then since 

fid)e''=f{r)e", 

the first member will become 

/.H«,^+{/.("»+i)«-..+>i('»+i)«-l «'"**+•.. 

+ {/. « «r +A {r) «,_, +/. (r) «, J <r + &c. 
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which will vanish, provided 

/oWu«=0, /o{m + l)w^,+/(w + l)w^ = 0, 
and if for every value of r from w + 2 upwards, we have 

/o W ^r +/ « t*.-x +/« W t^r-a = 0. 

The first condition f^ (w) = 0, determines the values of w, u^ 
being an arbitrary constant : the second condition gives u^^ in 
terms of u^ ; and the third determines any coefficient u^ from the 
values of the two preceding. The third condition comprises the 
other two when we make r = w, r = w + 1, if we consider that 
as u^oi^ is the lowest power of x that can enter, w^,= 0, w„^= 0. 
As many real unequal values as exist for m, so many ascending 
series there are for y\ \i m have equal or imaginary values, the 
method fails. 



Ex.1. (i-..)g«.| + <y=0, 

or c/((7-l)y + {n«--(J-2)«)6*y = 0. 

Assume y—u^'\-u^^'^ + ... +wX+&c» 5 t'len the first mem- 
ber of the equation becomes 

w (w - 1) uj^ + m (w + 1) tt^^e^'^'*''^ + ... 

+ \r {r-l)tf,+ {n*- (r- 2)'} u,^ e'^ + Ac. 

which will vanish, provided we have 

w(w-l)w^ = 0, w^i = 0; 

7^'-(r-2)« 
^^^^^= ;>(r-l) ^--« 

for all values of r from m + 2 upwards. Hence since the second 
term vanishes, the 4***, 6***, &c. term vanishes; and taking m 
successively equal to 0, and to 1, we get the complete value of y ; 
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which agrees with well-known results (Trig. Art 134), as the 
solntion of the equation is 

y = C7co8 (n sin"* ar) + C sin (n sin"* x). 
Ex.2. (a»-4)g + 2(«+l)^-n(n+l)y = 0; 

.-. e*(c?+n + l)(rf-n)y + 2c'rfy-4rf(rf-l)y=:0, 

and dividing by e^ in order to obtain y in a descending series, 
we get 

(£?+ n + 1) (d-n) y + 2e''dy^4M'^d{d'' 1) y = 0, 
or (rf-n)(£?+n+l)y + 2(rf+l)e-V-4(rf+l)(rf+2)e-~y«0. 

Since the values of m are n and — (n + 1), we may assume 
y = ti.e-'+u^,e*-»>' + ti^e<-«'+ m^6«*-»»^ + &c. 
then the first member of the equation becomes 

- 2nu^,€<^*»'- 2 (2n- 1) ti^e**^-3 (2n- 2) u^<5**-*»' + &c. 
+ 2nu,e<^»' + (2n - 2) m^.c**"^ + (2n - 4) u«_e<*^^ + &c. 

- 4 (n - 1) nu,e*-*^- 4 (n- 2) (n- 1) w^/"'*** +&c 

Hence, equating the coefficients of the powers of ^ to zero, 
we get 

^•-t = «*n, ««-«=*- (n-l)tc^, tt^ = -(n-2)u»,&c.; 
and since u« = c, an arbitrary constant, 
^ =a?»4-a:*"*- (n- 1) ar"**- (n -2) ar»+ ... 

+ ^-p^ (n-r-l) (n-r-2) . . . (n-2r4-l) {n-2r+ (n-r) x) aT**^* + &c. 

Similarly the series corresponding to w = — n — 1 may be found. 

86. In the preceding instances we arrive immediately at a 

complete result ; but it often happens that the solution we obtain 

by the method of indeterminate coefficients involves no arbitrary 

constant. To supply this defect, we must introduce, instead of 

H. I. s. 16 
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the arbitrary constant, a value of y corresponding to a given 
value of X \ that is, supposing these to be & and a, we must sub- 
stitute in the given equation, 

then determine w in a series all whose terms vanish when < = ; 
and replace u and t by their values y — J and a; — a ; in this way 
it is evident the arbitrary constant will be involved implicitly ; 
for, from the complete integral 

/(x,y, (7)=0, 

C may be expressed in terms of a and J. 

Ex. ^ + ^=5^^^ 

this becomes -r- + J + w = ^ (a + 0"* > 

assume u=^t^{A + BtP+ Cty +Sic.); 
.-. = aA(^'' + (a + /3) Bt^*^-' + (a + 7) C<--^"' + &c. 
+ b + At^ + B(r^ 4-&C. 

/. a = 1, /8 = 1, 7 = 2, &c. 

eC =^ gm {m- 1) d^"^ - gmoT'^ -k- gd^ "b, &c. 

87. The approximate solution of a differential equation 
may sometimes be obtained in the form of a continued fraction 
by assuming 

Aaf^ BxP Cxy 
^ ~ 1 + 1 + 1 + &c. • 

First, suppose a? to be very small, and for y substitute 
Axf^ in the given equation; then, retaining only the terms of 
lowest dimensions in re, A and a become known by equating the 

coefficients and exponents of those terms. Next, write y = -j 
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in the proposed equation, and in the result put s » Ba^, and 
determine B^ fi^ its before, bj supposing a; to be veij small ; 

then in the transformed equation in «, put e = r-— ; and so on 
for the rest 

Ex. my + (l+aj)^ = 0. 

Ijbtif = Aaf; .\ {m-ha) Aaf-^Aaaf^^O, 
or Aaaf^^^O; /. a = 0, 
and A remains undetermined. Next, put 

dz 
and we get successively ^ (1 + «) = (1 + a?) ^ , 

similarlj, putting z = :j — - , and t = (7a^, 
1 + 1 

we determine and 7 ; and thus we obtain 

w-1 X m + l X m — 2 x nt-h2 x w-8 x 
^ A tnxl 'J^ ~3~'2 3 '2 6 '2 5 '2 
^"1+1- 1+ 1+ 1- 1- 1 + &C. 

Since the proposed equation when integrated gives 

the above continued fraction is the development of ^ (1 + «)"". 

88. We may approximate to the integral of a diflferential 
equation by successive substitutions, in a manner similar to that 
employed by Newton for the solution of algebraical equations, 
as in the following instance. 

Ex. ^+n*y + ay* + a = 0, where a is a veiy small quan- 
tity. 
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We may adsume 

y = w + aWj 4- 0*1*, 4- a'tt, + &c. 
which gives 



+ a'[^4-n\ + 2ttwJ + &C. =0. 



Hence, eqtrating the coefficient of each power of a to zero, 
we get 

^ 4- n*tt + a = 0, 

^+n\+2ttUj = 0, &c (3). 

The first give t* = — 5 + c cos rwj + c' sin na? ; and this value 
substituted in the second reduces it to the form 

the integral of which by Art. (67) may be shewn to be 
u^ s= cos no; (c^ fdxX^ sin nx) + sin no; (c , H — JdxX^ cos nx). 

Similarly, these values of u and u^ substituted in (3) reduce 
it to the form 

which may be in like manner integrated; and in this way the 
coefficients of the powers of a may be deduced one £rom the other 
by a uniform process. 

89. We have seen (Art. 63) that the solution of 
^ + n'y = -4 cos (mo? + a) + J9 cos (naj + /8), 
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is y = CjCOfliw?+ c, Binna? 

A B 

+ ^5 jcos {mx + a) + — a; sin (na+jS). 

Hence, if from the proposed equation we had to determine y 
approximately, we could not neglect the term 

A cos {mx + a) 
even when A is exceedingly small, provided m and n are nearly 
equal to one another ; because in the value of y this term is 
divided by w* — m' which is very small. With respect to the 
last term in the value of y, we remark, that it is not periodical, 
but may increase indefinitely, as x increases. The equations 
which present themselves for solution in physical Astronomy are 
usually of the above form ; and upon the peculiarities just no- 
ticed depend some of the most interesting results in that subject. 

The following example supplies an omission at the end of 
Art 83. When m is an integer we have obtained (Art. 74, Ex. 4) 
the solution of the equation 



d^y . , m (»i + 1) 



When m is 8 fraction, assume y = aT^u, then 
<?« , 2m + 2 <ftt . , 

the complete integral of which is 

ii=x^| <ft(^-n")~cos(arf + a), 
a and /8 being the arbitrary constants ; for this gives 
^"^ ^-^fifdtie^nT^iriixt + aj.t 



dx' 
""2m 



^ r dt (^-n")"^> cos (xt + a), 



^«-/8rrf<(^-n*)~cos(a^ + a).^ 
= - /8 j <ft (^-n*)~ (<»- n«+ n*) cos (a:< + a) ; 
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SECTION V. 

ON DIFFERENTIAL EQUATIONS INVOLVING TWO OB MORE 
INDEPENDENT VARIABLES. 



90. If u be a function of any number of independent varia- 
bles X, y, z, ty &c., and if w + 8w be the value of u when these 
variables simultaneously become a; + &c, y + 8y, « 4- 8«, &c., 

then 8^ = ^.«^ + ^.% + ^.8^ + ... 

+ terms of two dimensions in &e, %, &c. 

If we now suppose all terms to be neglected of more than one 
dimension in &t;, Sy, &c., and denote the value of 8u correspond- 
ing to that supposition by rfu, we have 

rfu = ^.&r + ^.8y + ^.8^+...; 

according to which definition, it appears that du denotes that 
part of the increment of w as given by Taylor's Theorem, which 
involves only the first powers of the arbitrary increments of the 
variables on which it depends ; hence, in conformity with this 
definition, &r, %, Sis, &c., must be represented by dx, dy^ dx, &c. ; 
for \i f{x) =0?, then 

/(a;+&c) =a;+&D; 

consequently that part of the increment of /(a?) which involves 
the first power of tx is, in this case, the whole of it 8a;, therefore 
dx^hx] and so on for the others ; 

<• du y du 1 du 1 o 

where c£r, dy^ dzy &c., are the arbitrary increments of the inde- 
pendent variables a;, y, Zy &c., and are entirely independent of 
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those variables ; and du is that part of the corresponding incre- 
ment of the dependent variable t* which involves only simple 
dimensions of c£r, dy, dz, &c. ; and which approaches nearer and 
nearer to the value of the whole increment of u, the smaller dx, 
dy, dzy &a are taken. 

The quantities -j- . dx^ -7- . dy^ &c., are called the partial 

diffisrentials of u with respect to Xj y, &c respectively ; and du 
is called the total or complete differential of u, or the differential 
of u merely. 

91. According to the above definition, the differential of du, 
or the second differential of u^ will be, supposing it to involve 
only two independent variables, 

d d 

cPw = -J- (du) .dx-\--3- {du) . dy 

d (du y du 7 \ J , d (du , du , \ , 

d^^ f 9 . r. d d 7 jf . d'u J ^ 

because in this process dx and dy are independent of x and y ; 
being, in fact, the arbitrary increments of those variables, which 
might have been denoted by h and k, did not a due regard to 
the precision and symmetry of the notation require it otherwise. 
And in general, if w be a function of any number of indepen- 
dent variables a;, y, z, f, &c., the n*** differential of u will be 
given by the formula, (where the symbols of operation are sepa- 
rated from those of quantity,) 

d*tt = {dx »-¥-•{• dy.--f--\-dz.-j"^ &c.)* u. 

92. Hence we see that the differential of a frmction of 
several variables has no reference to one variable rather than to 
another; but in its formation, all the variables of which it is 
a function are supposed to undergo simultaneous unconnected 
alterations ; and the value of the differential depends upon the 
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valaes of all those alterations. Whereas in forming a di£Ferential 
coefficient, one particular independent variable only is changed, 
the rest remaining unaffected; and a quantity is produced, 
wholly independent of the value of the alteration which that 
variable may have received. 

It is evident that the rules for deriving differential coefficients 
suffice for finding the differentials of functions. 

Having, for instance, formed all the partial differential co- 
efficients of the first order, if we multiply each by the arbitrary 
increment or differential of the corresponding independent varia- 
ble and take the sum, we shall obtain the first differential of the 
function; and similarly, the differentials of the second, and 
higher orders, may be formed by means of the formula at the 
end of the preceding Article. 

Integration of Differential Functions of two or more Variables. 

93. Total integration of a proposed differential is the find- 
ing a function whose differential is the quantity proposed. This 
operation is denoted by the symbol /; the process, like the 
former of total differentiation, having reference to all and not to 
one in particular of the variables. When an expression pre- 
sented for total integration can be reduced to the form f[v) dv, 
its integral =fdvf{v)y and can be obtained immediately. 

Ex.1. If u=aj' + y, 

du = 2{osdx + ydy) is the differential of u ; 
also f{ocdx + ydy) = i(aj» + y*), 

since the latter quantity differentiated produces the quantity 
under the symbol of total integration. 



Ex 2 du= ^^^^''^^^ ^ ^ xdy-ydx 
: dvy putting ^ = I? ; 



Vl+v« 
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94. To integrate du = Pdx + Qdy, u being a fiinction of two 
independent variables x and y, and P and Q functions of x 
and y. This amounts to finding the integral of a differential 
function of two variables of the first order ; and involves the 
same process as was used at Art. 7 for exact differential equa- 
tions of the first order between two variables; since all such 
equations by being multiplied by an integrating factor are ren- 
dered differential functions. 

Since Pdx + Qdy must be identical with -j-dx-k- -j- dy^ 
we have 

^ = P, J- = (2, with the condition ^ = ~] 
.\ u^r^jdxP-^-fiy), /(y) involving y only; 

''f{y)-Sdy{Q-I^UdxP)]; 

consequently u is known ; and we may observe that in finding 
the value of f{y) it is only necessary to integrate those terms 
of Q which involve y only. If we had begun by integrating 
with respect to y, the result would have been 

u^SdyQ^.!dx[P-^UdyQ)}; 

and as before it is only necessary to integrate those terms of P 
which involve x only. 

Ex. 1. du^ . f M ^ - 7 — ; — Nt^y; 
(aj + y)" i^-^y) ^ 

v ^** - y du _ X 

« + y "^ ^^ 

H. I. E. 17 
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and differentiating with respect to y 



SB + y (aj + y)* rfy' ^*' rfy {x + yf 

as we might have foreseen, since there is no term in Q that 
involves y only; 

a + y 
Ex.2. ^^^yfc^z^, 

u = log(a:-y)-^^ + a 

95. To integrate rft* = Pdx + Qcify + Rdz^ u being a function 
of three independent variables x, y, z. 

Since Pe£r + Qdy + .fie£s is identical with 
^.dx + ^.dy + ^.dz, 

wehave ^ = P, ^ = <2, ^ = 5; 

together with the equations of condition 

dP^dQ dQ^dR dR^dP 
dy dx^ dz 'Sy ^ dx dz* 

which are found by supposing each of the quantities z, x, y 
to be constant in succession (as we are evidently at liberty to 
do, since those variables are independent of one another), and 
then taking the corresponding equation of condition for du being 
the exact differential of a function of two independent variables. 
Hence 

u OS jdxP-\- Wj w being a function of y and z ; 
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which two equations giving the values of the partial differential 
coefficients of to, its value may be found by the preceding Article ; 
and so the value of u completely determined. 

Ex. 1. du = yzdx + xedy + xydz ; 

1 du du du 

dw dw 

dy' dy 

dw dw ^ 

.'. w^C, and u = xyz + (7. 
Ex.2. rfM = -^(£» + -^rfy + 7-^^(&; 



u 



= -^ + c. 



z 



96. Differential equations involving more than two vari- 
ables admit of division into two classes, Total and Partial. A 
total differential equation is one which expresses the relation 
between the differential of the dependent variable and the other 
variables and their differentials, and sometimes also the de- 
pendent variable itself; it is consequently equivalent to a system 
of equations in which each differential coefficient of the dependent 
variable is given explicitly. Thus z being a function of the in- 
dependent variables x and y, the total differential equation 

Pdx-\- Qdy-^-Bdz^O, 

in which P, Q, and R are functions of x, y and z, amounts to the 
same as the two equations 

A Partial differential equation, on the contrary, is a relation be- 
tween all or certain of the partial differential coefficients of the 
dependent variable, and the variables: as in the instances 
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z in both being a function of the independent variables x and y. 

Total Differential Equations. 

97. We may first consider the equation 

Pdx-{- Qdy + Rd^ = 0, 

one of the three variables a:, y, z^ being a function of the other 
two, which are independent. 

Since the proposed equation may arise from combining the 
results of differentiating two separate equations, we have first to 
examine whether it can be satisfied by a single primitive relation 
between a?, y and z. If a?, y, « be co-ordinates of a point, the 
cases will be distinguished according as the proposed equation is 
the differential equation to a series of surfaces, or to a series of 
curves in space. 

For example, the equation 

{z — c) xdx -^ {z^c) ydy = {a? (a? — a) + y (y — h)] dz, 

arises from combining the results of differentiating the equations 

for these equations give respectively 

dz dz . .dz^. i\dz 

dx dx 

from which if -j- and -j- be determined, and substituted in 
ax ay 

we get the proposed equation; which, consequently, cannot in 
general be satisfied by a single relation between x, y, z. It is the 
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analytical expression of the conditions of the problem, to find a 
surface belonging at the same time to surfaces of revolution about 
the axis of sr, and to conical surfaces. 

98. To find the equation of condition for 

Pdx-h Qdy + Bdz^Oy 

admitting a solution of the form /(a:, y, z) = C. 

If the proposed equation can be satisfied by a single relation 
between Xy y and «, then 

is the differentisl of a frmction of two independent variables ; 

dz__P dz__Q 
''' dx~ B' dy~ B' 

with the condition ^(D=^ (I); 
or, since P, Q, B may contain z which is a fonction of x and y, 

dy \B) ■*■ dz \B) dy'dx \B) ^ dz \B) dx' 

dz dz 
therefore, substituting for -j- , -j- their values, 

and performing the differentiations and reducing we get 

the equation of condition for 

Pdx->r Qdy^-Bdz^^ 
admitting a solution of the form /(a, y, z) = C. 

99. If the above equation of condition be not satisfied, then 
the equation 

^^+ Qdy + Bdz^O 
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cannot, by being multiplied by any factor, become susceptible 
of a solution of die form 

For suppose F to be a factor which renders 
Pdx+ Qdy-^-Rdz 

the immediate differential of some function u of Xy y, z considered 
as independent of one another ; 



^w=i(^^)^ 



or r— + P— =F^+<2 — "• 
dy dy dx dx 

dz dz dy dy 

dx dx dz dz ^ 



(1). 



Hence, multiplying the first of these equations by It, the 
second by P, and the third by Q, and taking their sum, the 
factor V disappears, and we find 

^(f-^-«(f-S)-^(S-f)-''. « 

the same equation of condition as in the preceding Article. 

100. If this equation be satisfied, which will be the case 
only when the proposed admits a primitive of the form 

/(^,y,«, C7)=0, 

equations (1) afford a means of determining V. Then 

du^VPdx-{- rQdy+ VBdz, 

whence u can be found by the method of Art. 95, and ti + (7= 
is the required relation between x, y, and z. 
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Or, without detennining F, we may integrate considering 
one of the yariables constant, and add an arbitrary fhnction of 
that variable ; then differentiate the result with respect to that 
variable and compare it with the proposed equation, and so the 
function added will become known. 

In the majority of cases which present themselves, the ffiustor 
Vis capable of being determined by inspection. 

Ex. I. (ay — J«) da? + ({» — ax) dy + {bx '-cy)dz^O. 

Divide by {ay — bz)hx — cy)y and the resulting equation 

dx {cz'-ax)dy & 

bx — cy {ay — bz) {bx — cy) ay — bz^ ' 

satisfies the conditions, considering x^y^ z 9A independent, 

dP^dQ_ dQ^dB dR^dP^ 
dy dx ^ dz dy ^ dx dz ^ 

and therefore the first member may be regarded as the differential 
of some function, u, of a;, y, z considered as independent; 

•'•S = te=:^' andu = ilog(&r-cy)+tr; 

1 _dw 
' ' ay^bz dz^ 

cz^ax c 1 dw 



{ay — bz) {bx — cy) b^bx — cy dy^ 

dw a —I 1 , 1 ady — bdz 

or -J- =5 Y • r- 1 hence aw = — y • —^ — i — » 

ay b ay-^bz b ay — bz 

.-. t(7 = -jlog(ay-i2?) + (7; 

b ° yay — bzj ' ay-^bz 

Ex.2. xdx + ydy+{a?+fj{l-z^)dz=:0, a? + y" ^ Cz'e'*. 

When in an equation of this sort, the differentials enter above 
the first degree, it is not integrable unless it can be resolved 
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into rational factors of the form Pdx + Qdy + Bdz ; for what- 
ever be the integral, it must upon differentiation produce a 
result of that form. 

101. If the equation 

Pdx'+ Qdy + Bdz =^0 

be susceptible of a primitive of the form /(a, y, a?, C) = 0, and be 
homogeneous and of n dimensions with respect to x, y, z; then, 
putting x = vZy y =» wz^ and dividing by z*, it becomes 

8 {vdz + zdv) + T{wdz + zdw) + Udz = 0, 

5, Tj U being functions of v and w ; 

dz Sdv + Tdw 
or =- 



z 8v+Tw+U' 

hence the second member is an exact differential since the first is 
so, and it may be sometimes integrated by inspection, or by the 
method of Art. 94. 

Ex. 1. {y + z)dx-h (a; + «)rfy + (a; + y) dz-0; 

put x = vz, yssfffz, 

dz {w-{-l)dv-{'{v-{'l)dw ^ 

z v(w + l)+w{v'hl) -hv + w" ' 

^^dz_^ djv + w + vu,) ^^ 

Z ^ t7 + W7 + VW 

.'. log «' (v + 1(7 + vw) =s log C, OT xz-{-yz + xy^ C. 

Ex.2. {^+yz-{-s^dx + {a? + xz+s^dy 

+ (x* + a?y + y*) & = 0. 

Make x^vz, y — wZy 

dz {w' + W'^l)dv + {i^ + y + l)dw ^ 

" z v(tt?' + w + l) -hti? (v' + v + l)-hv"4-t?M? + w?* ' 

but of the latter fraction, the denominator 

=^vw{to + v+i)-{-v{w + l'\-v) + to{v+l+to) 

» {vw + v + w) {v + w + l)y 
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and tbe numerator 

=^ (1 +v + w) d (v + w + vw) - {v -{-w -{-vw) d{v +w) ; 

, dz d{v + w-{-vw) rf(l4-t?+t<?) 
z v + io + vtv 1+v + w "" ' 

. 1 (Z (V+W+VW)] , jn, 

.•. zx + zy + xy—0{z + x-^ff). 

Ex.3. 2(y + fi:)daj+(» + 8y + 2«)d^+(a; + y)&«0. 

Bj the same substitution this becomes 

Zdz ^ ^dv + dw , dw ^ / x« / x xv 

— + 2 — ; + — ri«0; .'. (aj+y)Vv+«)«=(7. 

Ex.4. (aj'-y» + «^da;-fi:Vy4-(y-a;)(«« + a3^ + ai*)— = 0; 
putting a; = viB, y = wz, this is reduced to 

S — ^Jdve-^+C, (Ex. 4. Art. 18) 



w-^v 



or ^Jdxe «•+ C&, 

2r being constant under the sign of integration. 

102. We hare seen that the equation 

Pdx+Qdi/'\'Rdz=:0, 

when the equation of condition (Art. 98) is not satisfied, does not 
admit of being derived from a single primitive equation involving 
two independent variables. The integral in this case will be 
exhibited by a system of two equations ; and the proposed equa- 
tion cannot be regarded as the differential equation to a surface^ 
but to a Bjrstem of curves in space all endowed with some com- 
mon property. 

H. I. E. 18 
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Ex. 1. c& = aydx + hdy. 

Since the equation of condition in this case is not satisfied, x 
and y cannot be independent, and we may assume y ^f{x) ; 

.'. dz = af{x) dx + b -j-f{x) dxy 

/. z=^afdxf{x)+bf{x)^ 

which, with y^f{x)y constitutes the integral of the proposed 
equation. 

In general, if Fbe afSsictor which makes Pdx + Qdy an exact 
di£ferential considering z as constant, and we find 

f{VPdx+VQdy)^w + <l>{z), 

it is evident that 

diJi d 

w + ^{z)^Oy together with^ + ^<^(«)-FR = 0, 

satisfy the proposed equation, where ^ {z) denotes any function 
of z. 

Ex. 2. zdx + xdy + ydz s 0, 

y + zlogx + <l>{z)^0, logaJ4-^^(^) = |. 
Ex.8. {a?(a?-a)+y(y-5)}c& = («-c)(axZr + yrfy), 
of-{-y'+2<l> («) =0, x{x-a) +y (y - J) + («-c) j^ ^ («) = 0. 

Partial Diflferential Equations. Equations of the first order. 

103. In partial differential equations of two independent 
variables, the differential coefficients of the first order -7- , 

dz 

-7-, of the dependent variable «, are usually denoted by the 

symbols j> and q; and ^^, t~j-> -jJ} ^^^ differential co- 
efficients of the second order, by r, «, t, respectively. A partial 
differential equation is said to be of the n^ order, when it in- 
volves one or more of the partial differential coefficients of the 
dependent variable of the n*^ order; but none of a superior 
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order. To be the general equation of the n^ order, it ought to 
contain the independent variables, and the dependent variable 
together with all its partial differential coefficients from the first 
order to the n^ order inclusive. To integrate a partial differential 
equation, is to find for the dependent variable an expression 
between the differential coefficients of which that relation exists 
which is indicated bj the proposed equation; and under the most 
general form possible. 

104. The complete integral o{f{x, y, «, p^ q) = 0, the gene- 
ral equation of the first order, will involve one arbitrary or 
general function. 

For let u^F[x, y, «, ^ (t?)} = 0, be an equation hj virtue 
of which is a function of the independent variables x and y, 
V being a known function of x, y, and 0. Then p and q are 

given by the equations ^ = 0, ^ = 0, each of which will in- 
volve -J- A (t?) or ^' (t?), and may involve ^ (t?) ; consequently, 

between the three equations w = 0, ^ = 0, ^ = 0, it will be 

possible to eliminate ^ (t;) and ^\v)y and there will result a re- 
lation /(a?, y, «, p, q) =■ 0, wholly independent of the form of the 
function ^ (v) ; and it is evident that in general more than one 
function cannot thus be eliminated. Conversely, an equation of 
the form 

being proposed, its complete integral to have all the generality 
possible must be of the form F{xj y, z, ^{v)}^0, where the 
form of ^ (v) is arbitrary. 

For example, let 

tt = « 4- tnx + ny — ^ (v) = 0, 
where t;=> (aj-a)* + (y-i)* + («-c)*; 

then ~^^p-\-m-if>\v){2{x^a)+2{z--c)p]^0, 
^=:j + n-f(t;){2(y-J)+2(i.-c)jl = 0. 
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Hence, transposing and dividing one result by the other to 
eliminate ^'(*^)i ^® ^^^ 

p + m (x — g) -f (g— c)p 

or J? {y - 6 — n (« — c)} — J {a? — a — m (« — c)} 

= w (oj — a) — w (y — 5), 
the partial differential equation of which the complete integral is 
• z + mx + wy = ^ {(oj — a)* + (y — J)' + (« — c)*}. 

105. To integrate an equation in which only one of the 
differential coefficients of the first order enters with x, y, and e. 

Let the equation be 

Integrate it, considering y as a constant, and in place of the 
arbitrary constant C, add a fdnction of y of arbitrary form. The 
resulting solution, containing one arbitrary function, will have 
all the generality that can be attained. 

Ex (a?+j^| = zVy'; 

1 dz 1 r, 

.-. t8ii-'--tan-»--tan-'^(y), 

or «-a=(y* + a?2)^(y), 

^(y) being arbitrary in form. 

The equation /(a?, y, «, j) = is similarly integrated, the 
correction in this case being an arbitrary ftmction of x. 

Ex. flg^_+n4?-0, 
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106. To integrate the equation of the first order, 

Py Q, and B heing ftmCtions of x, y, and z. 

Let the primitive be -F(a?, y, «)«0; therefore, denoting 

-T- F (aj, y, z) hy F' (a), and so on for the other differential 

coefficients, we get 

F\x)+r{z).p^O, 

F(y)+F{z).q^O; 

.-. PF^ix) + QF{y) + RF{z) = 0. 

But dF{x,y,z)^F{x)dx + F*{y)dy'\-F'{z)dz^O, 

.\ PF{x)dx + PF{7f)dy+PF{z)dz^0\ 

and PF{x)dx+ QF'{if)dx + RF{z)dx^O\ 

.\ F{y) [Pdy - Qdx} + r{z) [Pdz - i?e&} = 0, (1) 

which is satisfied by 

Prfy -(?(& = 0,1 
P&-iirfa: = 0.j ^^* 

Suppose that by integrating these equations either separately 
or conjointly, we obtain Jf = a, N^ b, two relations between the 
three variables and the arbitrary constants a and b, which satisfy 
them. By means of the equations M^ a^ N^^ 5, any two of the 
variables as y and z can be expressed in terms of a and b and 
the third variable x. The complete primitive then becomes 

F[x,y,z)^j>{x,a,b)^0, 

and the differential of ^ (a?, a, b) must by virtue of equations (2) 
be identically equal to zero, therefore j> (a;, a, b) cannot contain 
Xj and consequently 

= ^ (a, J) = ^ (3f, N), or M^f{N). 

The assumptions (2) satisfy equation (1) independently of 
the forms of F'(y)j F*{x)j that is, independently of the form of 
F; therefore the form of ^, and consequently of / is arbitrary. 
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Hence M—f {N) being a solution of the proposed equation and 
containing one arbitraiy function, is the general primitive. 

107. For the success of the method^ it is in general neces- 
sary that of the three equations 

Prfy-Gda5 = 0, Pdz-Bdx^O, Qdz -- Bdy ^ 0, 

one at least should contain those two variables only whose in- 
crements or differentials appear in it, or that by their combina- 
tion such an equation should be produced. For by integrating 
it we shall obtain an equation by means of which one of the 
variables may be eliminated from either of the other auxiliary 
equations. They are called the reducing equations of 

Pp + Qq^B; 

and may be easily remembered under the form 

108. By a similar process, partial differential equations of 
three or more independent variables can sometimes be integrated. 
If 2; be a function of (c, y , t, and the equation be 



Tn + Pp+Qq = B, 



where n = -^ , we have 



which, substituted in 

dz =sndt + pdx •\- qdyj 
gives Tdz^Bdt=^{Tdx-Pdt)+q{Tdy-Qdt). 

A 1 .i..i ^ dx dy dz dt 

And if the equations -p = -j^ = -g = y, or 

Tdz^Bdt^O, Tdx^Pdt^O, TdyQdt^O, 
give L^ay M^b, N^c, 
then the solution is 

^ (X, if, N)^0, or L^f{M, N). 
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109. To explain the geometrical meaning of the solution of 
a partial differential equation of the first order. 

If we regard x,y,zsa the co-ordinates of a point, and the 
proposed differential equation as the equation to a system of 
surfaces, M=sa, N=b are the equations to two surfaces which, 
being satisfied hy the same values of x, y, z that satisfy the 
differential equation, conjointly represent a line situated on one 
of the surfaces represented by the primitive. By giving any 
alterations to a and b we obtain other lines in space; but in 
order that these lines may always lie on the surface in question, 
these alterations must not be independent but connected, accord- 
ing to some law expressed by the relation a =^f{b)i or M^f{N). 

For example, the equation ^ + 2^ = 2; is the differential 
equation to a conical surface, and 

z ^ z 

are the equations to any straight line through the vertex. If a 
and h undergo all possible variations consistently with the 
restriction imposed by the nature of the directrix, the assemblage 
of straight lines thus formed is the conical surface. 

110. We shall now apply the preceding method, which is 
due to Lagrange, to some examples. 

Ex.1. pX'{-qz-\-y^O. 

This compared with i^ 4- Gj = jB, gives in the place of 

Qdz^Rdy^O, Pdz-Rdx^Oy 

the reducing equations 

zdz+ydy = Of xdz + ydx^O. 

From the former, which alone is immediately integrable, we 
get «* +y* = a'; then by substitution in the latter 

dz . dx 



ajefe + Va'- «*€&?=: 0, or , , -f — = 0; 



•. sin"* - + log a; =5 log J, or xe « = J ; 
a 
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but a = V?Tp, therefore sin"* - = tan"*-; and h=^f{a), 
^ ' ay 

hence a?6**^V =/(V?T^, 

18 the integral of the proposed equation. 
Ex. 2. ^ (a; - a) + J (y - J) = » - c. 
Here the reducing equations are 
{x-a)dz^{z-c)dx^O, (y- J) &-(2-c) rfy = ; 






Ex. 3. mp + nq^l; 

,•. wwfe-<iB=:0, w& — (?y = 0; 
.'. 0? — »MJ = a, y — «2 = ^; 

/. y-ti«=/(a?-m«). 
Ex.4. (a;-wwj)^ + (y-n2?) j=:0; 

{x--mz) dy ^{y'-nz)dx^ 0, 
or (a? - ma) rfy — (y — wa) c&? = ; 

y - na ' "^ ^ ' '' \y-nzj 

5. px+jy = n2, «=»a;"/r|j. 

6. -2 + 2 = 1. ««=xy+/m. 
y X z' ^ ^ \xj 

8. z—px — qy — n'Jsif + ^-k-z*, 
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9. i>(y + «) + ?(y-a;) = «, 

111. The following examples require artifio 
bination of the reducing equations. 

Ex. 1. {2az + cx)p+ {2bz -ct/)q=={ay + bx) 

The reducing equations are 

{ay + hx) cdx = (2a« + ex) dz, 

{ay H- bx) cdy = {ibz — cy) dz. 

Multiply the first by y, and the second by x, 
together, then 

cydx + cxdy = 2zdzj or z^ — cay = a 

Multiply the first by — b, and the second by a, 
together, then 

— bdx + ady ^^—dz, or z+ay — bx^^ 

.*. z + ay — bx =^ <l> {z* — cxy). 

Ex. 2. {y — J — n(« — c)}p— {a? — a — w(« — c) 

= w (aj — < 

the equation to surfaces of revolution. Here the r( 
tions are 

[n{x — a)-m (y- J)} dx - {y- i - n (« — c)} e& 

{y — J — n (0— c)} rfy + {a5 — a — m(« — c)}c£r 

{x- a - m {z - c)} dz '\- {n {x - a) — «i(y-J)} rfy 

Multiply (1) by a? - a, and (3) by y - J, and a 

{n{x-a)-m (y -i)} {(a?- a) da;+ (y - J) rfy + (« 

.'. (aj-a)«fo+(y-J)c?y+(«-c)& = « 

or (a!-a)' + (y-J)' + («-c)*=a. 

H. I. E. 
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Multiply (1) by m, and (3) by n, and add, then 
{n (aj- a) -m (y - 1)] {mdx + ndtf + cfo) =0; 
.•. mdx + ndy + dz^^O, 
or wa? + ny4-«=)9=/(a); 

Ex.3. (y + «)p+(aj + «)j=« + y. 

The reducing equations are 

{y + z)dz^{x+y)dxj 

(aj + «)(fe = (a?+y)rfy; 

•'• {y-x)dz = -{x + tf){djf--dx) 

{x + y){dx + dy + dz)^2{x+y + z)dz; 

dx + dy+dz _ 2dz _ 2 {dy — cfo?) ^ 
'• a;H-y + « sD+y"" y-» ' 

.•• (a;+y + «) (y-a;)' = a- 

Similarly, (a? +y + «) (y -«?)•= ^ ; 

.-. 2^{(aj+y + «).(y-a)', (a+y + «^).(«-y)"l = 0. 

Ex.4. {x+y-\'z)^+{t + y + z)£ 

+ (< + a? + «)^ = e + a?+y. 

The reducing equations are 

{x + y + z)dz=:{t + x +y) <ft, 
(a; H-y + «)«&= (< + y + «) dt, 
{x-\-y-\-z)dy^{t + x-hz)dt; 

(a? + y + «) (dic-^) = (<-«) *i 
(a?-fy + «)(c?y-(ft) = («-y)cft, 
(ic + y + «) ((fo; + (fy + & + rfO = 3 (< + a? + y + «) eft J 
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®^^ t^z x + y+z'^ S{x + y + z + t) ' 

••• {x+y-hz + t).{z--ty—a; similarlj 

{x-hy + z + t).(x-'ty = P, {x + y + z + t).{y^ty^y; 

.-. {x+y + z + t).{z-'ty^ 

F{{x+y-h9 + t).{x-ty, (a?+y + « + <). (y-O'l- 



Method of solying linear Partial Differential Eqoationa hy separation of 

^ymbola, 

112. As the symbols of operation here employed -r- , ^ are 

independent of one another, and as they are subject in their 
combinations to the same laws as algebraical quantities, we may 
by separating the symbols of operation from those of quantity 
readily effect the solution of many partial differential equations 
by the same processes as were employed for differential equations 
between two variables of the like class. In particular the whole 
dass of Linear Partial Differential Equations bears a strict 
analogy to equations of the same sort between two variables, 
both in the mode of treatment which they admit, and in the form 
of the solution obtained. 

Great use will be here made of the symbolical expressions 
for Taylor's Theorem, applied to a function of one or more 
variables: viz. 

f{x^h)^e^f{x), f{x + h,y)^e^f{x,y), 

fix+h,y + k)^e'^^'if{x,y); 

and this use of the symbols e *', 6 **, must be particularly 
attended to, as having an important bearing on the interpretation 
of the results obtained. For since, when only two independent 
variables x and y are involved, after every integration relative 
to a; an arbitrary function of y, ^(y), must be added instead of an 

arbitrary constant, if an operating factor such as '(-j — ^'T') 
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be applied to a subject / (a;, y), we shall have by Art. 53, (taking 
notice that in operating relative to a?, we must treat y and the 

symbol -j- like simple constants ; and the same holds relative 
to X and ^ when integrating or differentiating relative to y), 

where we see that an arbitrary function of a binomial, viz. 
^ (y + ax) here takes the place of the term Ce"* consisting of an 
arbitrary constant multiplied by the exponential quantity e"*, 
which is always met with in t^e solutions of linear equations 
between two variables. In the following examples we shall 
often for the sake of convenience write d, d\ d" instead of 

fl iJ iJ 

^ , ^ , ^ , suppressing the differentials ; and arbitrary func- 
tions of X and y will sometimes be denoted by c^., Cy 

113, We shall begin with the linear equation of the first 
order having constant coefficients, 

or (o^+W + c)«=/(x,y); 

••• « = (^ +^)'V(^'y)=«".="^ {/^e«"**"/(*,y)+*(y)}, 

Suppose f{xj y) to be a rational integral algebraic function 
of n dimensions ; 
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then « = i (1 + i (arf + bd')]-'f{x, y) 
c c 

= i{l-had+bd') + \{ad+bdr-&c.±^,(cid + hdr}f{x,y) 

C C V c 

where we stop with the n^ term of the development of the 
operating fimction, becaoBe any power of d or d' higher than 
the n^, applied U>f{a^ y), produces zero. Hence if/(«,y) =y, 
a constant, 

mile8sc = 0, when«=s^ + ^(y J; andif/(a?,y) =^a!y, 

Again, supposing /(x, y) to be equal to ^e"****^, or to 
g cos {mx + ny), the values of « will be found to be, respectively, 

mx+mr ^ J^^ 



am + in + c 



■*(y-a)5 



ccos(«w: + ny) + (7na + ni)sin(ina; + ny) , -S., , v 
114. If the proposed equation be 

then assuming « = e', or t> = log «, where v denotes a new function 
of X and y, the equation is reduced to the same form as the pre- 
ceding, viz. : 

dv ^ ,dv ^ ^/ \ 



Digitized by VjOOQ IC 



150 
hence the solution is 

Thus let f(Xj y) = 7-^ — f-r— = t-. x" - X" 5 

{cLy-'Ox)y oay — bx by' 

-pf .hx\_ ab+fia 1 a/9 1 
, ab + fia X afi^ , \ , a( bx\ 

is the solution (where c « 0) of 

dz ^ jdz ay + fixz 
ox ay ay — ox y 

A particular case of this is 

dz dz az ^ hz 



dx dy y 7?ia? + y' 
-5. ** 

for which « == y"* . e""*** . ^ (y + »«»)• 



Again, let /(^,y):==|+| + ^, 



then /&:/(aj, y + ^) =aloga?+^log(y + -) 

+ 27/^1 log (V5+ vf+i) ; 
/. alog««alogaj + ylogy + 27y jlog^Vx + y ^j 

is the solution (where c = 0) of 

c^ dy \x y '^ocyJ ' 
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A particiilar case of this is 

dx ^ dy ^\x y V^/' 
for which « = aJ*y^fV<«>+ a/*^J "*. ^ (y — ma?). 

115. Next let an equation involving three independent 
Taiiables be proposed, 

dz , dz .dz .^ 

or {d+ad' + bd")e-a?yt', 
1 / . ad' + bd"\-'^ 

'-'"-dV^'—d—) ^y* 

n ad' + hd" ,iabd'd"\,^ 

=l3 — w-^^3^r^^ 

these being the only terms necessary to be preserved in the de- 
velopment of the operating function, since cTyt = ; therefore, 
effectmg the operations indicated, 

z^-^Q?yi- — {at + hy)x^ + — ab7f'\'^{y-ax, <-te); 

the complementary function being 

116. We come next to the case of the complete linear equa- 
tion of the second order with constant coefficients 

ifld^+hdd' 4- c(?'* + OK?' +i8rf + 7) « =/(«, y). 

This may be integrated whenever the operating function 
can be resolved into two factors rational with respect to d and d'\ 
the condition for which may be shewn, by putting the operating 
function equal to zero and solving it relative to ef, to be 

(J»- 4ac) 7 = Jo^ - oa'- ciS*. 

Thus, suppose ft=al, a = c = 0, then 7 = 0^8, and 

(dif' + orf' + /3rf + ai8) « =/(a;, y). 
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.-. z = e-'^idy^ Udxe^fix, y)} + e'^fdy/'G, + e^O;. 
Hence, changing the arbitrary functions, we find 
e = e^^Sdy(^ Udxe-fix, y)} + e— c, + e*<'c',, 
for the solution of 

d'z ^ dz , ^dz , a ,, . 

J J 

Hence if /(a?, y) =e***^, since in this case ^ and -r- are 

equivalent respectively to factors tn and n, 

Again, let /(a, y) = e"" cos ny, then 

rj aasxf \ e^**"^** cos ny 

^^nsin^^i^cos^ 

Similarly, if we suppose a = 1, 6 = 7 = 0, then c = - ^, and 
the equation is 

or (i+|cr)(rf-|rf' + y9)»=/(a!,y). 
If we assume /(«, y) = 0, this gives 
z = e-'^ef '^ (y) + c'f '^ (y) = e''^^ ^y + ^) + ^ ^y - ^) 
for the solution of 
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If i* = 4ac, we must have 

bafi ^ aa* -k- cl3^9 or bfi^2aa; 
then the proposed equation becomes 

{(,^i+VJJ + ^-fi=y-(g-,)}../(^,); 

and the operating function can be separated into two real factors, 
if /? > 4ay. 

117. Next, let the equation be of the vf^ order 

(s)"' +^« i^Ti' +^« anil' + - +^- (I)"' - ^' 

the index of differentiation being the same in every term ; and 
V denoting a function of x and y ; then the equation may be 
written 

Let a be a root that occurs singly, and b a root that occurs m 
times, in the auxiliary equation 

then by resolution into partial fractions we shall have 
Hence anbatituting ^ for v, we get 

^°{j3^+ (^335^-^ (rf-^r-' -'••''• ^^'^M'^^' 

/. « = Atr^fdxe-^'cF-^* V+ 5,«^' {jdx)'e*^dr^ V+ &c. 

Instead of reserving the complementary fimctions under the 
sign of integration, we may obtain them explicitly by supposing 
F= ; then since 

H. I. E. 20 



Digitized by VjOOQIC 



154 

the part of the complementarj ixinction due to the root a and the 
m roots b is, changing the arbitrary functions, 

Ac,^+ B^ (c^,^+ xc\^^- aj'c';^+ ... + oT'c'^) ; 

and similar terms will be introduced by the other roots of the 
auxiliary equation. 

Ex.1. ^^n^^ = cay; 

.". « = ^r^^ = ^{l + n*^2J+&c.}ca?y = ^cay, 

all the other terms being neglected, because when the operations 
are performed they vanish of themselves ; 

\dx) \dx) dy dx \dy) \dy) "" ' 

or {d^2d')Xd^dyz^e^ 



since d and d' operating upon c"****^ are equivalent respectively to 
the factors m and n. 

If the second member of the equation be jb* +y', then 

these being the only terms in the development of the operating 
function which it is necessary to retain ; 

Ex.3. g+(a + i)^ + ai^=/(.,y). 
ox {d+ad){d+bd)z=f{x,y)', 
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- ^ITi {«"**/'^(a'. y + ia5) - e^Jdxfix, y + ax)]. 
Let /(aj, y) = 0, then {d + ad') (<f + W) a = givea 

Yrhich shews the form of the comp 
T>e the second member of the equa 
integral algebraic function of x anc 

«= [,r»-<r ((a+i)d(?'+aicZ'')+&c.] J 

Thus let /(a?, y) = c + m (a 

then z={d^-{a + b) d^d'] {c + m 

Change of the Indepc 

118. The method by changir 
is applicable to partial differential 
lead to the solution of any equatic 
of those for which the method succ 
equations between two variables, 
pendent variables that has the mc 
assume x = e\ y = c*, as we proce 
instances, making use of the formu! 

•n « dz T dz 

this becomes 

— +i— + 
dt dv 

the integral of which has already b 
Let V^TTy'', then Cr=e***^'; 



aw+ ftn + d 



Digiti 
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or, restoring the values of t and v, and changing the arbitrary 
function, 

am + an + c ^ \ar/ 

Ex.2. aa?^ + {a + b)x!,^ + h/'^ + cx^ 

This, by the same substitutions as in the foregoing example, 
becomes 

or (arf + W+c)(rf + rf'-l)« = 0; 

hence, restoring the Talues of v and <, 

Ex.3. «,^g. + (2a+6)a^y^ 

.-. {arf(rf-l)(rf-2)+(2o + i)rf(rf-l)rf' 

+ (o + 2J) da'C^' - 1) + W'(«?' - 1) (rf' - 2)} « - 0, 
or (<irf+W)(rf+rf'-l)(rf+<r-2)««0; 

.-. « = e"^' (») + e-^"-' ^ (») + e-"-* x (») 
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Ex.4. ar^4-nar'y^;=^+-^^<r-y«^^ + &c. 
4-y -T-jj = 0. Here we have (Art, 70) 

1. • ^ 

or (rf+rf')(ci + ^-l)...(rf + <?-n + i)« = 0, 

as is easily seen by equating the coefficients of u* in the product 
of the expansions of (1 + u)\ (1 + u)^^ and in the equivalent 
expansion of (1 + u)*^. Hence 

« - «-^/. W + «""""/.(«) + ... + *-^■^'/n.^ (V) 
Ex.5. (x^+y^),+^.(x^+y^)« + ...+^^ = 0. 

Smoe (x-^+tfj\''^{d + cF){d+d:-l)...{d+cP-n + l), 

the equation may be transformed into 

{{d+ d^' + ?, (rf + «?)-' + ...+}.}» = 0, 
or (rf + <f-o,)(rf + rf'-aJ ... (rf+<f-o,)« = 0; 
.-. « = «'"e-V.(») + <*^«"^/.(») + ... + «^'e'^/.(») 
= a^/,(« - «) + xVi(» - + &c- 

119. Other substitutions either for the dependent variable 
or for the independent variables, that may be sometimes em- 
ployed) are the following. 
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Ex. 1. P^ + Q^ = Rf{z) where P, Q, and R are func- 
tions of X and y. 

Let V denote a function of z determined by the equation 

dz -f{z) ' 
then the equation becomes 

ax ay 
Thus let the equation be 

(y«+ ma^^) (^- ^'i^J = (^waa; + ly) («*+ 1), 

then t? = tan"^«, and the solution of 

d'O ^ _ 'rnax-\'hy _ a a — b 
dx dy y* + inxy y y + r^io? 

. , , V a I (a — i) a? 
18 r = (y + tnoj) log y — -^ — : 

.'. ;5 = tan -^6 (y + ma;) log v — ^ —[ • 

^ 1 dz m dz az bz cz 



let aj* = <, y* = v; 






!_ /g ft c N 

' \nt nv nVTt;/ ' 

9e 

or « = aj'y"' fa;" + ---p= y M (y* - ma;^). 

120. Since when operating relative to a? we may treat y and 
the symbol -j- as simple constants, and vice versa when operating 
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relatire to y, we may often solve a partial differential equation 
hy integrating it with respect to one of the independent variables, 
and introducing arbitrary functions of the other instead of con- 
stants ; and then effecting the operations indicated relative to the 
second variable, and interpreting the result in the usual way, 
which will be attended with no difficulty when only the expo- 
nential symbols e ** or e * are involved. 

Ex. 1. -T3 — a* -T-j = ; this may be written 

Hence a:^ + 2^ = ax^, 

which may be written }. ^ - a* J , = 0, gives 

xz = <l>{y + ax) + ^/^ (y — ax). 
n ^ A d*z , (Pz ^ . d*z , ,,.- 



z i* 

- = c 

X 



(Ex. 2, Art. 69.) 



dic* dxdy of ~" ' 

iPz ^ J, dz 2z ^ 



2 2 
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«« 



- (r^ dy <!> {y + ax) + yl^ {if -' ax) 



da? X dx dy ' 



xz 



^^^d^'^iy + <^)+^ny-nx)^ (Ex. 3, Art. 74.) 
Ex.6. a?gr-2ma:g + 2«.z-2»»'^ = 0, 

^,^(^^^'^Jy±S^l^^ly::M, (Ex. 2, Art. 74.) 

If m = — 1, in Ex. 4, we get the solution of 
<? (a?«) 2050 , rf' (a?«) _ 

ora?^ + 2aj^-2^-.2'a;«^=0, VIZ. 

a!^z = jo; {f (y + yu) --^^ (y - yaj)} - (y + ja?) - >/.(y - ya;). 

E 7 ^g 1 /c^g <fe\ ^^ ^Q 

e^dfy x-^-yxdx dy) {x^-yY" 

Make y + a; = <, y — aj = t>, then 

* cZ'g di - d^z 

,-. z {x + yY ={x+y) {f (2y) - -f ' (- 2x)] - (2y) --^ (- 2a;). 
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Hence if n = 1, we get, as in Ex. 1, 

and if n s 2, we find 
a^« = (y + oa:) + -^ (y — oa?) — ax<l>' {t/ + ax) + ax'^\y — ax). 

Ex.9. ^^ + S^j^ — Bz^O. (Ex. 6. Art 74.) 
12 6 

+ j^ ^ (y - ja;) + — "^'(y - £«) + ^"(y - £«)• 

Ex.10. (x|+y|)%-2(a.^+y|). + 2z = ary-. 

'° (^+»-l'C + n-2) + '^(l)^^^(l)- 

Ex. 11. fix) . g + if{x) . ^ - o'^ = 0, (Ex. 1. Art.48) 

z^if>\y + ajdx Uxp] +^[tf- afdx {/H}"*], 
where /(«) denotes a given fnnction of «. 

Ex. 12. ^ - » * j7 = 0' 

-^{^(y + 3*c*)-'f(y-8aa*)}. 

E^ !«• S+/(-) '^y~%'^' (Ex. 2. Art. 48) 
z^x!dx^4>[y^!dxf(x)]'^x^(y). 

H. I. E. 21 
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Partial Pifierential Equations of a higher degree than the first 

121. To integrate F{x, y, «>i>> j)=0, when it contains 
terms of more than one dimension in^ and q. 

In order that dz =pdx + qdy may be a perfect differential, 
we must have 

If from the proposed equation we determine 

equation (2) becomes an equation for the determination of p of 
the form 

dx ay dz 

the integration of which depends on the integration of one of the 
equations 

dp'-Ldx^Q^ dy-'Mdx^Oj dz ^Ndx^O. 

Let p =/(a?, y, z, a) be found from these equations, a being 
an arbitrary constant. This value of p and the corresponding 
value of q found from the proposed equation, being substituted 
in dz^pdx^-qdy render it an exact differential; and thus a 
value of z will be obtained involving two arbitrary constants a 
and h\ and this will consequently be the complete primitive. 
The general primitive may be obtained by putting J =3^ (a), 
differentiating the equation with regard to a, and eliminating a. 
The result containing one arbitrary function is as general as any 
solution which the equation admits. 

Ex.1. / + 2» = 1, 

. J dq _ p dp dq p d^ 
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wliich is integrable if we can integrate the system of equations 

dj> — Oy p&-da? = 0, Vl— y.cfo — rfy = 0. 
The first gives ^ = a, whence y = Vl— a*, 
/. dz = adx + V 1 — a" rfy , 
or « = aa; + Vl— a'y + 0(a). 
Differentiating this with respect to a, we find 

"between which and the preceding we may eliminate a, when the 
form of the fmiction <f> (a) is assigned. This is a simple case of 
the Problem of finding surfaces of equivalent area to a given 
surface, that is, such that any cylindrical surface parallel to the 
axis of z, may always intercept equal areas in the required and 

given surface. If P, ^ denote the values o^ 3"> 3- ui the 

given surface, t}ie equation of condition is 

which, if the given surface be a plane, leads to the equation of 
this example. 

Ex.2. jrf = c\ 

The equation in p to be integrated is 

dx mc^ dy \m /-^^"" ' 

.•.£^ = 0, andj?=a*, .\ q=^ca^^ 

ft 
.'. dz — a'^dx + '-^dy^ 



and «=a*a? + -siy + ^(a)i 
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= noT'x—^.y+iff'ia) ; 

and it remains to eliminate a between these equations when 
the form of <f>{a) is assigned. 

If the proposed equation be 

and we take new independent variables x' and y such that 
dx' 1 dy' t 



■^ (e)' (!)■='-• 



dz "y 
Now assume z* such that -r- = «s*» , then the equation becomes 

(S"(|-T-. 

and is reduced to the preceding. 

Ex. 8. ^=i^; 

here, when the form of (a) is assigned, a must be eliminated 
between the equations, 

y-\-a ^^ '^ {if + (*) 

Thus if 0.(a) =-, then it will be found that « = (c + V^)*. 

Non-linear Equations of the Second and Higher Ordenk 

122. Here, besides the coefficients p and q of the first order 
which may be involved together with x, y, and z, the equation 
must contain one or more of the coefficients of the second order 
r, 8j t; so that in its most general form it will be 

•^(a?,y, «,i?, J, r,«, = 0. 

In partial differential equations of the second order, we can- 
not be certain of the form of the solution, nor pronounce before- 
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hand how many arbitrary functions it ought to contain. For 
let 

be an equation containing two arbitrary functions of v and to two 
known functions of a;, y and z ; then j> and q will be given by 
the equations 

du ^ du ^ 

and r, «, and ^ by the equations 

d*u ^ dd ^ d\ ^ 

These together with ti = make six equations, into which the 
six quantities 

may enter. Consequently, it will not generally be possible to 
eliminate these six quantities and obtain a relation between 
Xj y, «, jp, J, r, 8y t, independent of the forms of the functions 
and '^ ; although particular cases do occur in which this can be 
effected. 

In general, if t^ = contain n independent variables and m 
functions of the form 0(v), where t; is a determinate function of 
the variables; these functions can certainly be eliminated be- 
tween the equations obtained after r differentiations, if 

1 4.n^!L(!^±il^ n(n+l)...(n + r-l) 

1.2 — [r >m(r+l), 

the former quantity expressing the number of equations, and the 
latter the number of functions. 

123. As an example of forming a partial differential equa- 
tion of the second order, and of the sort we are now considering, > 
by the elimination of two arbitrary functions, we may take 

du 

^= l-»^'(«)2--^»2=»0; 
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•••;>+#(«) =0; 

.-. r + 8<f>{z)+pq<l>'{z)^0, 

s + t<l>{z)+^<l>'{z)^Ol 

/. qr "-ps + (j« —pt) <l> {z) = 0, 

or 2*r-2pj^+|>*^ = 0. 

124. The equations 

where P and Q are fonctions of a;, y and z, must be integrated as 
equations between two variables, y being regarded as constant 
in the former, and x in the latter ; and arbitrary functions of 
those variables respectively, being introduced instead of con- 
stants. 

Ex. («-a^^ + (y-ay-2x)^-y« = 0, 

(l-a;)« = a:'-^^(y) + >Ky). 

125. The equations 



dxdy dx 



dxdy dy' 

where P and Q do not contain z, are reducible to the case 
,of Art. 105, by considering j- or -7- respectively as a simple 

quantity v. 

XI dd ^ y dz J. 

Ex. -j-^ z + 7-^— J -J- == air. 

dxdv I'-tr dx ^ 



dxdy i—y 

dx 



This being a linear equation in -^ which is made integrable 



by the factor , ^ we have 
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... z = {.Kic) + ^ (y)} Vr=p - _ (2 + y«) (1 -y). 

126. Similarly, equations of the forms 

i./ dz d^z if d^z\ ^ 



may be treated as if they contained only two variables ; arbi- 
trary functions of y instead of constants being introduced into 
the solution of the first, and arbitrary functions of x into the 
solution of the second. To this case may also be reduced 
the equation 

/ ^ d^z JPd^z o ^^z \ 

•^r'^'^' dxdy^' da?dy^'^^'' diTdyV" ' 

for by putting -^=t;, it becomes 

which will give a value of v containing m arbitraiy functions 
d'z 



d^z 
of y ; and then -r^ = v will give z involving n arbitrary 



functions of x. 

127. To integrate the equation of the second order, 

where i?, ^i T, Fare functions of a;, y, «,^, j. The following 
process first given by Monge, may be frequently applied. 

By means of the relations 

dp = rdx 4* sdy^ dq ■= sdx + tdy, 

eliminating two of the three coefficients, r and t, from the pro- 
posed, we get 

Bdpdy + Tdqdx - Vdxdy = s [B (dyY + T{dxy^ Sdxdy}, 
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which is satisfied hj 

Mpdy-k- Tdqdx-- Vdxdy^O i 
R(dyy+T{d^y^8dxdy^0) ^^^* 

Let M^a, -N'= J, be two relations between a;, y, «, p, j, and 
the arbitrary constants a, ft, which satisfy these equations ; then 
Jf = (-AT) satisfies the proposed equation. This will be shewn 
by proving that it can reproduce the proposed equation. 

Let dy = mdx ; /. Rm^-Sm + T^ 0. 

For each root of this equation, we have 

dy^-rndx^Of Bmdp + Tdq-- Vmdx = 0; 

/. dy^mdXf 



A 



dq^-jrdx-'Ydpy )- (2) 
dz ^pdx +qdy. J 

Hence M^a gives on differentiation 

= -J— . dx + -J— . mdx 4- -r- {pdx + gmdx) 

wherein all the known relations (2) having been introduced, dx 
and dp most be independent, 

. dM dM dM VmdM 

dM BmdM 
^~ dp~ T dq' 

dM ( dM , , .dM , VrndM) 

dM_IlmdM 
dp~~T dq' 
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„ dN { dN , .dN , VmdN) 





dN 
dp 


BmdN 
~ T dq- 








By differentiating the assumed equation M^ 


^ {N) we have 


Vaw 




dM^ 


= fW. 


dN. 




i.iOW 

dM= 


— m 


dM , 


^dM 


VmdM) 
■^ T dqj' 


ir + ^rfy 








^■qdy)-\- 


RmdM J 
T dq'^P 


. dM , 



= (^+?S) ('^y-'"^) +^^^(Smdp+ Tdq- Vmdx), 
and a similar value exists for dN; 

which may be put under the form 

Rmdp + Tdq — Vmdx = a> (rfy— m<2:z:), 

or Rm (rda + sdy) + Tiadx^-tdy) — Vmdx^^oa (dy - 9^2^;), 
where dx and c?y are independent ; 

.-. Rmr ^-Ta-Vm^ — cwn, 
Rms-^-Tt^fD] 

.'. Rr + S8'\'Tt^V-"^(Rm'^8m+T)=V. . 

Hence, M—^ (N) satisfies the proposed equation. 

H. I. E. 22 
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According as the roots of 

are unequal or equal, we are thus supplied with a total or partial 
differential equation for the determination of «. 
As the reducing equations (1) may contain 

and as these together with dz ^pdx + qdy will generally lead to 
an equation containing three variables, which will not always 
admit of a single primitiye (Art. 98), it may happen that the 
first integral of the proposed equation cannot be determined ; but 
we must not thence conclude that the proposed equation does not 
admit of being solved. 

128. Hence, to integrate the equation of the second order 

the process is to obtain a value of m bom the equation 

Rm^ -8711+ 7'= 0, 
to substitute it in the system 

dy — mdx = 0, Rmdp + Tdq = Vrndx, (1) 

to satisfy these conjointly or separately, by two relations between 
«> y> «> P) ?> 

then to put M=<f> {N) which will be a first integral of the pro- 
posed, and to integrate this equation of the first order. But this 
determination of the second integral firom the first will often be 
attended with great difficulty, on account of its involving an 
arbitrary function; and therefore when possible it is often more 
convenient to find from the second value of m another first inte- 
gral of the form M* ^'^ (-AT), and between these to eliminate p 
or y, so as to obtain an equation involving only one differential 
coefficient, and which is therefore easily integrated. 

129. If Ry 8^ rbe constant, and Fa function of x and y 
only, then the values of m will be numerical, m and n suppose ; 
and the integrals of equations (1) will be 

y — mx = a, Rmp + Tq=^m jdx F.-f J, 
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where, previous to integration, mx + aia substitated for yinVj 
and after integration the value of a, viz, y — mXy is restored : con- 
sequently calling this value P^, since JBmn= T^ we have a first 
integral of the proposed, viz. 

Bp+Bnq^ V^-^^' (y-mx). 

Next to integrate this equation of the first order, we have the 
reducing equations 

rfy — «(& = 0, 
J8& - {7^ + 0' (y - fna;)}&j= 0; 

.". y — na:=a, 
Itz ^JdxV^ +Jdx<f>\y -rnxj+lS, 

nx + a being substituted for y before the integration is performed, 
and afterwards the value of a, y — nxy restored; this gives 
jdxV^— F^, suppose, %• 

and Jdx(l}'{y-fnx)=^Jdx<l>' {(n-m) a; + a} = — — ^(y-wa:) ; 

hence, including the constant multiplier under the sign of the 
ftmction, we have the complete integral required, 

Bz- V^ + ^ {y -mx) + -^ {y - nx) ; 
which agrees with the result obtained at once by separation of 
eymbols bom the proposed when put under the form 

Ex.1, ^""^^^^j OT r-i^t-O. 

The two systems of reducing equations here are 

dy + cdx=0 \ dy — cdx = ) 

djp + cdq-O }' dp-cdq^O )' 

from the former we get 

y-^cx^a, p-\'cq=^b; .\ p-hcq = 2c<f>' {y + cx); 

similarly the latter gives p — cq^ — 2o^' (y — ca?) ; 

hence, eliminating j, we find 

.-. « = 0(y + ca;) + >/r(y-ca?). 
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Ex.2. r-< + -^ = 0. 
aj + y 

Here the auxiliary equations are 



4j> 



dy — dx^Oy dp -dq-^r—j^dx-0, 

dy-\'dx = 0, dp + dq ^da; = (1). 

From the former we find 

y --x^a, and therefore e^ — rfj + ^^ = o, 

or {dp-dq){2y-a)'^{p-q)2dy + 2dz = 0, 
since dz=pdx + qdy^ and y — aj = a; 

/. (2y-a)(2>-j)+2« = J=/(y~a?), 

. 2« f{y-x) 
-^ ^ a? + y aj + y 
But from the first of equations (1) we have y + x=^a*; 

dz dz 2z __ f{y — x) ^ 
' * dy dx a' '^ a ' 

which, being a linear equation, may be integrated, and we get 
(Art. 113) 

z^^^Jdye'^'£^^^+^<f>{x + y); 
where, after the integration, a' is to be replaced by a? + y. 
Ex.3. r-^«+^« = 0, 

or rdxdy — ^ sdxdy +^ tdydx = 0, 
or, eliminating r and ^, 

dpdy'-s{dyy — 2 sdxdy +^ {dqdx - 8 [dxY] = ; 

this resolves itself into 

{dyY + 2-2 dydx +^ {dxf = 0, dpdy +^ dydb = ; 
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whence arise the auxiliary equations 

but dz=pdx + qdy=^0, .•. « = a, 
and2^^^ = 0give8| = J; 

•'• P'~if{^)^^i *t® ^* integral. 
To integrate this equation of the first order, we have 
dz^Oj or « = a, 
^y +f{^)dx^O, or y + ^(a) =^; 

this is the equation to the surface generated by a straight line, 
subjected to pass through three given fixed curves. 

Ex. 4. (1 +pq + f}r + (j*-i?*) « - (1 +M +^") «= 0, 
or (1 + qa)r+ (q—p) as — (1 +pa) t = 0, 

putting p + q = a. The values of m are to be obtained from the 
equation 

(1 + ja) w»"— (q—p) aw — 1— j9a = 0, 
which gives 

1 +pa , 

and the two systems of auxiliary equations answering to these 
values otm, are 

rfy — £&=0, (1 +qa)€^—{l +pa) djr=0, 

(l + ja)cfy + (l+^a)cfe=0, dp-hdq=0. (1) 

The latter gives ^ + j = ft, or a = ft, 

aj+y + &«=a; .'. a; + y + (^ + j)« = 0(;? + j). 

The former system gives y —x = a^ ; and if we assume ^ — j = ^, 
the second equation of this system becomes 

(a'+2)di8-a^(fa = 0, whence ^ = &,. (fl^ + 2)*; 
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Next to integrate ttis equation of the first order j since 

i> = i(a + /3), j=i(a-/8), 
we have 

dzr^^{dx + dy) + ^fi {dx-dy) 

this is integrable if we suppose a to be constant, and gives 

« + iA(a) =ia. (aj + y) + (a» + 2)»>^, (y-a;) ; 
which, combined with 

f(«)=i(a'+y)+;7=.>^.(y-«), 

va + 2 
represents the integral of the proposed equation. 

Integration by a Series. 

When other methods &il, partial differential equations, like 
equations between two variables, can be sometimes integrated 
by a series; and we shall now give an example taken from 
Euler of the process. 

130. To integrate by a series the equation 

Iz + aix^-y) (i? + j) + (aj+y)*« = 0. 

Let z =-4 (a?+yri^(a;) +5(aj+y)'^y(a;)+ C(a:+y)-^<^"(^)+&c.; 

and as the integral must be symmetrical with respect to x and y, 
we must, after the determination of m, B^ {7, &c., replace ^{x)y 
<l>(x), &c. by ^(aj)+V'(y), 0'(^)+^'(y)> &c* Obtaining the 
values of p, ;, «, and substituting them along with the assumed 
value of 2; in the proposed equation, we find 

= {J + 2ma + m (m - 1)} -4 {x + y)"^ (f>{x) 
+[hB+2{m'{'l)aB+aA+{m+l) mB-\'mA] (a?+yr**^'(«) 
+ {J(7+2(m+2)a(7+a^(m+2)(m+l) C+{m+l)B]{x+y)'^<t>'\x) 
+ &c. 
which gives for the determination of m and B the relations 
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ft + 2«ia + m (m - 1) =0, 
& + 2(m + l)a+(m + l)w = -(a+ni)-g (1); 
or, subtracting the former from the latter, 

A 

For the determination of (7 we have 

B A 

6 + 2(m + 2)a + (wH-2)(m+l)=-(a+m+l)^=i(a+m+l)-^; 

or, subtracting equation (1) from this, 

2a + 2m + 2 = J(a + wi + l)-^-2(a + ni); 

•• ^=^ 2.2.(2a-f2m-flX ^=' 2.2(2t--l) P^^g^-^^='"^> 

DimilarlrJ-^ -(t-2)^ ^- „(A- 2) (t-^3) ^_ 
smiilarly ^-gV 2.3 (21-1) ' ^"2».2.3.4(2;-l)(2t-3)' ^• 

The series will terminate whenever a + 7» + n = n— tis a whole 
number, or when ft = (a +t) (a — t — 1). Thus let m = — a, and 
therefore ft = a (a— 1) ; it is evident, from the formation of the 
series, that 5 = (7= &c. = ; 

.-. « = (a: + yr{i^(a?)+^(y)}. 

Let w = — a — 2, and therefore ft = (a + 2) (a— 3), then 

_ ^[x) + >f.( y) 1 4>\x) -f >^-(y) 1 <^"(a?) -f V{y) 
(aj+y)*^ 2 (a:+yr^ "^12 {x+yf ' 

If ft = 0, the equation becomes 

a{p + q) + {x-hy)$ = 0; 

and we must have a^-^i or =t + l, and therefore m = 0, or 
w = — 2t — 1 ; in the former case 

i5 = ^(aj) + >Ky) - i (a: + y) {^'(a^) + >^'(y)} 

in the latter, we have (x+y)****5? equal to the same series. 
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To this form may likewise be reduced the equation (ana- 
logous to that of Biccati and integrable in the same cases) 

by introducing new independent variables, 

when it becomes (u + v) ^-^ +m^ + w^=0; and hence « 

may be found in a series. 

But when m is a positive integer, the solution may be rea- 
dily obtained by assuming x = <**** ; then 

is transformed into 

cfo* ^2m dz , d^z 

Hence, for the upper sign, we get (Ex. 5. Art. 120), 

V dt) ^"' ' 

where, after performance of the operations indicated, we must 
replace t by ar*"^*"; and for the lower sign the solution is (Art. 65) 

where, after performing the operations indicated, we must replace 
t by «*"*". The latter result is obtained from observing that, 

if u be a solution of -r^ j/^ — ^V = ^> ^^^^ ^"** T" ^ ^ 

solution of ^^ H ^ "" ^V = ^• 
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SimaltaneonB Equations. 

131. A system of paxtial differential equations wUcIi in- 
Tolve two dependent variables z and w, provided they are linear 
and have constant coefficients, may be treated in the same 
manner as simultaneous differential equations of the same de- 
scription containing only one ind^ndent variable. For the 

two symbols of differentiation ^ and -y- , since they do not 

affect each other, and obey in their comlmiations the same laws 
as ordinary algebraical quantities, may be treated aa two inde- 
pendent constants. 

Ex. 1. :t- + o:j- + J« + c:5- = 0, 

ax ay. ax 

Separating the symbols, and for convenience writing d and ^ 

instead of •^- and ^y-, these become 
ax ay 

Now substitute in the former the value of u obtained from 
the latter, regarding d and d' as ordinary constants, and we get 

or, if we denote 1 - V^ by - and 1 + VS^ by • , 

the integral of which is 

z = e"*^^ (y — amx) +€'*^'^ (y — anai)^ 

where m and n have the values above-written ; and from this u 
can be found. 

Ex 2 ^^ ^^ = ^^ ft^^xxQ- 

dxdy Hy ' dxdy Iba ^ 

d^z , d^u ^ d^z -idz ^ 



da?dy dxdy ' dofdy dx 

H. r. E. 23 
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132. If U^f{xj y, «, j>, j) =0 be a partial differential 
equation of the first order, the singular solution if there be one, 
as in the case of two variables, will be found by eliminating 
p and q between the three equations 

rr ^ dU ^ dU ^ 

Ex, («— jpaj— jy)*— fl?(l+^* + 2*) =0, which expresses that 
the surface represented by the complete integral has the per- 
pendicular from the origin on the tangent plane of a constant 
length. Here 

f=-(.-^-^)«-i.-o. 

dU , N « A 

eliminating^ and q we find 

133. We shall terminate this part of the subject bj the 
following geometrical problems; the first of them being the 
well-known solution by Monge of the Problem — to find a sur- 
£eu» at every point of which the radii of curvature are equal and 
of the same sign. The conditions for this are expressed by the 
equations : 

Ex 1 -.£-^ = 1^. -2-^^ = 1^. 
l-^p* dx q dx* 1 + ^ dx p dy 

Integrating these, and replacing the arbitrary constant by Y 
a function of y in the former, and by X a function of a; in the 
latter, we find 

But as the object is to find z a fdnction of x and y which shall 
satisfy the two proposed equations, the quantities f and ; must 

bj their nature satisfy the condition -^ = ^ , which becomes 

1 dx_ 1 £r 
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and ia of the form ^ (a?) = -^ (y), whatever be the ftinctions X 
and Y\ it cannot therefore subsist for all yalues of x and y 
which are yariables independent of one another^ unless each 

member is reduced to the same arbitrary constant, ^77 suppose; 

we then hare 

2g dX 2C dY , 

(i+x)« db""^' (i+r)*"^""-^* 

which give bj integration, a and h being two new arbitrary- 
constants, 

^ C 



Hence the quantities X and F become known, and then^ and q 
may be expressed in terms of x and y from equations (1), and 
substituting these yalues of p and q in dz ^pdx + qdy and 
integrating, we get 

Ex. 2. To find the surface which cuts at right angles the 
surfaces represented by the equation ocy + xz+yz^cf^ when a 
assumes all yalues. 

Here p=» — '^^-r~> ? — T~"> *"^d ^'^^ equation of oon- 

x-ry x-vy 

dition is 

^ . de ^ dz ^ 

the integral of which is 

(aj + y + «).(y-«)*=«0{(a;+y + «).(a;-«)*}. 

Ex. 3. To find the surface which cuts at right angles all 
spheres that touch a plane in a giyen point ; taking the given 
point for the origin, and the plane for that of xy^ the equation is 

2r«-«'=«a:^ + y"; 
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X y 



and the equation of condition is 
dz . rf« 

Hence ydx — iwfy = 0, or - = a, 
2y«<fe - («» - a!» - y») ««y = 0, 

.-. ^ + (i + o')y-J; .-. «" + «'+y"-y^(^). 

If the required surface is to be of the second order, we 
must have 

*(^)=»*| + c, /. «' + a:P + y*«fe + cy, 

which represents spheres passing through the given point, and 
having their centres in the given plane. 

B7 integrating the auxiliary equations 

xdy — ydx 5= 0, cfo (r — «) + xdz = 0, 

we get oj (r - «) =s f J^ j . 

And if we wish to determine the arbitraiy function so that when 
y =s aof^ s shall equal r + bx, then 



'^(*-^) =?(!)*• 
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A TREATISE 



ON THE 



CALCULUS OF FINITE DIFFERENCES. 



SECTION I. 

DIRECT METHOD OF DIFFERENCES. 

Definitions and Principles. 

Art. 1. The Difference of a Function of one or more rari- 
ables is the result obtained by subtracting from one another the 
two values of the function that arise from giring to the variables 
contained in it, different assigned values. 

Thus if u^ denote any function of a variable x, and u^^ the 
same frinction of x+h, and if the value of u« be subtracted 
from that of u^^, the result is called the Difference of u^ ; and 
the quantily h is called the increment of the principal variable x. 
In the Differential Calculus it is the first term only of the series, 
arranged according to ascending powers of A, expressing u.^*-^,^ 
or rather the coefficient of A in that term, with which we axe 

principally concerned, and which we usually write * ^« But 

in the Calculus of Finite Differences, it is the whole of that 
series which forms the object of our investigations, and it is 
usually written Au^ so that 

2. In deducing the Difference of any proposed function u«, 
the increment of the principal variable x is always supposed to 
be known and finite ; its value however is not commonly taken 
H. D. B. 1 
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to be an undetermined quantity A, bat to be nnily ; both for the 
sake of aimplicity, and because that is the value which the 
increment must necessarilj have, in order to pass on to the 
succeeding term, when u^ is regarded as the general term of a 
Series ; and it is in that light that it is bj far the most frequently 
regarded in Finite Differences ; so that the operation which the 
symbol A prefixed to u^ implies is, for the most part, 

There are, however, in this Subject, several important 
theorems which it is advantageous to investigate on the hypo- 
thesis of an indeterminate increment A for the principal vari- 
able, instead of unity ; as the process is the same on either 
supposition, and the result one of greater generality. And in 
any case if it should be desirable to introduce the same hypo- 
thesis, the expression f[x) must be prepared by first writing 
hz instead of a?; then when z becomes i8? + 1, hz will become 
A (« 4- 1) or A0 + A, that is, the corresponding increment of x will 
be A ; and if the requisite analytical operations be now performed 
upon f{hz), on the usual supposition of A«= 1, we shall get the 
result expressed in terms of x, and adapted to the supposition of 

an indeterminate increment for a;, by restoring r in the place 

of z. 

3. By a Series is meant a regular progression of terms 
increasing or decreasing in magnitude according to a certain 
law; hence, when that law is given, and also the place of 
any term in the series, the magnitude of the term may be 
found, and thus the successive terms of the series may be 
produced in order. The place of any term in a series is assign- 
ed by giving the number of terms by which it is removed from 
some one which is considered as fixed. This number is called 
the Index of the term to which it belongs. Thus in the series 

0, 1, 8, 27, 64, ... a?.... 

taking the first term as the point of departtire, we have the 
corresponding series of indices 

0, 1, 2, 3, 4, ... X, ... 
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If the aeries be continued backwards, the indices must be 
considered aal negative ; thus the backward continuation of the 
above series gives the terms 

with the corresponding indices 

4. Since the magnitude of every term is determined solely 
bj its index and by the law of the series, it follows that any 
term is a certain function of its index, the form of which does 
not alter in passing from one term to another, but remains the 
same throughout the whole series. Thus in the above series 
every term is the cube of its index. 

This function analytically expressed is called the general 
term of the series ; (in the above series the general term is o^ ;) 
and it is evident that all the terms of the series will be produced 
from it in order, by substituting successively for the index a?, 
the progression of natural numbers 

...-2, -1, 0, 1, 2, ... 

The general term of a series is usually denoted by w«, 
where t«« is a certain function of x determined by the nature 
of the series. Thus, u, denoting the general term, the series 
will be 

...W^, U.„ W^, Wj, W„ ... tt^j, u^, U^y ... 

Any group of consecutive terms w., w^^, u,^y &c. are called 
successive values of the function u«. 

5. The excess of any term w^j above that which imme- 
diately precedes it, or the function w^j — w, is called, as has 
been stated, the Difference of the function u«, and is denoted 
by Au„. (In certain cases, which will however be expressly 
mentioned, we shall take Au« to mean Ug^ — u^.) Hence the 
characteristic or symbol of operation A, prefixed to a given 
function of a;, denotes the series of operations of changing x into 
x + ly and of subtracting from the altered value of the function 
the proposed value. 
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It is obvious that u^^-^u^ is itself in general a certain 
function of a?, the nature of which is entirely dependent on 
that of the original function u^ from which it is deriyed, and is 
susceptible of a difference. 

The difference, consequently, of the function Am, (which 
must be considered as having Au for its characteristic, in the 
same manner as u« has u) is 

A (Aw.) = Aw^j - Aw,, 

which is usually written AV,. 

In like manner 

A(A«u,) = A'u. = AVt-A«u„ 

A(AV.) = AX = AVi-AV., 



AX = A*"* w.4.1 - A"^u, . 

6. Hence if in any function of x we change x into x + l^ 
and from the result subtract the proposed function, we obtain 
the first difference of the proposed Amotion ; and the second, 
third, &c. differences are formed, each from the preceding, by a 
similar operation. To determine these differences of given frmc- 
tions, and to investigate the relations which hold between dif- 
ferences of any orders and the functions from which they are 
derived, is the object of the direct method of Finite Differences. 

We shall now proceed to give instances of finding the dif- 
ferences of various functions, according to the above definition. 



Difieiences of Explidt Fonctiona 

7. To find the difference of au„ + c, u. being any function 
of Xy and a and c quantities independent of x. 

A (aw, + c) = oti^^j +0— (aw, + c) =a (w,^^ — w,) = aAw,. 

Hence, making a = 0, Ac = 0. 
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8. To find the difference of the sum of any number of 
ftmctions of x. 

If some of the fdnctions be preceded bj negative signs, we 
shall find a similar result, viz. 

A (tt, — 1>, — tr») =s Au, — At?. — Am?.. 

9. To find the difference of the product of two fdnctions. 
A Kt?.) = u^^v^^ - tt.t?, = (w. + Au.) (t?. + At?.) - t*.t?. 

= t^« At?. H- 1?. Atf. + Au, . At?. = u« At?. + 1?.^^ At*.. 

10. To find the difference of the quotient of two functions. 

^/uA^^«fi ^«^ K4-At<.)t?.-(t?.+At?.)t<. 
W./ t?.^i "" t?. t?.^jt?. 

^ t?.Ati.-t^.At?. ^ 

11. To find the difference of the continued product of any 
number of successive values of a function. 

A {u,u^^ ... t*.^) = u^^u^ ... M.^1 - u^u^^ ... t*.^ 

Hence in the particular case where t«. = a + hx^ 
since ti.^,H.j = aH- J(aJ4-n + l) = ti.+ (n + l) J, 
• A {u,u^^ ... u.^) = u^^u^ ... t*.^. . (n + 1) h. 

12. To find the difference of a fraction whose numerator 
and denominator are the continued products of any number of 
successive values of two functions ti. and t?. respectively. 

Wx.t...W"" t?.t?.,,...t?.,^/''''''^» ^nVs^lh 
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Hence * ' I'-^.-f- 



and in the particular case where t^« » a + ^t?) and therefore 
v,^,^a + b{x + m + l) = v, + {m + l)b, 
1 (m + l)J 



13. To find the differences of anj rational integral fonctiony 
and to shew that the n^ difference of a rational integral function 
of the n^ degree, is constant. 

Let w, = -4aj* H- -Sc^* H- ... '\- la?-^ Kx + L, be a rational in- 
tegral function ; then its first difference is 

^nAar^ + B^ar'+...+I,x+K,, 

which is a rational integral function, one degree lower than the 
original function. In like manner, for the difference of this, or 
the second difference of u,, we have 

and so on ; and for the n^ difference, we have 

AX = n (n - 1) ... 3 . 2 . 1 . ^. 

Hence the n^ difference is constant, and the differences of 
all orders superior to the n^ vanish. 

Also A"(aj^) = 1.2.3...n. 

14. To find the differences of a'. 

Aa' =a'*'-c«' = a'(a-l), 
AV=(a-l)Aa«=:a*(a-l)*, 
AV = a*(a-l)". 
Also Aa«'- = a*''^^'-a»' = a«'-(a^«'-l). 
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15. To find the difierence of log v,. 
A(logv,)=logv^j-logt?. = log^ = log(n--^). 

16. To find the differences of sin v, and cos t?,. 

A smtJ, = sm (v, + At?,) - smt?, = 2 sin —^ cos ( v« + '^) 



= 2sin^'sin{v, + i(7r + At;,)}. 



A cos t?, = cos (v, + A V,) - cos t?, « + 2 sin -r^ sin f t?, + -^ j 

Av 
= 2 sin — ^cos {v,H- J(^ + At?,)}. 

Hence making t?, = a?tf + a so that At?, = tf, we get 

Asin(a;dH-a)=2sinJdsin{a:5 + a + i(^ + ^}, 

which shews that the difference of the sine of an angle a:d + a is 
found by adding i(^H-^ to the angle, and multiplying by 
2sin^d. 

Hence, repeating the operation n times, we get 

A* sin (atf + a) = (2 sin i^" sin {flc^ + a + in (tt + «)}. 
Similarly, 

A* cos (a:^ + a) = (2 sin i^* cos {a:^ + a + in (tt + tf)}. 

Also A* sin wa? = 2* sin tt (a? + n), 

A* cos wa? = 2* cos TT (a; H- n) . 

16*. To find the differences of tan t?, and tan"^ t?,. 

.^ ^ . 8int?,.iC0st?, — cost?,., sin t?, 

Atant?, = tant;,^.j-tant?, = — *** * *+i « 

_ sin (t?,^^ - 1?,) _ sin At?, 
"" cos t?,+, cos t?, cos t?,^, cos t?, * 
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Hence Atana:5= — ; — rrrs 2« 



Also Atan-*v. = tan-^t?^,-tan-*t?, = tan-*r^^^*i-^ 
= tan*--- — 2 — . 

Q 

Hence Atan"*a?tf = tan''*7— -7 — ttt— a- 

1 + (a? + 1) ic^ 

Reltttioim between the SucceBaiye Values and the Difierences of a 

Function. 

17. The snccessive valnes of u^ any function of x are, as 
has been stated, the values which arise from substituting a; + !» 
07 + 2, &c., or more generally a; + A, a; + 2A, &c., for x in u^. 
These values are usually written u^^y w^^^, u,,^^ &c. ; but it is 
further requisite that the operation of forming these values 
should be denoted by a prefixed symbol, in order that the no- 
tation for the successive values of u« may be analogous to that 
for its successive differences, and in order that we may be able 
to avail ourselves of the advantages which, in these investiga- 
tions, the Method of Separation of Symbols offers. Suppose 
therefore i> to be a symbol of operation implying the change of 
X into x-^-h in any function of a? to which it is prefixed, so that 
-Dw, = t«^; then 

which may be written ffu, = w,^ ; similarly Ifu^ = m,^^, and 
generally Itu^^u,,^^. 

Hence since AWa» = w*** — w,, we have Aw, = Du^ — w„ which, 
if we separate the syxnbol of operation D from that of quantity 
u^y may be written Au,= (2) — !)«„ and expresses that th^ 
operation indicated by A is equivalent to that indicated by 
JD — 1. Also since w^i = w, + Att,, we have i>M, = w^H- Aw,, 
which, if we separate the symbols, may be written 

2)w^=(14-A)w„ 
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and expresses that the operation indicated bj i> is equivalent to 
that denoted by 1 + A. 

18. To express A*w, by w, and its n successive values, 



We here take h instead of unity for the increment of the 
principal variable, as the investigation is precisely the same on 
either supposition. 

Aw, = M^ - w,, 

AV. = w^-w,^-(w^-tt,)=tt^-2w^H-w„ 

Now suppose this law of the coefficients, which as far as 
we have gone is the same as that of an expan'ded binomial 
whose index is the order of the difference, to hold for the n^ 
difference, so that 

AX = 
then A*«tt,= 

which is the same alteration with regard to the coefficients as 
occurs in passing from («— 1)* to («-l)***. K therefore, few 
any value of n supposed a positive integer, the coefficients of the 
expansions of A*w, and [z — 1)* are the same, they will always 
be the same; but these coefficients are identical, as we have 
seen, when n = 1, 2, 3 ; therefore they are always the same ; 
H. D. E. 2 
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n(n-l) 
1.2 



or, supposing A = 1, 

A« . n (n — 1) ^ 

19, K for the descending values u,^y u^^^^y &c. we sub- 
stitute their equivalents (Art. 17), the second member becomes 

iru,^nir''u,'\-^^^^^ D»-w,-&c. ... ± u., 

1 • 2 

or, separating the symbols of operation from those of quantity, 
(D--n2>-*+^t^^ D^-i&c. ... ± 1) u., 

/. A»t*.= (2)-l)X, 

each t^rm of the development of {D — 1)*" being understood to be 
prefixed to ti.. This formula results immediately fix>m the defi- 
nitions of A and D (Art. 17) ; for as the operation denoted by A 
is equivalent to that denoted by i> — 1, if these operations be 
performed n times upon the same function u^, we must have 

AX = (i)-l)*w^ 

20. If in the series just investigated, we assign a particular 
value to Uc, we shall readily obtain an expression for its n^ 
difierence. Thus let tt, = a^, 

.\AMar)=(a?+n)'*-n(x+n-l)«*H-^^-^^^(aj + n-.2)«^ 

in which equation, if n> 97», since the former member vanishes 
(Art 13), the second member is zero for eveiy value of x; and 
if m^n, so that A^a/'s 1.2.3 ...n, we get 

1.2.3. ..n^{x + ny^n{x + wlY+^^^^{x + n-2y --Ac.; 
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and making x^O, since the equation holds for all valaes of x, 

1.2.3...n=n"-n(n-l)*+^^^^(n-2)"-&c. 

If a? = 0, and A*0* denote the particular value of A*a^ when 
a; = 0, we have 

A"0-=n--n(n-ir+^^?^^(n-2)--&c 

1 • ifi 

Of the numhers comprised in the form A^O*", which are called 
the Differences of zero, we shall make considerable use in future 
investigations ; whenever n>m the value is zero, in other cases 
it may be computed by the above formula ; thus, 

A0"*=1, 

AV = 2, AV = 6,^ AV=U, ... 

^ AV=6, AV = 36,^ AV=150,... 

21. Reversing the order of the series in Art. 18, we find 

(- 1)*AX = w. - nu^i + ^ ^ "^ w«« - ... ± w,^. 

Also putting w, = »**, and then supposing 7» = n, a;=l, 
we find successively," 

1 • ^ 

(-l)-1.2.3..n=ar--n(aH-l)"+^^^^^« + 2)"-...±(x+n)", 

(-l)'l,2.3..n= l"-n.2" + "^"~^^ . 8"- ... ± (n + 1)". 

1 . ifi 

22. Hence it may be proved that 1.2.3 ... (p — 1) +1 
is divisible by ^, if ^ be a prime number. (Wilson's Theorem) 

Let w, = a^— 1; 

.-. A* (iB* - 1) = 1 . 2 . 3. . .n = (aj + n)* - 1 - n {(a? + n - !)• - 1 } 

+ ^^^{(«^ + n-2)-^l}-&c. 
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Let » = !, and n + l=5>, then x + n^p. Mid 
1.2.3... (i>-l) + l=i>--(i>-l){(i>-ir-l} 

Now by Fermat'a Theorem every term of the second member 
is divisible by p when p is a prime number ; consequently 

1 . 2 . 3 ..• (jp - 1) + 1 is divisible by ^. 

28. To express u,^^ by w, and its first n differences. 

We take A instead of unity for the increment of the principal 
variable, the investigation being precisely the same on either 
supposition. 

««*+tt « «, + 2Aw,+ AX + A (t*, + 2At<, -f AX) 

= tt, + 3 Am, + 3 AV, + A V 

Now suppose this law of coefficients, which as fur as we have 
gone is the same as that of an expanded binomial whose index 
is the number of increments which the principal variable has 
received, to hold for n increments, so that 

^x^ = w, +^iAw,+p,AX+...+j7^A"-V,H-AX, 
then u,^^^ = w.+^jAm, +^^X+...+PiA*"X+ AX 

+ A X + jPjAt*. + . . . H-;>^"^w +^iA»-'w, + AX) 

= M, 4- (l+i?,) Aw, + (^, +^ AX + ... 

+ (;>. +i^i) A"^t^x+ (i>i +1) AX + A-«t.., 

which is the same alteration with regard to the coefficients as 
occurs in passing from (1 + zy to (1 + «)**'. 

Hence if the coefficients of the expansions of u^^^ and (1 +«)* 
are the same for wiy value of n supposed a positive integer, they 
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will always be the same ; bat they are identical as we have, 
seen when n » 1, 2, 8 ; tiierefore they are always tbe same ; 

••• Wc+^ = M, + nAw, + ^?-^-^AV, + ...^ 

or, supposing A = 1, 

t*:r^ = ti, + nAw. + ^^.^^^AV+ ... +nA^^^ 

i 

24. This result, if we separate tiie symbols, may be written 

i*^=(l + nA + 2^^ilA« + ... + nA--* + A-)«„ 

or tf^ = (l + A)X> 

each term of the dcYclopment of (1 + A)* being understood to be 
prefixed to u,. The same formula follows immediately firom the 
definitions of the symbols D and A; for as i> is equivalent to 
1 + A, if the operations denoted by D and 1 + A be performed 
n times upon the same function u„^ we must have 

2>X=(1 + A)X; but 23^1*, =1*^, 

.-. u^.= (H-A)X. 

24*. Let w, = aT, then w^. = (a; + n)* ; 

.-. (x + n)"*«(l+A)"ar, 

and making a; = 0, n"* = (1 4- A)*0"', 

each term of the development of (1 + A)* being prefixed, as sdd 
above, to a^ and O*, respectively. By the latter formula any 
power of a number is expressed by tbe numbers comprised in the 
form A*0**, i. e. by the differences of zero. 

25. To deduce Taylor's Theorem firom the formula 

Let nh=» ty and let A be infinitely diminished whil^ t 
remains finite; therefore n is infinitely increased; and since 
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h is indefinitelj diminished, we have, regarding the differential 
coefficient as the limit of the ratio of the simultaneous increments 
of the fdnction and the variable, 

"A 'dx' 

nr-^dxK h J da?'^' 

Hence, preparing the formula as follows, 

, At*, nh (nh — h) A'u- . « 
Wx4*-k = w, + wA-^H- — 1,2 'V'^ ' 

and taking the limit of both sides by supposing A to be infinitely 
diminished and n infinitely increased, their product always re- 
maining equal to a finite magnitude «, we get 

The Differential Calculus is a particular case of that of 
Finite Differences; and the above investigation is introduced 
to show how, from results in Finite Differences obtained with 
an indeterminate increment for the principal variable, we may 
pass to the corresponding results in the Differential Calculus. 

The theorems of Arts. 18 and 23 have been proved by an in- 
ductive process ; they may also be established by the theory of 
Generating Functions, the principles of which we shall now pro- 
ceed to explain ; as it is a theory which, for its generality and 
power, especially merits our attention. 

^ Generating Fanotions. 

26. Let (l>{t) be a function of t, susceptible of the de- 
velopment 

+ w^/" + t*,<' + w^,r'+...; 

then t«, may evidently represent any function of x whatever, 
if we regard this equation as the definition of ^(^). The 
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function ^{t) oonseqoently by its development generates the 
coefficients u,, u,, ... u, tumexed to their proper powers of t, and 
is therefore called the Generating Function of w,, and is denoted^ 
by Ou„ so that 

*(«) = <?«.. 
Thus since 

log (1 -<)-• = < + K+i«' + -+ -«'+ - 

Similarlj, since 

^ (1 -<)-«= Gb. 

^ 27. To detennine the generating functions of u«^ and ^*u, 
from that of u«. 

Let ^ {t) = fl^„ 

thcn<^(<)= ... + w,r + w^,r* + ...+w^r-+ (1); 

.-. r*<^(0 = G^a^», or r*fl^.= fl^^., .i Gca^r (Lv^^^( 

Again, r^(e) = ...H-t«^ + w^i^H- ... +w^f*+... 

.'. ^<A W = G^*^, or r<7u,= Ou^. 
Hence it follows that the generating function of 

Am,, orw^j-w., is^--lj^(t), 

for this function being developed will produce the difference of 
two series whose general terms are respectively ti^j<" and uj'; 

... G{Au,)=^(l-l)Ou,. 
Similarly, 

G (AV.) = (i - l) <y (A«.) = (i - iJgu,, 

and ff(AX) = (j-l)*(yM,. 
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Abo 

O (A-u^ = (i - l^Gu^ = (1 - l)Vfl^=x (1 - tyOu.. 

28. If instead of multiplying ^(e) by a power of t^ we mul- 
tiply it by another function of f, •^(<) similar to ^ (<), that is, 
capable of being developed in a series of integral powers of t 
positive or negative, so that 

tW = - +i>.i«" +i^o+i>t<+?/+ - +;>.«•+ (2), 

then in the product we find for the coefficient of <*, 

which may be replaced (Art. 17) by 

... ^rp,J)u^ +p^u^ -^Pi^ »* +i>r^w« + • . • I 
and this, separating the symbols, may be written 

or -^ ( -=) w., (each term of the development of -^ (jA being un- 
derstood to be prefixed to u„) ; which shews that '^{t) x ^{t) 
is the generating function of '^ f -^ j u« ; in other words. 

And if in (2) we replace thy (^ it maj be shewn in exactly the 
same way, that '^[■jj^^ (0 ^ ^^^ generating ftmction of 
^ (!>)«„ that is 

V^(i)x<7«.= Git (/))«,}. 

Sappose for example, -^(f) to assume successively the forms f, 
(«-* — 1)" ; then, as before, we get 

(<- -l)'xOu,= G {(D - !)•«,} = Q (AX). 
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29. To investigate the expression for A**u, in terms of 
Ug+ni f^m^M-tj &c., by Generating Functions. 

<?(AX) = (7-i)X 

^tr*€fu,-nr^O«, + "^""^ ^ r**Gn, - &c. 

== G {u^n-nu,^, + ^Y.^ w^.,- &c.) 
A. . w (n — 1) • 

for, the generating functions of both being the same, the co- 
efficients of f" in the developments of those functions must be 
identical, however those developments have been effected. 

30. To investigate the expression for u^^ in terms of w, and 
its first n differences, by Generating Functions. 

-hd-)}"*- 

= Gu^+nG (A«.) +!iij^ a (A»«.) + &c. 

= <?(«. + nA„.t!L(n^) AX+&C.); 
. w (n — 1) .4 . p 

31. It is obvious that by transforming the expressions 

(i - 1^ G^„ and rChi^, 

H. D. E. 3 
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in different ways, we may obtain various other expressions 
for A*w, and u,^ besides the above. 

Thus to express A»w, in terms of A*t*^^, A***tt^»_j, &c., 
we have 

«(-..).(i-.)V.=,af^. 

= (l-<)"(?«,+n(l -«)-*• G^M, 

1 • J 

= G!{A-«_ + «A«*'«^.+ ^^^^A-^«,.^ + &c.}; 
.-. AX = A««^, + «A-««^, + "^""^^^ A'**!*^ + &c. 



32. Again, to express m,^ in terms of «,, A«^,, A*«,^, &c., 
we must transform C into a series of powers o{ f (-— l), that 
is, we most develop r* in powers of x from the equation 

which may be done by Lagrange's Theorem ; and we find (see 
HerscheVs Examples) 

. n(n + 2r-l) ,, 
Wx^=t*,+ nAu^+ -^-y-g AX^ 

1 • ^ • u 

This method is obviously not confined to the function 
^^^ — t*, ; it is equally applicable to any other combination of the 
successive values w„ u^^y Mj^^, &c., of the first degree. If we 
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take Att, to mean au^^ + bu^^ + eu^^ then the generating fiinc- 
tions of Au, and A*tt, will evidently be 

and the expression for A*u, in terms of t*, and its successive 
values, might be obtained as in the preceding case. 

Separation of the Symbols of Operation from those of Quantity. 
f^ 33. We have seen (Arts. 18 and 23) in the formulae 

i>'u.= (l+A)X, AX=(^-1)X, 

instances of the method which consists in separating the symbols 
of operation from those of quantity ; the use of which is not con- 
fined to simple cases like those just noticed, but may be extended 
with remarkable effect to a great variety of investigations con- 
nected with this subject. 

By symbols of operation are meant certain characteristic 
letters placed before any functions, to denote that certain opera- 
tions have been performed on them: thus D placed before a 
ftmction of any variable a?, denotes the operation of changing in 
it X into x + h; and A placed before the same Amotion, implies 
that two different values of the variable have been substituted in 
it and the results subtracted fix)m one another. By symbols of 
quantity are meant the subjects of the operations just mentioned ; 
that is, letters taken to represent numbers, or algebraical expres- 
sions; and it must be remarked that these latter. may be also 
regarded as symbols of operation. For if a be a number, then a 
denotes that the unit employed in the investigation, whatever it 
be, is to be added to itself n times ; and a* or a. a denotes that 
the same operation has been performed on a that was performed 
on unity; whenever therefore the two kinds of symbols occur 
together in the same formula, as in {Da — 1)*, a must be regarded 
as a symbol of operation. 

34.* The expressions (1 + A)", {D — 1)* must be taken as 
abbreviated forms for their developments ; and when prefixed to 
the frmction u,, each term of these developments is understood to 
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be applied separately to that fdnction. And, in general, if 
i^(A) be a fanction of A capable of being developed in a series of 
powers of A such as 

^A* + B^ + &c. ; then for .4AX + ^A^u, + &q. 

the expression ^(A) u^ is nsed as an abbreviation ; and the same 
notation is applicable to other characteristic symbols, such as 

^' •^^' ^' ^" 

that in their combinations are subject to the same laws as alge- 
braical quantities. 

Also if we replace A^w^., A^t*., &c. by their equivalents, 
we get 

i^(A) u^^A (2>- 1)X + 5(2>- l)^w, + &c. 

= {^(J9-l)*+5(2>-l)^ + &c.}w. = i^(J9-l)tt„ 

which shews that in any formula the symbols A and D — 1 
may be interchanged. 

Hence also the successive performance of two or more series 
of operations represented by -F(A), -iP"(A), upon the same 
function t*„ is equivalent to the performance of that series of 
operations denoted by their product. The method of separation 
of symbols is in every case capable of a strict inductive proof, 
and does not rest merely upon accidental analogies; and it 
deserves •great notice on account of the facility with which it 
enables us to conduct many intricate processes. But as the gene- 
ralizations which it offers, may present some difficulties to the 
student, we shall continue, as we have done hitherto, to obtain 
several of the principal results by an elementary process; before 
investigating them by the method of separation of symbols, or 
pointing out how they arise from that method. 

We shall now give instances of the application of the method 
of separation of symbols, to obtain several important results. 

34. To find the v!^ difference of the product of two functions. 
We have seen that A {u^v^ = Au.v^^ + ^»^v^ 
= Am^, + tt,Av, = (AD' + A') u^v,, 
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aeparatmg the STmbols, and supposing in the second member A 
to aSect u, only, and A' and IX to affect v, only, 

then A»(tt.t,,) = (AD* + A') A («,v.) = {MT + A')*«,».; 
and, generally, a" (u,«,) = (aZX + A')'«,», 

= (A-iy+nA-'A'iy'^ + "^"~^^ A"-*A'»iy^ + &c.) «,», 

which may be also proved inductively by shewing, as in Art. 13, 
that the coefficients of the developments of A*(tt.t?,) and (l+«)*, 
which are identical whenn = l, undergo the same changes in 
passing from n to n + 1. 

If the series be reversed or, which is the same thing, if we 
develop the formula A* (u,t?J = (A' + Aiy)*w,t?„ we get 

A» {u,v^) = u^X + nAuJi'^'v^, + nin-'l) AV,A*^t;^ + &c. 

1 • is 

Since A (u.vj ^u^^v^^-u^v^^DuJDv^ - u,r, = (2>2y — 1) u^v„ 
where i) affects u, only, and i^ affects v^ only, we obtain another 
development of A*(u,v.), viz. 

A«Ko = (2)iy-i)Xt^. 

. n(n— 1) p 

= w»+*V:,+« - nu^^^v,,^^ + ^ 2 w.+*_,v»Hu^ - &c. 

In the formula A* (tt,t?,) = (DJy - l)*w,t>, suppose v, = d*, 
then D'a* = a***, so that the operation upon (f denoted by />* is 
multiplying it by a. 

Also tt.^A"v, 
= (A'i))Xt*,= (A'i) + A - A)Xt*. 
= {(A'2> + A)*- n (A'2> + A)*"* A + &c.} v^u^ 
= A*(v.t*.)--nA«-*(«^w.) + in(n-l)A*-*(i?^X)-... ±t;^*t^^ 
a formula by which w^^^AX is expressed by a series of differ- 
ences with constant coefficients. 
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In the above instance we use an accent not to imply that the 
operations denoted by A, 2), are altered at all, bnt merely that 
A', D\ affect v^ only, whilst A, D affect u^ only. The above 
result is sometimes written, 

A- («,».) = (DD- 1)X». = {(1 + A) (1 + A') - 1}» ujo„ 

replacing -D, D* by their equivalents; or, if there are more func- 
tions tr«, «^, &c. and we use A", A"', &c. to imply that in the 
second member these symbols only affect tr«, «„ &c. respectively; 
and similarly for i), D\ jy\ &c.; we have 

A* (tt^v^t^?^,...) = {DUD"... - lyu^v^w^... 
= {{1 + A) (1 + A') (1 + A") (1 + A'")... - lYu^v^wji,... 

35. To shew that A''w,= (e**— l)*w^, in which the symbols 
of operation are separated from those of quantity. 

By Taylor's Theorem, we have 

and separating the symbols of operation from those of quantity, 
we get 

Similarly, u^^^ = e *^ w„ i&c. w^,= e** m,; 

or, again separating the symbols of operation from those of 
quantity, 

a celebrated theorem first given by Lagrange. 

36. To find a general expression for the vi^ difference of a 
fimction in terms of its differential coefficients. 
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The development of the second memlier of the equation 

will consist of a series of tenos of the form 

and A^ is evidentlj the coefficient of (" in the expansion 
of(e'-l)*. 

Now {if- ir = <^- «€«-»» + I^IlHe'-^-iScc., 

and the coefficients of T in the developments of 6**, e*"'*^', &c. 
are respectively 

tT (n-1)- 



l^w' \m 



, i&c.; 



••• ^„ = i— {n*~n(n-ir+ \ ^ ^ (n-2)**-&c. =-| , 

* [m ^ ^ ' 1.2^ ' ' \in 

from Art. 20. 

Now so long as m < n, this vanishes ; and when n = m, 
A*(r=[n; 

Ex. Let u, = ar, then 

A*(ar) = w(m-1) ... (m-n + l)ar-* 

+ 1 — --^ .m (w- 1) ... (w-n) a^"* +&c. + A'O"*. 

37. If in Lagrange's Theorem for A*tt„ n = 1, we have 

Aw,= (e**— 1) u., or A ^e**— 1, the meaning of which is, that 
the operation denoted by A is equivalent to the series of opera- 
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tions denoted by e^ — 1. And generally, the series of operations 

denoted by /(A) is equivalent to that denoted by /(^— 1). For 
let/(A) be developed in a series of the form 

/(A) = -4 A« + 5A^ + CAv + &c., 

then /(A) w, = ^A«i*. + -BA^w, + CA^tt. + ifec. 

= ^ (6* - l)*tt.+^ (^ - l)^w. + (^ - l)yu,+ &c. 
or, separating the symbols of operation form those of quantity, 
/(A) u.= {A (fl^- 1)« +5(e^- 1)^ + C (e^- l)v + &c.} t*. 

«=/(e^.l)u.. 
Thus, suppose /(A) = (1 + A)*, 

then/(/-l) = (l+/-ir = 6"^; 
therefore, annexing a function u« for the symbols to operate upon, 

as already proved. 

Similarly, making n = 1 in the formula w^, = e ^u^ (Art 35), 

we find Ug^,^ = e^w,, or i)w« = e^u^ ; therefore 2) = c*, the mean- 
ing of which is that the operation denoted by i) is equivalent to 

£ 

the series of operations denoted by 6*; and, generally, the series 
of operations denoted by f{D) is equivalent to that denoted 

by /(e^), which is expressed by the formula 

88. To express the n^ differential coefficient of any fdnc- 
tion by its differences. 

Suppose f{D) = (log D)', then /(e*) = (}ogJ')'= (^)"; 
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39. To find the general tenn of the expansion of f{/f) in a 
series ascending by powers of L 

Writing f{i/) in the form /{I + (e^ - 1)}, and expanding by 
Taylor's theorem, we find 

n^ =/(i) +/' (1) («•-!)+ r^/" (1) («•-!)• + ... 

+ ji/'-'(l)(e'-l)"+... 

Then taking, as in Art. 36, the coefficient of f* in each term 

of the second member, and observing that in /(I) it may be 

fil) 0** 
represented by'-M-^ — , this quantity being /(I) when iii = 0, 

and zero in all other cases ; and that in 

ji/<-(i)(^-iritiBji/-»(i)^. 

we have for the coefficient of T in the expansion of /(^), the 
yalae 

=|l/(i+A)(r. 

a remarkable theorem first given by Herschel ; for the applica^ 
tions of which, see his Collection of Examples. Hence in the 
development of «^ the coefficient of T is 

^.«<r.i(r+Ar+jl-,AV+...+i|q; 

and in the series for -= — ; the coefficient of f is 
e' + l 



|m2 + A \m\2 2' 



-...± 



-^-...i^55H-y 



the advantage of using the differences of zero being that any 
series of them necessarily terminates at A"*©**. 



H. D. E. 
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SECTION n. 

INVERSE METHOD OF DIFFEBEKCES. 



Integration of Szplidt Functions. 

40. The Inverse Method of Dififerences has for its object 
to determine the primitive function from its given difference ; or 
from given relations between it and its differences. We shall 
begin with the simplest case, 

in which it is required to determine a frmction whose difference 
is given explicitly in terms of the principal variable. 

41. Since Au« is the difference of ti^ + (7» as well as of u«, 
it will be necessary, in passing from the given difference Au. 
to the primitive frmction, to annex an arbitrary constant (7, in 
order to give the result all the generality of which it is capable. 
Also C may be a frmction of a; as well as an arbitrary constant, 
provided its value remains unaltered whilst x changes to ;e + 1* 
For if 0^ denote such a function of a? that C^^ « C[», or AC^sO, 
we shall have 

A(u.+ CJ«Au.. 

It is evident that C^^^ (2\^nv) has the property in question, 
^ denoting any trigonometrical function, sine, cosine, &c., and X 
any integer. We shall see fturther on the importance of this 
remark. 

42. The symbol 2 is used to denote the operation by which 
we pass from the difference Am, to the primitive frmction ; so 
that 

2 (Aw,) == v« + constant ; 

hence S and A denote operations the reverse of each other. 
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Also, as the same function admits of snecessiye differences^ 
so a function may be integrated any number of times ; the second 
integral of w., or S (2u,), i^ written SV,, and the n^ integral 

If in the formula 2 (Aw,) = w«, we suppose the symbols 
of operation to be separated from those of quantity, we find 
2Aw,=rw,; but on the same supposition A"* Aw, = A*u, = u^, ; so 
that 2 produces exactly the same effect as A^. Similarly S* 
may be shewn to be identical with A"* ; so that in any formula 
a negative power of A may be always replaced by the same 
positive power of 2, and vice versd. 

We now proceed to deduce the integrals of various expres- 
sions ; chiefly, by reversing the processes given in Section i. for 
finding the differences of functions. 

43. It is evidijit that 2 (u, + 1?, + w^) = 2w, + 2v, + 2ii?, ; 
for if we take the difference of both sides, we get the same 
result, viz. Ug-^-v^ + w^. And in the same manner it appears 
that 2 (aw,) = a2w,, and 1,0= C. 

44. To find the integral of any rational integral function. 

Since the difference of a rational integral fimction is a func- 
tion of the same kind one dimension lower, it follows that the 
integral of a function of that description is a similar function one 
dimension higher ; hence, to find the integral of 

we may assume it equal to 

then upon taking the difference of each side, and equating the 
coefficients of like powers of x, there will arise n + 1 simple 
equations to determine the n + 1 quantities a, 6, c, ...X;; the last 
term I will remain indeterminate, being in fact the arbitrary 
constant which must be added to make the integral complete. 
Ex. Tofind 2(aj* + l). 
Assume X{x*+l) = aof + bx* + caf'\-da?'\-ex; 
.\x*+l=^a{5x^+10Qif'i-lOa? + ix + l) + b{4^af + Ga?^Ax + l) 
+ c (3a:^ + 3a; + 1 ) + d^ (2a; + 1) + e ; 
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.-. l«5a, 0»10a + 4&, 0»10a + 6J+8c, 0«6a + 4J+8c+2<f, 

l = a + i + c + d + e. 

1x1 1 J n 29 

•'•"=5' * = "2' <' = 8' '' = ^' ' = 30' 

-* , . . a^ aj* 0? 29 ^ 
•••2(«V+l)=f-2 + 3 +30^4-0. 

45. To find the integral of the product of consecutive tenns 
of an arithmetic progression, we must annex one more factor at 
the beginning, and divide by the number of factors so increased 
and bj the common difference. 

For let w, = a + ia?, then we have seen (Art. 11) that 

therefore, taking the integrals of both sides, and writing x-^l 
for Xy we get 

Zw.ti^, ... tt.^, « — (n + 1) ft "*■ ' 

which proves the rule stated above. 

Ez. S(!te + l)(ite + 5)(s« + |) 

-l(*»-l)(^4)(^+l)(^+l)+« 

Each factor of an expression capable of being integrated by this 
rule, must be derivable from the preceding factor by changing q? 
into a? + 1. 

If one or more factors be deficient in a factorial of this kind, 
it may be resolved into others which are complete, as in the fol- 
lowing instance ; 

(2a? + l) (2a; + 5) (2aj + 7) = (2aj + 3-2) (2aj + 5) (2aj + 7) 
« (2aj+ 3) (2a? + 5) (2a?+ 7) -8 (2» + 5) (2a? + 7). 
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46. A rational integral function may often be resolred into 
£etctorials of the above form, and in this way its integral more 
conveniently found, than by the method of Art. 44. 

Ex. 1. ai' + aj* = aj*(aj + l) = (a?-l + l)a;(aj + l) 

= (i»-l)aj(a; + l)+a?(aj + l); 

4 o 

And in general, any quantity of the form 
ax"" + bx"^ + cx"^ + &c. 

may be resolved into factorials, by the method of indeterminate 
coefficients ; thus, if we assume 

aaj' + Ja? + c = -4(aj + l)(aj + 2)+5(a; + l) + (7, 

making « « — 1, we get a — ft + c ae (7; 

••• a{a?^l) + b{x + l)^A{x + l){x + 2) + B{x'¥lh 
or a (a - 1) + 6 = -4 (a; H- 2) + -B; 

make as = — 2, .*. — 3a + ft=:JB; 

.•. a (a; - 1) + 3a = .4 (« + 2), .'. A^a, 

In practice, however, it is generally easier to resolve a func* 
tion by inspection, as in Ex. 1, than by this method, which is 
theoretically certain. 

47. To find the integral of a fraction whose denominator is 
the product of consecutive terms of an arithmetic progression, 
and numerator constant, we must efface the last factor, divide by 
the number of factors remaining and by the common difference, 
and prefix a negative sign. 

For let w. = a + fta?, then we have seen (Art. 12) that 

c nbc 



Digitized by VjOOQ IC 



30 
therefore taking the integral of both sides, 

2__i__^ £__ + cr 

which proves the rule just stated. 

48. If the proposed fraction, instead of having its nume- 
rator constant, be 

(the degree of the numerator being at least lower by two units 
than that of the denominator,) we must reduce the numerator 
to a series of terms each of which is the product of consecutive 
factors reckoning from the beginning of the denominator ; that 
is, assume 

.4ar* + JBar» + ... + JEb + i = -4' + -B'tt. + Cu^u^^ + ... 



then, developing the second member, and equating coefficients 
of like powers of a?, we obtain n — 1 equations for determining 
A', B\ C\ ...K'; and the fraction resolves itself into the fol- 
lowing, each of which is integrable, 

+ &c. + - 



W« • . . U^.m . W-. - . . . tt-uu-i ^mjM-9 • ^a 



If the degree of the numerator were the same as that of the 
denominator, or only lower by one imit than that of the deno- 

Ti 

minator, we should arrive at a term , of which we are able 

to find the integral, only approximately. 

Hence also, if any of the factors of the denominator of the 
fraction in Art. 47 be wanting, they may be supplied by intro- 
ducing them into the numerator and denominator at the same 
time ; and then the resulting fraction may be treated as in the 
present Article. 
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^' ' a?-4""(x-2)... (a: + 2) 

^ 1 , 3 6 

^ {x + l){x + 2)'^ x{x+l){x + 2)'^ {x-l)x{X']-l)(x + 2) 

6 



^ (a? - 2) (a; - 1) 0? (a? + 1) (a? + 2) ' 

which is got by assuming 

(aj-l)aj(a;+l)=sa(aj-2)(aj-l)a? + 5(a;-2)(a;-l)+c(a;-2)+(f, 

and making a;=:2, 1, 0, successively; taking care to reject the 
Victor common to both sides, after each substitution. 

Ex.2. 2- ' ' 120^-120.-1 



'4a?- 9 6(2aj-3)(4a?-l)' 

49. The fraction in the preceding Art. may be also inte- 
grated when the denominator is the product of any number of 
£etctors x^ x + mh, x + nA, x+rhy &c., m, n, r, &c., denoting 
whole numbers, and h the increment of a;. 

For by taking the difference of both members, we perceive 
the truth of the result (which, although expressed in a series the 
number of whose terms is variable, is often useful) 

^x{x + mh)^''liih\x'^Srni^''''^x + {m^l)h\'''^^^' 

But ^"^^ ^ ^ , ! ^ (2) 

x{x + mh){X'{-nh) x{x + mh) x{x + nh) ^ '* 

where j4 + J?s=1, {An + Bm)h=:a; 

so that this fraction is integrable by formula (1). Next multiply 

a? 4-6 
both sides of (2) by — : — r; then the second member of the 
^ ' '' x + rk' 

result can be resolved by (2) into fractions having a constant 
numerator, and the product of two simple factors for denomi- 
nator, and is therefore integrable by (1); and so on to any 
nimiber of factors, the dimension of the numerator being always 
less by at least two units than that of the denominator. 
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50. To find the integralB of a*, and log t;«. 
We have seen (Art. 14) that Aa* = (a - 1) a' ; 

a — 1 (a - 1)" 

suppressing the part introduced by the constants, which would 
be a rational integral fdnction of the (n — 1)*** degree, and might 
be represented by S*0, since tO = (7, S'O =Cfc + C", &c. The 
formula seems to fail when a = l, as it gives infinity for the 
value of So* in that case, instead of x ; but if we give the con- 
stant C the form C , then 

a — 1 

a — I 
now let a =* 1 + A, where h is very small, then 

therefore^ when a « I, 2a* =« a; + C 

Next to find the integral of log r,. 

If II. = log (VjV.r, • . . v^J, then 

Aiij - log (Vjt?, ... v.) - log (v^v^ ... v^j) =» log V, ; 

/. 2 log r. « w, + log (7a» log {C. VjV^ ... v^J = log CPv^^y 

using Pv, to denote the product of all the successive values of 
the function v», firom some fixed term v^ (or more generally t?„ 
n being independent of x) to r« inclusive. 

51. To find the integrals of cos xO^ sin x0. 
Since A cos a?d a — 2 sin ^0 sin (a? + ^) 0, 

.% Acos(a;-i)^=»-2sinitf8ina:^; 

. ^5^ «« WJ « cos (a? - ^) (? ^ 
••^^^^ 28inid "*-^- 
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Also since 6.'Bin{x6 -^ a) = {2sm^ff)' Bia{x0 + a + ^n{ir + 0)], 
(Art. 16), integrating both sides n times, and replacing a bj 
« - ^n (it + ^, we get 

S» «„ (^ J. «^ 8ip(a^ + «-i«(^r+^} . 
2 sm(a>(? + a) (asini^)- ' 

the same result as , if in the value of A* sin {xd + a) we had 
changed the sign of n; as we should expect, A"* being equiva- 
lent to 2". 

Again, A sin a?d = 2 sin ^^ cos (a? 4- i) 0, 

/. Asin(a; — i)^=:28inid cosa^; 

changing the sign of n in the value of A" cos {x$ + a) in Art. 16. 

52. The preceding expressions may also be integrated hj 
substituting for them their exponential values ; as in the follow- 
ing instance. 

2a'cosaj^=i2 (o'e^^ + a'tf-*^*) 



— » ^'^ <^s (ag — 1) g -- cos a^ ^ 



Hence, putting o? - 2a cos ^ + 1 « c, and denoting 
a* cosa?^ by w,, we liave c2«/,=a*u«^i— w,, 

and generally 

H. D. E. 5 
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This reBult may be obtained immediately by separation of 
symbols ; for we have 

consequently 2*tt« = -5 (a'-O"* — !)*«« ; 

and this when developed produces the preceding result. 
Exactly the same formulae hold for u^ = a* sin x0. 

In the same manner the integrals of a* (sina?^)"*, a* (cos a^* 
may be obtained, when the powers of the sine and cosine of osO 
have been replaced by the sines and cosines of multiples of x0, 

63. To find the integral of 33^^^J^j.;^:^. 

Since A tan a?^ =* 2 -, — . ;. ^ > (Art 16*.) 

cos a^ cos (05+ l)u' ^ ' 

we have 2 2- — ; — rrra = ""s — zr + ^* 

cos xS cos (a? + 1) ^ sm6 

64. To find the intepral of tan"^ 1 . 

° p-^-qx + rar 

Since A tan"* (a + Ja;) = tan"* , . / . . x / , i^ ^ xx 1 (Art. 1 6*.) 

we may assume S tan^ — : ; — -^ = tan"* (a +bx)y 

•^ p + qx + rar ^ ' 

and take the difference of both sides ; then if the proposed fimc- 
tion is capable of being integrated, the indeterminate coefficients 
a and h will become known. - Also by differencing n* tan"* (^w"*) 
we may find an expression of which it is the integral, when 
n = 2, 3, &c. 

55. Th^ integral of aXw*+^-.««.4i,-i, where w,=j?a*4-j, 
may be determined by assuming it equal to the same expression 
(only with another factor at the beginning instead of a*) multi- 
plied by an indeterminate coefficient, and taking the difference 
of both sides ; for 

Att^jtt. . . . t*,,^^ = ii^w^j . . . u.^1 (ti^ - ti^j) 
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SimQarly, to find S , for the aasninption we 

must efface the last factor in the denominator, and write instead 
of a* an indeterminate coefficient ; for 

1 1 



p (a* - 1) * u„u^^...u„^^ * 

56. In like manner, if w, = a + ia?, expressions of the forms 
{p + qx)f {p+ qoo + raf) f 

can sometimes be integrated, by assmning their int^pals equal 
to expressions of the same form, except that the last factor in 
the denominator is effaced, and the polynomial in the numerator 
is replaced by another one dimension lower with indeterminate 
coefficients. It is of course only when a certain equation of con- 
dition between the quantities a, b,py q^t is satisfied* that this 
method succeeds. 

" {2x-l){2x-^l)r ^^^ V2« + l 2a -l/ 
"^^^^ (2x-l)(2a;+l)' 

Ex. 2. Let 2 



(2a;- 1)3" 
a? + 6a; -f 12 A + Bx 



a;(a; + l) (a; + 2)2' a;(a; + l)2*' 



then ^ =- 6, £= - 2, and 2^^^ = C- 



a;(a? + l)2^*' 
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57, Since A (w^vj « w^Av. + ^x+i^^s* ^^^ have 

the formula for integration hj parts, corresponding to the for^ 
mala 

Change v, into 2t?., and consequently At?^ into v., 
then 2 (w.v,) = ujlv^ - 2 (Att,2v^J ; 
hence, by successive substitutions, we get 

S(Am.20 =A«.rv, -2(A»tt.rO, 
2 (AX2*0 = ^V S-^^ - 2 (A'«.2'0, 



S (AX2"0 - A-«^"*'r„.- S (A««u,2"*'r^,) ; 
.-. 2 (u,t>,) = M,X», - A«,2't>^, + A*«,2*t>^ 

- &c ± A"a.2-*'»^ T 2 (A"*'u.2"«t,,^,). 

58. The above formula, replacing in the second member 2 
by its equivalent A"*, may be written 

2 («.»,) = u^-'». - A«. . A-* (2)».) + AX . A-* {lyv,) - &c 
= (A' + A2)'rw.t»., 

if we restrict A to aflfect u, only and A' and Jff to affect », only ; 
hence ^ («,»,) = (A' + Ai)')"*w,i>, ; and generally 

2» («.».)= (A' + Ai)'rw.i;. (1) 

= (A'-'-nA'-^Aiy+^^^^A'— A»iy-&c.)«.t;., 
or 2" (tt,t>,) = w,2"t>,— nAu,2"*'r^, 

+ ^^AXS"«„^-&C...(2), 

which may be also proved inductively, by shewing that the 
coefficients of the developments of 2" (w^,) and (1 +«)"*, which 
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are identical when n= 1, undergo the same changes in passing 
£rom n to n — 1. This appears from differencing both sides of 
equation (2). Both the formula (1) for 2*(u.t;,), and its de- 
velopment (2), result immediately, as we should expect, from 
the expressions for A" (u.v«) in Art. 34, by changing the sign 
of n. 

K in the formula 2* (w.vj = (A' + ^ITj^^u^v^ where A affects 
i#, only, and A', D' affect v, only, we suppose v, = a* ; then 

A't7.= (a-l)a', D'v^^a.tf; 

and the formula becomes 

X" (w^) = (a - 1 + Aaj-^u^' = a" {Da - 1)'»m., 

which agrees with the result in Art. 34 when n has its sign 
changed. 

If in this last formula we change a into - , we get 

{D - aPw. = a"2" (t*^"*), 
and {D-aPu^^ar^-Liu/f^. 

59. The above formula for 2* (u^v^) always enables us to 
find the integrals of frmctions made up of two factors, one of 
which leads to zero, as the value of one of its successive dif- 
ferences, and the other admits of successive integrations. Sup- 
pose, for example, that ti,, is a rational integral frmction of the 
n^ degree, and that v, = a* ; then 

2t;.=^--^, 2*r^j=»^^^j^,,&c.; AX == const, A"*V. = 0; 

Again, suppose u« to be a rational integral frmction of the 
n*** degree, and r, = cos a^ ; then taking the value of 2X from 
Art. 51, 

^/ a, tt.C0s{iC^-i(7r + ^} 

C08{(a;+l)g-(,r+g)) . co8{(x+2)g-|(,r+g)} . 
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the series terminating with A*u«. Similarly^ if v^^cfoo^acffi 
or if Vg^a' co^QcB .^vdl'xB, since the product ooa*a:tf .sin'astf 
may be replaced by simple dimensions of sines and cosinoB of 
midtiples of xB] and it will be noticed that the fraction of 
Art. 48 may be brought under this case. 

60. Since the performance of the operation 2 upon any 
series of terms AL'^u^ + -BA"¥, + ... , reduces it to 

it appears that prefixing 2 to (uiA"* + -BA" + ....)w, has the 
same effect aa prefixing A~' ; in other words, S is equivalent 
to A~^ And in like manner, since integrating A"*Uc n times, 
reduces it to A^^w,, S" must be equivalent to A"*. 

The same reasoning is applicable to the symbols (/&;)", i^A ; 
whenever therefore, in separating the symbols of operation firom 
those of quantity, as in the expression i^(A)w„ /{^-) w«j terms 

containing negative powers of A and ^ occur, they must be 

understood to be replaced by the corresponding positive powers 
of 2 and jdx. This being premised, we proceed to investigate a 
general series for 2w, ; preparatory to which the following pro- 
positions must be proved. 

. 61. To determine the generating functions of 

firom that of u«. 

By virtue of the relations 

<?(A"«,) = (i-l)"G=«. (1) • 

we have (i - l) Ct(lif) * Q (A2w.) - Qu, i 
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and <y(2«i.J-(i-l)'"e^., 



the same result as if we had chaoged the sign of n in (1) find 
replaced A"* by 2*. 

62. Again, since 



Gh^ 



= {l-Alog<+^(logO*-&c.-.l} Chi,; 

therefore, dividing both sides by h and then making A=sO, 
which we are at liberiy to do since h is indeterminate, 

or ... + j^.f+...==-\og-.Chi^; 

•°*<'(S')-('««7)"*'- (•'• 

Again, log - G^ (/<&«,) « <^(^/^^») = ^« J 

the same restdt as if we had changed the sign of n in (1) and 
replaced (-^ by {Jdx)\ 

-^j, 0{pdx''u,), may be immedi- 
ately obtained from Art. 28 ; for if in the formula 
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we suppose •^ (-j = (log 7) > then 

+{i))-a«g-o)"-a«g<^--(0, 

Tn) by {fdxYj 

63. To investigate a general series for 2w., involving only 
JdxUgy ti,, and the differential coefficients of w,. 

fl" (2«.) = (j - 1)" fl^. - (a""^ - !)-*<?«. 

= (logi)'*{l-ilogi + A(iogl)L&c 

assuming, as will be proved in the next Art., that -; — r can be 

expanded in a series of the same form as that within brackets, 
and denoting by 

1.2' 1.2.3.4' ^" ^ ^^ [2n' 
the coefficients of v\ v^ ... t?** in that expansion. Hence 
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Ex.1. tar=-^-ia^+iA«iar^ 
m + 1 ' ' • 



_^^^ m(>n-lH«»-2) ^^^^^ 



Hence tas*^--- + - - — + Ci 
*^ 5 2 S 30 ' 

^-6-2 + 12-12 + ^- 

-2Ml^» + i1[^TW" 

Similarly 2"i«. maj be expressed in terms of the integrals 
and differential coefficients of u« bj making n negative in the 

formula of Art. 35, and expanding e'", which gives 

Nambers of Bemonilli. 

64. The numbers B^y B^y ... which are required in the 
general value of 2u« in the preceding Art, are called the Nam* 
bers of Bemouilli, and are of great importance in the theory of 
Series. They are defined by the equation 

_i_-,_i,+A,_|,+...+(_,r^^i&c., 

H. D. E. 6 
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and theix values may be computed in the following manner. 
K *W=7^, then ^(-0=^ = ^, 

which shews that the only tenn in the development of ^ (0 
which involves an odd power of ^ is — ^t ; for if any higher odd 
power entered, it would occur in ^ (0 — ^ (~" ^^^^ '^^ coeffi- 
cient doubled ; we may assume therefore for <f> (<) the form of 
development given above, viz. 

-J_=l_i, + _^,_|<.+ ... + (_l)-«^^±&c.(i). 
Now-^43=l5ii^yf=l)l = l-i(e'-l)-f.JK-l)'-... 

and if A^ be the coeflScient of f^ in this development of the 
second member, 

1 (2n)'" - 2n (2n - 1)*" -f ... ^ 
■*■ 2n + 1 ' L?^ 

all the terms after A^'O*' vanishing, since A'^O'" is zero when 
m > 2n. Hence 

^.1^1 - (- irM- i^O*" + J A'O*" - &c. ... + ^^ A^^^^ 

By this formula J?^, 5„ jB^, &c. may be readily computed, 
supposing the numbers comprised in the form A^O**, or the dif- 
ferences of zero to be known ; we find 

^'^B' ^'"30' ^»"i2' ^' = 30' ^•=^66'*^- 

values that may be easily verified by applying Maclaurin's 
Theorem to obtain the development (I). 
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65. Also, since 

A-0* = «»*-m(TO-ir + ^!i^i^(»»-2r-&c. (Art. 20) 

we may, if we please, eliminate the differences of zero from the 
expression for B^^^ ; and we find 

(-ir5^, = -HJ(2'"-2)-H3*-3.2*+3)+&c. + g^. 

Besides serving to express the general value of 2w„ the 
numbers of Bemouilli have various other uses, of which we shall 
now give one or two of the most remarkable. Any function that 
can be put under the form « -i- (c* — 1) may be expanded in terms 
involving those numbers. 

66. To find the general terms of the expansions of cot and 
tan in powers of 0. 



cot 



Now the general term of the expansion of 

2^B 

.'. the general term of the expansion of cot is . **"* fl*^, 

andcot^ = i-— A^ ?!:?L-^_&c. 

9 1.2^ 1.2.3.4 

Also since tan ^ = cot^ — 2cot2^, 
the general term of the series for tan is 

2-^^.0--^ 2*-JU-. (2g)*- ^ 2" (2- - 1) B^, 

|2n L2» [2n ' 

Hence, by differentiating the above expressions for cot and 
tan 0, we may deduce the general terms of the expansions of 
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coif and tan* ; and by integrating them, the general terms of 
the expansions of log sin 0, log oos 0. 

67. To find S the sum of the infinite series 

Since sin^.e(l«5)(l-5^)(l-^)... 
changing into ird, we get 

™.^.^(.-f5(i-^(.-S,.. 

therefore, differentiating the logarithm of each memher. 

Bat the coefficient of 0**~' in the expansion of ir cot ird is 



2-5^.71*' 



|2n ' 



1.2. 3. ..an 



Hence p + i| + ^ + ... = -, ^ + ^ + ^+...=|L. 

Calling i^M the snm of this infinite series, we have 

-8U _ (2n+l)(2n + 2) A-. 
1^ S? SZ* 
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Now suppose n very great, then -^^^dii which proves 

the divergency of the series formed by the numbers of Ber- 
nouilli ; these numbers increase very rapidly, beginning with B^ 

68. , To find S the sum of the infinite series 

^^ + 35: + ^+.... 

changing $ into — , we get cos — = (l -^ ^1 -^ (l -^ ... 
thetefoie, differentiating the logarithm of each member, 

f'-'?-?('-?)--F('-?)"*4^('-|:)^^*o- 

and equating the coefficients of d*^^ in each member, which 
are respectively, 

Hence -, + -, + -, + &c.^-.-.^-^=-. 
69. Aho^-^ + ^-^+.,. 

2 |2n '^■"«^> 2*" j2n *^» 
(2*«-l)w**JU-. 
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Since log (1 + e"^ = «-^ - ^ e*+ Je *- &c., 

integrating this 2n — 1 times between the limits « » 0, « ^ oo , 
we find for result the series just summed ; 

.-. (/&rr' log (i + e^ J^-^lf^r-x , 

70. To find an approximate value of 

r (a? + 1) = 1 . 2 . 3 ... a?, when x is very large. 

Making u«,= log x in the formula 

tu^^ldxH^-^u^+Y^ ^*""*^ 
we find, (Art. 50) adding log x to both sides, 

log {1 .2.3... (a; — l)aj} = (7+a? log a?— a? — J log a: 

«0+(» + i)logaj-aj-flog(H-A), 

putting log (l+A).^-3^+3^-&c, 

so that A is a quantity continuallj approaching to zero as x 
increases. 

Now to determine (7, suppose x very large so that h may 
be neglected, and change x into 2a;, then 

log (1 . 2. 3 ..• 2a?)= 0+ (2a? + i) log 2aj- 2aj 

= (7+(2x + i)(logaj + log2)-2a:, 

and log (2.4. 6... 2a?) = log (2*. 1 . 2 . 8 ... a?) 

= ajlog2+ (7+(a: + i)logaj-a?; 

.*. log {1.3.5... (2aj-l)}=a?loga?+(a> + i)log2-a?; 
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= C7+ilog2aj-log2; 
«« 0,1 o, 0.1 2.4.6... (2a!) , - 

_. 2.2.4.4.6.6... (2a;-2) 2a? 
" ^^ 1.3.3.5.5.7...(2a?-.l)(2a;-l) 

= log ^ , by Wallis's Theorem, 

sinee x is indefinitely large; 

.•. (7=5ilog27r; 
.-. log (1^.2.8 ... x) =ilog 27r+ (aj + i) loga?- a; + log (1 + A) 

= log V2w^ + log (^ +log (1 +A); 

.'. 1.2.3...a;=V27ra;.(-J .(1 +A), 
where A is to be calctdated firom the series 

log(l+*)=YT2-|-A-?+5^-?-*^' 



and in general it will suffice to take the first term only, which 
gives 

1.2.3... x^'^2wxQife^^; 



J* 



or, more accurately, 1 .2.3 ...x^s/^irxal'e ^, where /i de- 
notes a quantity lying between and 1. 

Obs. The preceding series, even for large ralnes of a;, 
becomes dirergent after a certain number of terms; this will 
happen after n terms if 

(2n + 1) (2n+ 2) * ?^ (2n- 1) 2n 1^' 



'"''^Z^ (2n-.l)2n ^' 
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but the finit member of this inequality never exceeds 

/. (2n— 1) 2n>4w*a?, or «> wa?. 

It can, however, be proved that an approximate value of 
the series will be obtained by taking the aggregate of the con- 
vergent terms only, as will be seen in the next Article. 

71. An approximate value of Su« will be obtained by 
taking the aggregate of the converging terms only, in the series 
for Xu^ involving fclxu^^ ti«, and the differential coefficients of u.; 
and the error will be less than the last of the convergent, or the 
first of the divergent terms. 

We have by Art 63, (omitting the index of u^ in the second 
member,) 

where 2B,^^^^-^^^+&c.; 
or since in general, by Art 67, 



1.1.] d*^« 



f 1 1 1 }, 

— &c.; 



S?=* 
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or, adding the terms vertlcallj, and calling the resulting series 
»„ t>„ &c., 

B,= r, + », + »,+ ... +t>„+ ... 
wnere »,= (gmTr)*^ ^=^ ~ (2m7r)-** ^^' 

and integrating this by the method of parameters, as in Art 72, 

*-=-(2;;i^'/'^(«^2'"'^-^)' 

since, x being an integer, the term multiplied by Bin2m7ni; 
disappears, and eos297i7ra;= 1; and the arbitrary constant is 
unnecessary, being abeady introduced in equation (1) ; 

7? — f/7 ( sip 2ag7r , sin Jam sin Sxir ^ \ d^'^^u 

therefore, numerically, 2JZ^ is less than 

.f, (1 . 1 .1, Icf^^w -B^.d^'u 

which last quantity Ues between j^ -^ and -^— ^, 

if these be the last of the convergent and first of the divergent 
terms respectively of the series for St«^ Consequently the sum 
of all the divergent terms in the series for 2ti« is less than the 
last of the convergent or the first of the divergent terms. 



H. D. E. 



Digitized by VjOOQ IC 



SECTION III. 

EQUATIONS OF DIFFERENCES. 



72. We now come to the case in which the relation between 
the principal variable and any function of it is to be determined 
by means of an equation between x, u^, and one or more of the 
successive values, or differences, of w,; that is, from equations of 
the form 

or, /(a?, w„ Aw., ... A*tt,) =0, 

since, by the theorems of Arts. 18 and 23, these forms are con- 
vertible one into the other. An Equation of Differences is said 
to be of the n^ order when the successive value, or the differ- 
ence, of the highest order which it involves is the n*\ An 
Equation of Differences of any order is said moreover to be of 
the first, second, &c. degree, when the successive value, or the 
Difference, which marks its order, is raised at most to the first, 
second, &c. power ; or, when it involves a product of successive 
values or differences at most of two, three, &c. dimensions, it is 
said to be of the second, third, &c. degree. 

73. The complete integral of an equation of differences of 
the nf^ order will contain n arbitrary constants. 

Let ... u«, u.^, ^m^9 ••• ^ A series of terms corresponding 
to the successive values x, «+ A, a? + 2A, ... ; and let 

F{x,u^,a)^0 

be the equation by which the general term is determined as a 
function of x and a, or the equation of the series, ^a being an 
arbitrary constant Since this equation must hold for all the 
succeeding terms, we shall have 

F{x + k,u,^,a)=^0. 
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Eliminating a between these two equations, we get an equa- 
tion between a;, w„ and u^, or, substituting !«,+ Au„ for u.^, 
an equation between a;, w., and Aw,, which is the equation of 
difierences of the first order whose primitive •quation is 

In like manner if the equation of the general term con- 
tained two arbitrary constants a and J, as 

we might eliminate a and b by means of the two succeeding 
equations, 

i^(a? + A, tt^, a, J) = 0, i^(aj + 2A, w^, a, J)=0, 

and thus get an equation between a?, w„ u,^, u^^^; or, substi- 
tuting 

w,+ Am, for u,^, and w, + 2 Aw, + AV. for u,^, 

an equation between x; u^j Ati„ A'u,, without the constants a 
and i, which is an equation of differences of the second order, 
having for its complete primitive the equation 

F{xy M„ a, J) = 0. 

Hence it appears that every equation of difierences of the 
first order, or between two successive terms of a series, will 
introduce one arbitrary constant into the equation of the series; 
every equation of difierences of the second order, or between 
three successive terms, will introduce two arbitrary constants 
into the equation of the series ; and, generally, every equation 
of differences of the n^ order will introduce n arbitrary constants 
into the equation of the series. 



Linear Equation of Differences of the First Order. 
74. The general equation of the first order and degree is 
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Ag and B, being fonctions of x. To integrate it, assome 
^x * v,tuw, .". v^^ {w^+ Aw;,) - Av,w?x= ^, ; 

and in order that this equation may resolve itself into two others 
each of which admits of being integrated, assume (as we are 
at liberty to do, having made only one supposition respecting v, 
and w^) 

or, dividing by vjo^ -.5ti= A,. 

But A log v,= log ^ , .-.A log r.= log ^„ 

/. log t;,= S log ^.= log PA^, , (Art. 50.) 

or v, = Pu4^j, the constant being unnecessary. 
The other part of the equation gives v^,Atr, = 5„ 

the complete integral, involving one arbitrary constant. 
Taking the difference of the result 

which shews that -=5-?- is a factor which makes each side of the 

• 
proposed equation integrable; and it is generally the most con- 
venient way of integrating the equation to multiply it by this 
factor. 

Ex. 1. y^^j — au, = a?. 

Here -4,= a, PA,^a'; 
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.•.^ = s(5) = S(a^«^, putting i = a, 
sfa' (2a; + 1) eT' 2a-*» 



-a-1 "la^l)--(a-T)»+^'(^-^*-> 

1 — a (1 — a) (1 — a) 
Ex.2. u^^ = 2.?^t... 

1.3.5... (2x^1) 
'*'"~^-^ 1.2.3...(a: + l) ' 

Ex. 3. w^j — aw, = cos x0, 

COS (a; — 1) tf — g COB a?tf >t, , 
'*'"■ a'-2acos<? + l "*" * 

Ex. 4. Two vessels which hold a and J gallons respec- 
tively are filled, the one with proof spirit, the other with water; 
c gidlons are taken from each and ponred into the other ; and 
this is repeated such a number of times as to make their con- 
tents of the same strength; find the number of times 



a;=s 



'°«t(-f) 



Indirect Integrals of Equations of Difierenoes. 
75. Since the equation of differences of the first order, 

is formed by eliminating the constant a between the equations 
t«. = J?'(a?,a), t«^ = i^(aj + A, a), 

it follows that we shall arrive at the same equation of differ- 
ences, whether a be constant, or be a function of x such as a,, 
provided it satisfies the condition 

F{x-^h,a^)^F{x^-h,a:)^0 (1). 
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Now this equation is satisfied by a»^=a„ which gives 
Aa^^O, and a^^a, a constant, and leads to the ordinaiy or 
direct equation to the series u„=:F{x, a). 

Also the first member of (1) will be divisible by a^^— a„ 
because a, is a value of a.^^, which satisfies equation (1) ; and 
if dimensions of a,^ and a^ superior to the first are involved in 
it, the result of this division will be an equation involving a^^ 
and a,; i.e. an equation of differences of the first order with 
respect to a„ the solution of which will give one or more values 
of Og in terms of x and arbitrary constants ; and these being 
substituted for a, in the equation u^ — F[x^ a,), will famish 
equations of series, which are primitive equations of 

/(a, u„ Aw,)=0, 

and each involves an arbitrary constant. 

K equation (1) does not involve higher dimensions of a^ and 
a,^ than the first, they will disappear firom the result when it is 
divided by a,^ — a.. In this case a. will have only one value, 
viz. aa,= a, and there will be only one equation of a series cor- 
responding to the proposed equation of differences. The mode 
in which the indirect solutions just treated of are obtained, is 
analogous to that in which the singular solutions of differential 
equations are obtained ; but whereas the latter can contain no 
arbitrary constant, indirect solutions of equations of differences 
may contain as many arbitrary constants as the complete inte- 
gral itself from which they are deduced. 

Ex. w, = a;Au, + F (Aw.) . 

Taking the Difference, we find 

Aw, = Aw. + (a? + 1) A'w. + LF (Aw.), 
or == (a? + 1) AV+ l^F (Aw.) , 
which is evidently satisfied by Aw, = a, a constant ; 
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and substituting in the proposed equation 

/. u, — xa-\rF{a), 

the complete integral, containing one arbitrary constant. 
For the indirect solutions we shall have 

a, being determined from the equation 

(a? + l)a^, + i?'(a^J-{a: + l)a.-i?'(a.)=0. 
Suppose, for instance, that F[a^ = a\, 

.-. (aj + l)(a^,-a.) + a»^,-a% = 0, 
or, rejecting the factor a^^ — a,, 

«^i + a, = - (a? + 1) ; 

2a? + 1 



or 



«.=-^^ + c^(-i)'; 



.-. u. = a:a. + a». = i-^-iC(-ir+C'. 



Linear Equations of Differences of all Orders. 
The linear equation of Differences of the n^ order is 

«^«f -^Pl^*^! +Pi^m+n^ + — +PnU» = ^, 

all the coefficients being functions of x ; the first step towards 
its integration is to establish the following theorem. 

76. K there be n particular values r., u?„ ...z^y which, 
when substituted for u,, satisfy the equation 
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that has no term independent of u«, its complete integral is 

w, = a,v, + a,tt?. + ... + a^z^y 
a^, a^y ...a^ being arbitrary constants. 

For let this value be substituted in the expression 

and it becomes, (collecting the terms multiplied by the factors 

Now since VgyW„,...Zg, satisfy the proposed equation, each 
of the quantities included within brackets is equal to zero, there- 
fore the whole is identically zero; consequently the assumed 
value of Ujg satisfies the proposed equation, and it contains n 
arbitrary constants, therefore it is the complete integral of that 
equation. 

77. To integrate the equation of differences, 

all the coefficients and q being constants. 

Assume w, = t?^ + A: ; then by substitution we get 

Let k = :; , then the equation becomes 

l+Pl+Pt+...'\'Pn 

Let V, = (f, then a' (a* ^PjoT'^ +i?.a*^ + • • • +Pn) is the value 
of the first member ; now this will vanish if a be any root of 
the equation (called the auriliaiy equation), 

/(a) = oT -^p.oT'' +Paa""* + ... +/?«.,« +Pn = 0. 
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Hence the n roots of this equation a^, a^^ a,, ... a^ will give 
n particular values of v,, a,*, a,*, a,* ... a^* which satisfy equar 
tion (1) ; therefore its complete integral is 

and the complete integral of the proposed equation is 
u^s^OiOj* 4- c,<+ ... + c,a/ 4- ^. . 

This shews that we may treat the proposed equation as if it 
had no term q independent of w., provided we divide that term 
by /(I) the sum of the coefficients, and add the quotient to the 
value of u^ obtained on the supposition that ^ = 0. 

If we replace c, by c^^ — j '^/(1)> ^^^ a^ by 1 + A where h is 
small, so that very nearly a^* = 1 + Aa?, and /(I) = — A/'(l) since 
1+A is a root of /(a) = 0, then reducing and making A = 0, we 
get the form which the solution takes when /(I) =0, viz. 



,-0,+^ 



+ &C. 



78. If the auxiliary equation have equal roots, the above 
ceases to be the form of the complete solution; because, in that 
case, it does not involve the due number of arbitrary constants ; 
and it must be modified as follows. Suppose two roots a, , a,, to 
be very nearly equal to one another, so that a^^a^ + h, h being 
a very small known quantity ; then 

he 
replacing the constants c^ + c, by (7,, and — * by C, ; 

now this equation continues true however small A be taken, and 
therefore when A» ; in which case the second member becomes 

.-. w, = (C;+C,ii;)a,' + c,a,' + &c. 

H. D. E. 8 
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Similarlyi if the auxiliary equation have r roots equal to a^, 
the complete solution will be 

of the correctness of which, we may be assured by the following 
reverse process. Assume u, == a'w^ , then 

and the first side of the proposed equation becomes, when divided 
by a-, 

= {(a + aA)» +i>i (a + aA)»-* + &c. + p^] w, 

^f{a + aA)w.^{f{a)+f{a).aA+r{a)^ + &c.]w. 

Now suppose a^a^^ and/(a)=0 to haver roots equal to a^ ; 
this makes the terms as £ur as/^'^(a) vanish ; and if 

w,«Co + Cja; + ... + c^.jar*, then A''w, = 0, A*^!!?. = 0, &c., 

and all the remaining terms vanish ; and consequently the equa- 
tion is satisfied by 

Hence we see that every root a^ that occurs r times in the 
auxiliary equation, gives rise, in the complete integral, to a 
term of the form fr^^ixja'^ where fr^^ix) denotes a rational in- 
tegral function of x of the (r — 1)*** degree involving r arbitrary 
constants. The root a^ may be either real or imaginary. 

79. Also if the auxiliary equation have a pair of imaginary 
roots, 

m±n V^ = p (cos ± V^ sin 0)^ 

putting p^*^m* + n% tantf = — , 
the corresponding terms in the value of u, will be 

C7p*(cos^ + V=lsin^'+C>'(costf-V^sm^' 
= p' (Cj cos a;tf + c, sin a:^, 
changing the arbitrary constants. 
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And if the same pair of imaginaiy roots ooonr r times in the 
aiudliaij equation, the corresponding terms in the value of u^ 
will be 

{a^-Va^x-^- ... -{•Or^^aT^) ff (cos ^ + vCTi gin ff)' 
+ (*o + *i« + — + *r-iOp'(cos^-V^8intf)*; 
or changing the arbitrary constants, 
{c^+c^x+ ... '\'Cr^^ar^)p'coQx0+ (c\-^d^X'\'...'\'c\^^ar^)p'Bmx0. 

Ex. 1. W:H4-2^«+«-13tt^+14tt^, + 24t*. = 0. 
The auxiliary equation is (a + 1) (a-2) (a + 3) (a-4) =0; 
.-. u. = c,(-l)* + a^ + c,(-3)' + c,4". 
Ex, 2. u^-6w^+8ti^-4«, = 0. 
The auxiliary equation is (a — 1) (a— 2)* = 0; 

.'• w. = c^+(o + ca?)2'; 
and if the second member be q^ 

tt, = c^, + ja:+ (c + c'a:)2'. 

Ex. 3. w,« — u.=j. 

The auxiliary equation is of— 1 = 0, whose roots are 1, and 

27r , ^/— - . 27r 
cosy±V-.1 smy; 

27ra; . , . 27raj . , 
.'. w,=c^+ccos — +c sm— +tja?. 

80.* The Differential Calculus being a particular case of 
that of Finite Differences, a strict analogy exists between the 
methods and results in the two Subjects, as the reader cannot 
fail to have observed; indeed whenever in the latter a result 
is obtamed with an indeterminate increment for the principal 
variable, it is possible to pass to the corresponding result in the 
former, by a method similar to that pursued in Art. 25; and 
which we shall further illustrate by the following instance. 
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In the eqnatitni u„^ — 2mu^ + {m* + n*) «, =s 0, 

putting u, = <f, we find a={m±n V^)* ; 

.-. ii, « (7, (« + n V~l)« + C7, («» - « V^)» 
= («.«+«•)= {c^cos (ftan-'£) +0. Bin gtan-3}. 

Now the proposed eqtiation is 

or, if we replace the known quantities m-^ 1 and n by other 
known quantities mji and n^A, the equation and its solution take 
the forms 

x{c,«)s(|tan-j-=^) + c.sing^ 

Now take the linuts of these expressions when A = 0, and we 
find the well-known results, since (1 + 2mji)^ becomes 6"i, 

u, = e**i* (c^ cos n^aj + c, sin WjOj). 

80. Before proceeding to the general case of linear equa- 
tions, we shall consider the case of a linear equation with all its 
coefficients constant, but having a {miction of x^ X^ for the term 
independent of u«. 

This equation can be shortly treated by the method of sepa- 
ration of symbols. For if we substitute L^u^ for w,^, it be- 
comes 

or, if a,, aj, ... a^ be the roots of the auxiliary equation. 
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(D-a.) (i?-a») ... (i)-a.)«.» X; 

•■• "• = (i)-oJ(i)-a^...(i)-a.)-^ (^)- 

Now resolve this function of 2) into partial fractions (see 
Integral Calculus, Art. 34), so that the values of ^^^ A^, &c., are 
all known in terms of a^, a„ &c. respectively ; then 

* \J9 — Oj D — a^ O^aJ 

But we have seen Art, 58, that {D - a)^X= cT^t (Xa"*) + Oa*"*- 

an arbitrary constant being introduced by each of the integra- 
tions, and the product of two or more constants being replaced 
by a single constant. The part of the above expression involv- 
ing the arbitrary constants b calledthe complementary function ; 
and it is the value of u^ which satisfies the proposed equation 
whenX=qO. 

81. If the auxiliary equation have r roots equal to a^, then 
from(l) 

and this function of i> may be resolved into partial fractions, (see 
Integral Calculus, Art. 86) so that 

(7^, (7j, &c. being the constants introduced after each inte- 
gration; 

+ ^,«a,„"2 {a,^r^ + - + ^.« "2 (a.-X) 
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a single constant, as before, being substituted for the sum or pro- 
duct of several constants in forming the complementary function. 

82. Again, suppose a^=p (cos + sfp^ sin ^ to be an 

imaginary root of the auxiliary equation; then since — ^ is a 

^1 

function of a^, it will be of the form R (cos a + V— 1 sin a) ; and 
the term involying a^ in the value of u^ will consequently be 

jBp* {cos (a;^+a) +\^ sin (a^+a)} 2p'*X(cosa?^- V^sina^ ... (1). 

Now the term in u^ involving the conjugate root to a^, will 
result from this, by changing the sign of V^ ; and therefore 
the sum of the two terms introduced into the value of u^, by the 
pair of imaginary roots p (cos ± V— 1 sin 0) will equal twice the 
real part of expression (1) ; that is, 

25/)*cos(a?^ + a)(S/)"'Xcosa:^+ G) 

+ 2i?/)* sin {x0 + a) (2/)""Zsin a:^ + OO ; 
where 

2iip*Ccos(a^ + a), 25/)* C sin (a:^ + a) 

are the terms introduced into the complementary function ; and, 
if we alter the constants, may be replaced by 

p' (c cos xd + c' sin x9). 

83. Exactly in the same way, if the imaginary root 

a^ = p (cos ^ + V^sin ff), 

occur r times in the auxiliary equation it will produce in the 
value of w., r terms of the form -4^aj*"*2"' (a^"* X) ; or, since 

— ^ is a function of a^ and may be assumed 

= R^ (cos a^ + V^ sin a^), 
of the form 

i?^{cos(a^ + 

+ V^sin (a;^ + Ol S*/)"* (cosa^- V^sina:^) X..(2). 
But the root conjugate to a, will produce a term exactly the 
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same as this, except with — V^l instead of + V— 1 ; conse- 
quently the sum of these terms will equal twice the real part of 
(2); that is, 

2B^p'{co&{x0+aJ} r* {p^cosxeX)+8m{x0'\-aJ)ir{p''Bmx0X)], 

and to get all the terms introduced by the pair of imaginary roots 
p (cos ± V^ sin ff) that occur r times in the auxiliary equation, 
m in the above formula must receive all values from 1 to r. Also 
we see that the part of the complementary function introduced 
by these roots, by substituting a single constant for the sum or 
product of other constants, will take the form 

{c^ + c^x+ ...+ Cr^ior^) p'co8x0+ {c\+c\x+ ...+c'r,^ar*)p'Bmx0. 

We shall now give an instance of each of the cases that have 
been examined. It may be observed, that for equations capable 
of being reduced to either of the forms 

the process may be greatly simplified. For in the former case, 
since Do* = a.<ff the symbol D is equivalent to the factor a, 

and may have a substituted for it in the formula '^m—jTjy. <^ \ so 

that the solution of the equation/(i)) w,= c^ is w.= jj-r + com- 

plementaiy function. And in the latter case, if ^r^ = ^. 
can be expanded in the form A^-V AJ^ + ^^* + &c., then 

4- complementaiy function. 

Ex.1. w^-9w„ + 26w^i-24w, = 5*, 

or (2)*-9i?* + 26i>-24)w.=/(2))u, = 5'; 

y _/l 1 1 1 IN 

(D-2)(J9-3)(i>-4)"V2J9-2"":D:rs + 2:D=lr 



t*-=^ 



= i.2-S®--3-S(f)Vi.4«-Sg 
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=-'l(i)■-'"l(i^^*'■'(f)■-*^ 

a result we could have foreseen because/ (5) = 3.2.1 = 6. 
Ex. 2. a*u^-2au^i + u. = a*aj, 

or (ai)— 1)X = «*^» 

i + (c+ca;)-;. 



-(a-l)« (a-1)' 
Otherwise, 

Ex. 3. w^;^^ — 2acosft«^j4-aV,= X, 

or {iy-2acos0D + a')u, = X; 
X _ \ ( X X \ 

putting 2cos^ = «+«■*, and consequently 2 V^ sin d »■« — »"■* ; 

••• «.=^^^^{M"2X(a»)--(a0-'r2X («-«)•}. 
Now the valae of the former of these integrals is 
—^-—{cM{x-\)e 

2V=n[8iii^ 

+ \C1 sin (aj- 1) B] tXcT (cos a^-'f^l sin se0) ; 
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hence, taking twice the possible part of this expression^ we have 
tt. = ^j^{sin(a?-l)^(j:a-'cosa:d)-co8(a;-l)^(Za-*sma:^}, 
the complementary function being 

a* (ccos a:^ + c' sin x0). 
If we suppose X^cT ^ then as we could have foreseen 

^»^ TTT^ 2r4-a*(ccosa:^+c'sina:^. 

• 2(1 — cos ^ ^ ' 

The case of ^ = will be presently noticed. 
Ex. 4. w^4+i'i«*+«+A«*;r+.+p,ti^i+;?,tt.= ir, 

where the auxiliary equation is supposed to have two pairs of 
imaginary roots of the form a (cos 6 ± *f^\ sin S)^ and conse- 
quently the proposed equation is of the form 

(2>»-2acos^Z) + a^'u.= (^-a«)*(^-««"*)V = X 

Now by the preceding example we have 

2a Vising 1 1 

-4a'sin*g _ 1 
•'• {D - azY {B - oz'y " (i> - a£f 

, V^ /_1 \_\ . 1 

.'. - 4aP sin* ft*, = (az)'^ f (az)-X 

H ; — 7i (a«)*"*2 (a«)"*Xf terms in az"^ 

= a*^ {cos {x - 2) ^ + V^ sm (a?- 2) 0] 

X 2'a"*X (cos o:^ - V^l sm a?^ 
"^"ImT^ {cos(a?-l)^+V^sin(a?-l)^} 

X Sa"*X (cos 0?^ - V-Tsina?^ + &c., 

H. D. E. 9 
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and taking in thel^ tenns only the possible part, and doubling 
it, we have — 2 sin*tfa"^^u. 

= sin ^ cos (a: - 2) dV (a""X cos xOf) 

+ sin 5 sin (a: -2) 6%^ (a"*Xsin xff) 

+ cos (» - 1) ^ (a"*Xsin x0) - sin (a? - 1) ^ (a"*Xcosa?^, 

the complementary function being 

(J + Vx) a*sin a?^ + (c + dx) (fcosxO. 

If X^a'y the result will be, as we are aware, 

w» = ttT 3\« + complementary function. 

• 4(1 -cos ^)* ^ '^ 

84. To integrate the linear equation of differences of the n^ 
order, the coefficients being functions of x, 

on the supposition that it can be solved when X^ 0. 

If Zgy *«,, ...*"*«, be f» particular values of v. in the equa- 
tion 

^^•♦•+i^iV«+«^i+A^«-«-t+ — +A^« = ^ Wf 

with which the proposed coincides when its second member is 
zero, we have (Art. 77) 

v« = V. + Cj'«. + 0,V.+ ... + c^j*"^*,. 

If we now divide both sides by z^ and take the difference, 
we shall eliminate % ; next dividing both sides by the coefficient 
of C| in the new result, which suppose y«, and taking the dif- 
ference, we shall eliminate c^; again dividing by w^ the co- 
efficient of c, and taking the difference, we shall eliminate c^ ; and 
proceeding in this manner till all the constants are eliminated, 
our final result will be of the form (each A affecting the whole of 
the expression that follows it) 
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in which expression the coefficient of t;,^ is evidentlj 



therefore, dividing by this coefficient, we get the expression 

which must he equivalent to the first member of equation (1). 
Therefore the same expression, only with w, instead of v., must 
be equivalent to the first member of the proposed equation, and 
consequently equal to X; hence, equating these equals, and 
integrating, we get 

t*»^ 9^ty,tw,...tt,l—— -— , 

(each 2 affecting the whole of the expression which follows it) 
which is a general formula for ^the integration of any linear 
equation of differences whose solution can be effected when X=0. 

In the case of constant coefficients if the auxiliary equation 
contain equal or imaginary roots, this method is still applicable ; 
it is only necessary to assume for t>. the value belonging to the 
case of equal or imaginary roots, as will be seen in some of the 
following instances. 

Ex. 1. Suppose the coefficients of the equation to be con- 
stant, and a^j a,, ... a« to be the n roots of its auxiliary equation. 

Then v. = c^a\ + c^a\ + c^c^^ + ... + c»fl^», 

changing, both in this, and in the similar succeeding steps, the 
arbitrary constants ; 



-{^'-^Mti'-^O' 
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in which expression the coefficient of v^^ is evidently 



therefore, dividing by this coefficient, and replacing r. by u., 
we get 

,-.,-,....A(^)-.(^)-...A(^-.^.X, 

.....=i^V..(s)-....(^)-x(|), 

or, if we choose to introduce the arbitrary constant after each 
integration, 

«« = c^a^ + c^a\ + ... c^a\, 

This result may be readily obtained by separation of symbols, 
and so shewn to agree with that obtained in Art. 80. For the 
proposed equation is 

or (2)-aJ(i)-.a^J ... (i)-a,)u. = X; 
.% (2)-a^,)(i>-a^) ... (2)-a>.= (D-a^-^X^arS {diTX) 

=s a%Z^ suppose, where ^ = — 2 (<i»"*-X) ; 

.-. (i)-0 (-D-a^) ... (D^a,) «. = (i>- a^^rV. J^ 

'-•^rt{^Jx,^<f^,X^, where JJ..-^S(^)X 
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and so on till we arrive at 

«. = (D - aya\X, = ar 2 (^JiT.. when X. = 1 2 (jjz.. 

Hence restoring the values of -X^, X, ... X^, we get 
since a^a, ... a, = (-l)*;>^, 

where each S affects the whole of the expression that follows it. 
Ex. 2. a*tt»«- 2aw«4.i + w, = a'-X". 

Here v. = (c + c^a;) — ; .% A* {a*v^ = 0, 

in which expression, the coefficient of v,^ is a*^; therefore, 
dividing by this quantity, and replacing t?, by w„ we get 

Ex. 3. u,^ — 2ww^^.i + (w* 4- r!) u, = X 
Here v^^c^p'BmoeO + c^p'cosxd, 

where p^ = m* + n\ tan ^ = - ; 

.-. ^j — ^— g = c.tana?^4-c,; 

• A / " ^» "^ « c^ sin ^ 

\p' cos X0J " cos 0?^ cos (a? + 1) 5 '. 

.•.Acosa^cos(a. + i)<?A(^r^)=0. 

in which expression, the coefficient of v,^ is ^ ,^ ^ ; there- 
fore, dividing by this coefficient, and replacing v^ by w„ we get 

f , ,, A Acosa?gcos(a; + l)gAf ^ ^' /») = ^; 

cos(a; + l)^ V ^ / \p*coBxdj 
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to which we may add the terms c^p' sin x0 + c^p*oosa£y if wc 
suppose a constant to be added after each integration. 

84*. Having given a particular integral of the equation 

w.« + A«^i 4- -B.M, = 0, 
to find its complete solution. 

Let t;« be a particular integral, then 

Vs^ + A^v^^ + B^v^^O. 

Hence, eliminating -4., we find, putting — « «,, 

-Ar^ = Tr-^ = ti;., suppose; 

or A log (Ax?.) = log w, , 

.-. A«. = CPw^^j (Art 50) 

85. If we know a particular integral of a linear equation 
of any order that has no term independent of w„ we may reduce 
it to another equation of the same kind of the order immediately 
inferior. 

Let Ug^Vg be a particular integral of a linear equation of 
differences of the n*** order reduced to the form 

AX + ?tA*-*w.+ y,A'^w. + ...+2r,w.=/(A)u. = (1). 

Assume w. = t;,]Sir,; then 

AX = (A + 2)A')X2tt;., 

where A and D affect v, only, and A' affects 2tr. only (Art 34), 
and the proposed equation becomes 

/(A + DA>.2tr.-0. 
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Now /(A + i)A') is a rational integral fonction of A and A^ 
which we wish to arrange according to powers of A' , and this 
may be done at once by Taylor's theorem, which gives 

/(A) +/ (A) 2)A' + jl^/. (A) iJ-AV ... +-D-A'-. 

Hence, observing that /(A) t?, = 0, since v, substituted for w, 
satisfies the proposed equation, we get the depressed equation 

or, reversing the order of the terms, {since ^ (A) means the same 
function of A, that ^ ' does of a?}, 

+ {^^^^A»t;,^ + (n-l)j,At;,^ + j,t;^A^^^ 

+ {nA-Vi + (n- 1) j,A-»t;^^+ .- + ?ii.it^^J t^.= (2), 

a linear equation of the (n — 1)*"* order, of the same form as the 
original one. 

Similarly, if we know another particular value of ti,, «,, 

then A f— j will be a value of w, in equation (2), which may be 

depressed to another of the same form of the (n — 2)*** order ; 
and if we know r particular solutions of equation (1), we may 
in this way depress it to an equation of the same form of the 
(^-r)*"* order. As a linear equation of differences of the first 
order and degree can always be solved, it appears that to obtain 
the complete integral of a linear equation of the n^ order, we 
must know n— 1 particular solutions. 

Equalums of DiflforenoM which admit of being reduced to Linear Eqoatioiis. 
Simultaaeous Equations. 

86. Besides linear equations of differences, and such equa* 
tions as can be reduced to that form, very little is known of 
equations of differences of the second and higher orders and 
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degrees. Where such equations can be solved, it is generally 
by means of particular substitutions adapted to the form of the 
proposed equation; or by transformations of a more intricate 
character. The following are instances of equations which admit 
of being reduced to linear equations with constant coefficients, 
by particular substitutions. 

where p^^ p^, &c. are constants, and Vg is any function of x. 
Assume w, = t(?.Pt?„ then the equation becomes divisible by 
Pvg^, and is reduced to the linear equation with constant co- 
efficients, 

Ex. u^-2 (a; + 2)u^j-8 (a? + 2) (aj+l)u. = 0. 
u.= {a3* + J (- l)'l X 1 . 2 . S...X. 

2. u^ -^-Pjff^x^i +i>i«*'«*«+*-i + • • • +i?.a-w. = 0. 
Assume w,s= v^*^**** •^, then any term j?/t**u^,fl ^ becomes 

therefore the equation becomes divisible by a***"'**'***, and is 
reduced to the linear equation with constant coefficients, 

3. u^ + {a + J(-l)*}tt^j + cw,= 0. 



Let w, =:t?,Va + J(-ir, 
then u^^ = t?^, Va- J (-!)•, 
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Assume u^ + a— -^^, then w-.,4-a = -^, 

or t>^- («-*) v«^i+ (c-oA) v, = 0. 

The two arbitrary constants which will appear in the value 
of V, must be reduced to a single constant by the condition of 
the proposed equation being satisfied. 

Ex. w,w^j-2w.+ l = 0. t*,= l + (a; + c)"\ 

5. Ug^,t^^g^j^^.,.uJ=:X. 



If we take the logarithm of both sides, and assume log Ug=Vg, 
we get 

from which we can determine t?„ and then we have w, = «*'•• 
Thus, H u,^u^^^.Ug=il, then t?,^ — 2t;^j + t;, = 0; 

.'. v, = c^ + Cja?, and u,= C (7*. 
Again if w^.ttj!\.w;^ = a, then t;^ + 2mi;^, + in't;,=loga; 

which is the value of log w, . 

Assume w, = 2 cos v,, then 4 cos* v^^ + 2 cos v, = 2, 

.'. 2cos't;;^j=l-co8v, = 2sin'it;,, 

or cos Vg^^ = cos i (tt - 1?,). 

.-. v^i + iv.= i^-, which gives v, = f . ^tt + c (- i)', 

.-. w, = 2co8{j7r+c(-i)'}. 

H. D. E. 10 
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Similarly, u^j — 2u\ 4-1=0, by assuming u^— cos t?„ gives 
cos t?^j = cos 2t?„ /. r^j — 2r, = 0, v^^ = C^*, and 

u^ = cos t?, = i (c*'-^^ + e-^'"^^) == i (c'^ + O putting c^e^^^K 

7. t*^,tt«, -Z(w^, - wj + 1=0. 

Let w, = tant;,, /. X(tant?^j — tanvj = l + tanr^j tant?,, 

or tan(t?^j-t?J = -^, /. At?, = tan"*-^, 



and w,= tan r(7+2tan"^-«^j. 



If X=l + aj + a^, w, = f^. 

1 —CO? 

Similarly w^w^^M^^aw.i a (tt,^, + 0> 
by assuming^ w, = \/a . tan t?. , becomes 

tan r» (1 - tan v^^ tan v^) ± (tan t?^ + tan v^J = 0, 

or tan v« + tan (t?^, + r^J = 0, 

•*• *^«+« + "^x+i ± ^x = *^> where r is any integer ; 

•'• v« = J^^ + <^ cos --^ 4- c . sm-^- , 



or V, =r7r+c 



(2 8m^)Vc(-2 8in5jy, 



according as the upper or lower sign is taken ; and then 
w,= \/atanVa.. 

87. We shall next give some examples of equations which 
by particular substitutions are reduced to linear equations of the 
first order. 

1. {ax + b) AV, + mxAu^ -f mnu^ = 0. 

Assume w, = A*^r^; 

.-. (ewj + J) A"'^V, + wia;AX + w«A*"V, = 0. 
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But putting w, = a? - « in the formula for transforming w,^A*tv 
(Art. 34), we have 

xA"r, = A* [{x — n) V,] — nA*"*!?,, . 

.-. aA*^^{(a:-n-l)rJ-a(« + l)A"t?, 

+ JA'^*r. + wA" {(a? - n) v,} = 0, 

or A {a (a? - n - 1 ) + J} v, - {a (n + 1 ) - w (a? - n) } t?. = 2*0, 

/. {a(aj — n) + J} V;r+i+ {(a? — w) (w — a)— na — 5} t?, = S*0, 

a linear equation of the first order, which will famish the value 
of Vg, and thence the complete integral of the proposed; the 
supernumerary constants contained in 

being determined by substituting the value of u, in the proposed. 
For a particular solution, supposing 2*0 = 0, and putting 



A — {a — fn) {x—n)+na'{-b 



i (a? — n) - 
we get v, = 0. P4^„ and w, = CA*"* {PA^. 

2. (aa?"+ J) AX+ (^+ »w?) Att,+ (m - w) (n + 1) u^ = 0. 

Let w, = A*"*r,, then 

(aa? + J) A**V,+ (r + nia;) AX+ (w-n) (n+ 1) A*~V. = 0...(1). 

But if in the formula for transforming w^c^A*!;, (Art. 34) we 
make w, = a? - n, (a? — n)', successively, we get values of ajA*t;,, 
ai'A***!?,; and substituting these values in (1), we find 

aA***{(a;-n-l)«rJ-a(n + l)A"{(2a;-2n-l)i?.l 

+ a (n + 1) nA""'t;^ + JA"**t;. + rA"t?. + mA* {{x-n) t?,} 

- mnA*"'t?, + (m - w) (n + 1) A*"*t?,= 0, 

or A"**{a(a;-w-l)'+6}r. 

- A* {a (n + 1) (2a; - 2n - 1) - m (a; - n) - r) v, 

+ {{a - 1) (n 4- 1) n + m} A*''t?, = 0, 
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which is integrable in several cases by the disappearance of one 
of its terms ; thus suppose a = 1, m = 0, then 

A{(a;-n-l)*+6}t;.-{(n + l)(2a;-2w-l)-r}v. = 2*0, 

or {(a;-n)»+6}v,-{a:^-n(w + l) + &-r}t;, = S"0, 

a linear equation of the first order, from which v^ and w, = A"^r, 
may be determined; and the arbitrary constants contained in 
]S"0 must be reduced to the proper number by substituting the 
value of w, in the proposed equation. But if we suppose the 
complementary function S"0 to vanish, we may readily obtain 
two particular values of v, ; for let 

a^ — n(n-t-l) + & — r _ j 
(x^ny + b ~ '' 

then v^i - A^v^ = 0, v, = C.PA^^. 

Now replace n by — (n + 1) which amounts to assuming 
u^ = A"*"*!?, , then v„-C\ PA'^^ , where 



cc* — n (7t -t- 1) + ft — r _ A, 



{x + n + iy 

then w, = CA**^ {PA^,) + O'S"^ (PJ'^,), 

the complete integral of the proposed equation. 

Several other examples of the like kind may be seen in the 
Cambridge and Dublin Mathematical Journal. 

87*. The solution of /(jD) u^ = A* in the form (Art 83) 
U^ = TTjT + Ca,* + &c. 

fails, if i be equal to a root of the auxiliary equation f{a) = 0. 
Suppose that J = a^ a root that occurs twice in f{a) = ; then 
the value of u^ by changing the constants may be put under 
the form 

w, = jjgr {y - a^ - xha,'^^) 4- {% 4- c^x) a* + &c. 
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Now suppose J = ttj + A, where h is very small ; then since 
/K) = 0, /'(aj = 0, we have 

therefore, making A = or J = a^, we get 

And if the root to which h becomes equal occur r times, the first 
term in the value of w, will be 

a? (a; - 1) ... (a: - r + 1) a^ -r/'* (aj. 

Hence in u^^ — aa^w^j + a^V, = a^*, 

since /(a) = (a - aj* /"(«,) = 2, 

M. - ia? (a: - 1) a^*^ + (Co + c,aj) a^\ 

and in examples 3 and 4 of Art. 83 if 5 = 0, the first term in the 
value of u^ becomes 

ia; (a; - 1) oT*, and — aj(a?- 1) (a;-2) (aj-3) a*^, 

respectively. 

88. In simultaneous equations, instead of one equation be- 
tween the independent variable a?, and the successive values or 
difierences of the dependent fonction m^, we have given two or 
more equations between x and two or more of its functions w,, 
V,, &c. and their successive values or differences; the object, as 
before, being to determine each of the unknown functions in 
terms of x. When the proposed equations are linear with con- 
stant coefficients, we may separate the symbols of operation fi'om 
those of quantity ; and then obtain by the ordinary processes of 
elimination an equation containing only one of the unknown 
functions ; for as the symbols of operation here employed com- 
bine according to the same laws as ordinary algebraical quanti- 
ties, they may be treated precisely as if they were symbols of 
quantity. 
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1. tt^ + <!»„,-(!•«. = a*, 

These may be written 

(U^-c) v^-Du.^a', 
which give by the elimination of », 

{D^-c*JD' + c*) «,= (i^'-c) (f-cDoT; 

•*• "' = a*-<fa* + c* - l-c'a' + cV + «>°'P^°'entai7 function. 
Now if c be greater than 2, 

/>•- c»2)' + c* = (2)' - a') (iJ'-yS^), 
and consequently the complementary function 

If c= 2, the values of a and )8 become equal to one another; 
or imaginary if c < 2 ; and the corresponding values of the com- 
plementary function may be determined in the usual manner. 

The value of u^ being known, we have 

ct7,= -^ =a -w^j + ctt^j. 

2. w,^, = 20.+ 12u„ 3^^, = 142?., 

Upon introducing the symbol D, and eliminating u, and y,, we 
find {D - 6) (2>+ 2) {D - 14) «, = 0, which gives 

«.= a.6' + i.(-2)' + c(14)*; 
then y. = 14«^, = ^ 6' - 75 (- 2)' + c (14)', 

t*,= -|6'-|(-2)- + c(14)«. 
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89. It may be observed that the knowledge of the genera- 
ting function of the second member of a linear equation will 
sometimes lead to the solution of the equation. For since 
(Art. 28) 

Now suppose >/^(Z>)w, = X to be an equation of Differences, and 
let if>{t) be the generating function of X, and therefore of its 
equal -^ (2>) m„ then 

and if this value of Gu^ can be developed in a series of powers 
of t, and have w^^ for the coefficient of tf, then the solution of 
'^ {D) w, = X is u^ = w?, + complementary function. 

Thus, for u,^ — 2 cos 6u^^ + w, = sin xB^ 

f 
+ r— r-r3{sina;d-a;cos ix—l) 5sin^l + ... 

the latter expansion being derived from the former by dif- 
ferentiating relative to 5, and reducing ; 

.*. tt, = . ,^ {sin a:^ — a; cos {x—l)d sin 6] + complementary 
fanction 

= — ^ . ^ cos (a;— 1) ^ + c cos xO-^-cf sin a?^. 
2 smtf ^ ' 

Again, let the proposed equation be (jD — l)"^w, = a?, then 

(Art. 26) <^(0=«(l-0^, 

•>©(!-) 

_^-»M . „, . w(n+l) j . n(n+l)...a; ^,^, . 
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■ w _ x{x-l)...n ^ x{x-l)...{x-n + i) 
" ' 1.2.3...(aj-n+l) 1 .2 . 3...(n-l) ' 

x{x-l)...(x — n + 2). ^ ^ ^ 

••• "'= 1.2.3...(n-l) ^ +«+^'«+-+^^. 

which agrees with the result obtained by direct integration of 



Equations of Partial Di£ference8 and Mixed Differences. 

90. If in Waj,f * function of two independent variables x 
and y, a; be changed into a; + A, and y into j + i, the resulting 
yalue u^^^y^ is called the first total successive value of w,^, and 
is denoted by Du^^^ so that Du^^^ = w^j^,^; consequently 

•^«*».v = «**4«*.if+u> &c. ly'u^^^u^^^^y^] 

and as u,,^y^ — e'^ '^u^^,, D is here equivalenl; to c^ ^. Also 
if from the altered value of the function we subtract ftie original 
value, the result is called the first total difference of w,^, and is 
denoted by Aw^^y, so that 

Consequently we have, as in the case of a function of one vari- 
able, A equivalent to i> — 1 ; and 1 + A equivalent to D ; hence 
we must have 

AV.= (^-l)'ti,^, i)*t.,^=(l + A)«t*,^, &c.; 

and generally 

AX^ = (-D - 1)" «x.„ B-u,^ = (1 + A)" «.^ ; 

which become by development 

AX» = i?"«.* - «i?""«,^ + ^^^;^ -D-X, - &c. 

2)*w^^ = w,,y + n Aw.^ + ^^^~ AXv + &c. ; 

where A, i> express total operations that refer to both of the 
independent variables. 



Digitized by VjOOQ IC 



81 

If there be given A««^ ^ —f{^, y), a rational and integral 
function of x and y, we may find the value of u^^^ by the method 
of Art. 44 ; thus if Am,^ = a: +y + 1, then 

where G^^ denotes any function of a; — y , the increments of both 
variables being taken equal to unity. 

91, Again, if in u,^ we change x into a? + A without alter- 
ing y, the result u^^j^ is called the first partial successive value 
relative to a:, and is denoted by B^u^j^^ so that -D,Wx^ = Wx+*^ > 
consequently 



-DX.» = w^i»4f> &c-» AX^ = ^ 



4 



and as u,^^^ = e ^t*,^, -D, is equivalent to 6 *• Exactly in the 
same way we have, relative to the other variable y, 

-Dy being equivalent to e **'; hence D^D^.D^. Also the dif- 
ferences t*,^,y — «,y, w^y^ — t*^,y, are called the partial dif- 
ferences of tt,,y relative *to x and y respectively, and are denoted 
by A,, A^; so that 

A,w^ , = tt^ , - w,. , = (i>. - 1 ) tt^ , ; 

and generally 

A>,.,-(Z>,-iri.,.„ A/ = (Z>,-irt...,; 

and the symbols S,, S^, which are equivalent to A."*, A^"^, are 
used to denote the operation of integrating u^^ with respect to 
the variable x only, and the variable y only, respectively. 

In the investigations which follow, the values of h and k 
will be taken equal to unity, unless the contrary be stated. 
H. D. E. 11 
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92. By Equations of Partial Differences are meant relations 
between a function of two independent variables w,,^, some of its 
partial successive values or differences, and the variables x and y. 
As the symbols of operation here employed combine in subjection 
to the same fundamental laws as algebraical quantities, we may, 
by separating the symbols, resolve these equations when linear 
or otherwise, by the same processes as ordinary equations of 
differences of the like class: but we shall first employ an 
elementary method. 

Ex. 1. tt^.y +i>i«x+»-i.m + — +i'»w,,f4* = ^ (1)> *te coeffi- 
cients being constant, and the sum of the subscribed indices the 
same in every term. If the second member be q instead of zero, 
it is easily seen that the value of u^^^ determined fix)m (1) would 

have to be increased by ^^ • 

Assume w^,y = a*. (7,^^, where CJ^ is any function of the 
binomial x + y, then the first member of (1) becomes 



which is reduced to zero if a be taken equal to any one of the 
roots real or imaginary, a^, a,, ... a, of the auxiliary equation 

/(a) = a* +p,ar^ + ... +J7, = 0. 

Hence, if a^, a„ &c., be all unequal, the complete value of m,,^ 
involving n arbitrary functions is 

which shews that arbitrary fonctions of the binomial x+y here 
stand in the places of the arbitrary constants that enter into the 
solutions of ordinary equations of Differences. But if a^ = a^, 
first suppose a, = a^ + A where h is very small, then 
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= <.c'^ + c"^.a«,'{l + i(a;-l)A + &c.}, 



replacing the arbitrary fhnctions 

C'^ + C"^ and -C"^ 

by other arbitrary fiinctions c'^ and c"^; now make A = 0, 
then the equal roots a^, a, produce in the value of u^^^ the terms 
^1* (^iHt + ^'tcj)' If «!, o, be a pair of imaginary roots and 

= p(cos5± V^ sin^, 

then it is easily seen that a^' C'^ + a/ (7"^ takes the form 

p* (c«^ cos x0 + c',^ sin rc^. 

It may be observed that the assumption t*,,y = a'. C[^y is 
symmetrical with respect to x and y, for it may be replaced by 



«..»=©'.«' 



V-i, = ". C -^, 



Ex. 1. «^,,» - a«,.^^ = J. Here «,,, = o'. 0,^., + j— ^ . 
Ex. 2. «^, - 2a«^,,,^., + aXw« = * J 



«..» = «*(c^ + »-c'^)+- 



(l-o)- 
Ex. 3. tij^ y — 2a cos ^ w^j,y+i + oV,. y+, = J, 

«x., = rt- (c^ cos-x^ + c'^ sin «^ + i_2^e^3^^^ . 

93. The preceding results can of course be readily obtained 
by separating the symbols; but that method may be applied 
with still greater advantage to the case where the second member 
is Fa fimction of x and y. For the proposed equation may be 
written 

instead of w^,,^ +JPiW*fi,-i.m + .- +i'«w^.if+« = ^• 
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Let a be a root that occurs singly, and b a root that occurs m 
times, in the auxiliary equation «*+j?i2*~*+ ...+^, = 0: then 
by resolution into partial fractions we shall have 

1 A B^ B^ ._:^ . &c 

where -4, B^, &c are known in terms of^j, j?,, &c. ; hence sub- 
stituting DJD^^ for «, we get 

_{ AD^ BJ);" B^_J)^-^ 

''''•'" t2>,-a2>/ (2>,-&2>,r"^ (i>.-Ji>,r-* '^••• 

^D.^bDy* ^' 

but A {D, - aD.yD,-^^' F= A [aD.T't, {aD^j-'D;^^' F; &c. ; 

since the operations denoted by D^, Dy, are independent of one 
another : 

+ BJfiD,)'^ t,^ {bD,r D,-^ r+ &c. 

Instead of reserving the complementary functions under the sign 
of integration, we may obtain them explicitly by supposing 
F= ; then since 

and i>/"*c^ = c^y.,, i>v'^Cy = c^y.«, 

the part of the complementary function due to the root a and the 
m roots b will be, changing the arbitrary functions, 

A(fc^ + BJf{c\^y-^xc',^,-V... -Vx^"c':^% 

and similar terms will be introduced by the other roots of the 
auxiliary equation. 

If any of the roots a, J, &c. be imaginary, these results may 
be transformed into real expressions, as shewn above. 
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or {D,-D,) u,,,^xy, .'. «.., = {D. -D,)-^xy = {p;f^tj);' ay ; 
but D^xy = x{y-x) = x{y + \)-x{x + l)', 
. „ _7.r-. f(a?-l)a?(y + l) (a;-l)a;(a; + l) ^) 

= i(«-l)»(«+^-2) + C^- 
Ex.2. M«^»-2M^,^,+M,.^ = a!+y, 
or (i).-i)/tt,^=x+3r-, 

= D/^S/y = -D,*^ {i (a'- 1) «y + «C, + C,} 

= i (aj - 1) a; (y + a- 2) +a«<^ + c'^. 

Ex. 3. «,^ - 12«^,,^ + 1 6«.^ = <f**, 

or (i>. - 22),)* (i). + 42),) «,., = c^ ; 

and ainoe D„ D^, applied to <f** are each equivalent to multi- 
plying it hj c, 

Ex. 4. u,^, — 2a cos ft*,+,,w.| + ^'w^rn = ^' 

«... = «^?^^^^i>r2.(a-co8a^2),-"F) 

_ ^ cos^^^ „2.(a- 8in»(?i?,- F) 

+ o* (cosa^.c^^ + sina!^. c'^. 
Ex. 5. (i>. - o) (Z), - h) M^, = F, 

or «^,, m - ««*»+i - ^»M,» + <»*««,» = ^» 
.-. (2), - J) «.., = (2). - a)-' F= flr2^-"F+ o^C„ 

= o^'J^ 2, (J-» 2^' F) + Vc', + o-c'V 
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If F=: (f^, Since D,, 2)^ are in that case eqtuvalent respec- 
tively to c and c"* ; 

(c-a)(c-*-A) 



t*.., = .. ^:..-i i:x + i'c; + (fd'^. 



Equations of Mixed Diffsienoefi. 

94. Equations of Mixed Differences axe those in which the 
differential coefficients of the dependent variable u«, as well as its 
differences or successive values, are involved along with the prin- 
cipal variable x. When the equation is linear with respect to 
the successive values and their differential coefficients, and the 
coefficients of the several terms are constant, solutions may be 
obtained by proceeding in the same way as for linear equations 
of differences of the like kind. It is plain that any differential 
equation 



/(^'y>^> S» &c.) = 0. 



which admits of a solution y^X, will lead by substituting 

where Pi^p^j &c. are constants, to a linear equation of differences 
of the kind that has been solved. 

d, 

Multiplying both sides by e*^ and integrating, we get 

««*4* +Pi^*^t + — +Pn^M = e^Jdxe"^ X, 

an ordinary linear equation of differences. Thus suppose the 
proposed equation to be 



then tt, = Cm' + C (— a)*, where m = e 



,-* 
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2. ^(M^,-2«.) + 3«^,-6tt, = e~ 

then «^, - 2tt. = ^^-j-^ + C/^ ; 

3. (l+a<r»)tt„,-6(l + ac^^«. + 6M. = c. 
Assome «,(l+ae*) = t>,; 

and multiplTing this by b and adding it to the proposed, we get 

Now, let »,=«"* + &; 

let A; + &A; = c, thene*— (m— l)5s:0; and if /t be a value of m 
whidi satisfies tlus equation, then a particular value of u. is 



''•*«"*^+^'=^- 



ih^[^^iTi)' 



95. The following are examples of Equations of Mixed 
Partial Differences. 



1 ^ 



— 1 



or i>.U.^-;T;U,.^ = C, 



•••-(^-ir-dr^dr-i"-}' 

putting ^ (7,, for an arbitrary function of y ; 
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.*. «,,,«= c + 



(1)''^.= 



and if c s 0, we have for the equation 



«-*«.»- ^ «-» = <>' "'-'U)^'* 



2- «m.»-<»^«..»=^; 

••••'-.= ("•-'■i)"'''=(»|p-(»ir^- 

Suppose Kasase*, then the efiect of any power, positive or 
negative, of ^ upon K, is to multiply it by 1 ; 

....„=(^.-„|)V=(,|)-\.(„|)>. 

Let V^ x^y then proceeding as in the last example, 
As this may be written 
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we may integrate it supposing c = 0, and then add ex to the 
result. Assume u^^^ ^(fe" t?,^ ; 



or v«.i.f - ^ ^«.» = ^ 5 .-. t?«.» = (^) C^. (Ex. 1) ; 



Continued Fractions. — Functional Equations. 

96. The determination of the values of continued fractions 
in certain cases gives rise to equations of differences which can 
be integrated as linear equations. 

1. To determine the value of the continued fraction, 

w. = ; to a; fractional terms ; 

a+ a+ ... o 

Assume Uj,-\-a^ -^^ , then v^, — av^^ — cv^j = ; 

.'. V, = CjO* + c,/8*, a and /8 being roots of A* — aA — c = ; 

= -«^^!St7P' since a + i8 = a; 
or u^^c. ^u^^^ > putting c, = J; 



_c l + Cg . _^/8 



•'• t*, — — "B C — ; — H ♦ •*• ^» — " ! 



H. D.E. 12 
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If a and fi be imaginary, bo that 

., sino^ 

tlien w, =3 — p -v—f — -— T-a . 

2. To find the value of the continued firaction 
c_ c c c 

to X fractional terms^ the last tenn being j . 
Proceeding as in the last example, we find 

Ifc=B-l, a'=2coa6, b = coa0, then it will be found that 

C08(a5— 1)^ 



cos 



a9" 



3. To find the value of the continued firaction to x fractional 
tenns, 

"" a+ b+ a+b + ...' 

Here u^ = L-_ , or -i^as- = »+«.. 

* + «, 

Assume i-aw, = ^, .-. i_ou«. = ^, 
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••• ».« - v^t = <^»i + V 1 - »«-, » 
or i>^ - (2 + ab) v^, + 1>^, =0, 
of which the auxiliary equation is 

A;'-(2 + aJ)ft'+l = (A'-V^A:_l)(;f + VS*-l)=0. 
I*t a. -->-«,-, be the roots of this equation, then 

* l+ab ^ c?+pjx*' 

a +i>,a^ a ' 

.■.p, = l=C-C', ,-. C=0, C7' = -l, and ^. »(-!)•, 

4 Suppose & to be essentially negative and = — c, so that 
the continued fraction is 

1111 



o+ -c+ o+ -c+ ...' 
and let VaF = V^ Vac = 2 V^ sin ^, then 

A»-2V^lsin^A;-l=0, and a«cos^ + \Cl sin^; 
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therefore, according as a; is odd, or even, 

^ sin(a: — 1)^ ^ cos(aj— l)d 

' sm(aj + l)^' cos(a:+l)5 

Functional Equations. 

97. If a function ^ (a;) is of such a nature that when it is 
twice performed on a quantity, the result is the quantity itself, 
that is ^ {^ (a?)} or ^ {x) = a?, then it is called a periodic fiinction 
of the second order ; and if ^ (a?) be such that ^* (a?) = a, then 
^ {x) is termed a periodic function of the ri^ order. Any sym- 
metrical function of x and y, put equal to zero, will by resolution 
give for the value of y a function of a:, which is a periodic func- 
tion of the second order. Consequently, 

a X 1 — a; r- 5 

- , a — Xy , -T- — , V 1 — ar, 

X ' a? — 1 ' 1-fa?' ' 

are all periodic functions of the second order. Examples of 

periodic functions of the third order are , Vl— a;""; and of 

1 — a; 

1 2 

the fourth order ^ , . Functional equations involving 

these expressions may be frequently solved by a simple elimi- 
nation ; as will be seen in the following instances. 

Ex.l. {/(^)}»./^[z|) = c'x; 

1 — a; . 
here, since is a periodic function of the second order, 

X T~ X 

1 — X 

replacing x by r— — , we get 

A "T" X 

hence dividing the square of the proposed equation by this, 
we have 

{/(.)).= L±|cV, or/(x) = (l±£oV)*. 
Ex.2. /(.)+„./(_4_) = l; 
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here since is a periodic function of the third order, re- 

placing X twice in succession bj ^j , we get 

Now multiply the second of these equations by — a, and the 
third by a", and we find by adding them together, 

(l + aV(^)=i + a(a.-l)+^3y. 

98. Other functional equations may be sometimes solved 
by the aid of the Calculus of Finite Difierences, or by particular 
artifices. 

Ex.1. /(«)+/(« -»)=<5». 

Assume a? = t*,, a — x^^u^^; 

••• ^^i + w. = «> or t«, = (7(- 1)' + ia. 
But /(O +/K) = c*, which may be written 
v^^ + v, = (?; 

/. t,. =: C (- 1)'+ K =^ (u. - ia) + K =/K) ; 

.•./(aj) = m(a?-ia) + ic', 
m being an arbitrary constant. 

In the same way we may find a particular solution of the 

equation 

/(a + a;)./(a-«)=:a*-a:^; 

or we may use for that purpose the following artifice, 

^-^/-^'=h or 4>{a:).<t>{-x)^l, 
a+x a—x 
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which is satisfied by ^ (x) = C ; 

.:/{a + x) = (a + x)C' = {a + x)C^ 
.:f{x)=xC'-. 
Ex. 2. f{bx) = nf(x). 

Let bx = u^^, x = u,; 

.'. tt^, — Jm, = 0, or «, =-&• = »; 

c 

but /(w^i) - n/(w,) = 0, or t?^j-nv. = 0; 
/. v, = n*. ^ (cos 29r«) = n^ x ^ jcos L — r log ex j {■ (Art 41), 
but v.=/(w.)=/(x), 
.•./(.). (»)35x*{c«(?^)}. 

Ex. 3. / (a + bx) = n/(ar) . 

Assume a + bx^ ti^^ x » u« ; then proceeding as in the last 
Example we have 

and for a particular yalue, when c — 1 , and ^ (cos 27ris) » 1, 

Ex. 4. /(x) ./(y) =/(x + y) +/(« - y). 

Eicpanding the second member by Taylor's theorem and 
dividing both sides by/(a!), we get 

/(y)-2|l + 4^^^j.-^+j 2.3.4-/(a;)- dx' ^^n* 
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But as /(y) does not involve x, the coefficients of y*, y*, &c in 
the second member must be constants ; let J be the value of the 
coefficient of y*, then 

^ ^^ 6./(x),<&c.; 

••• /(y) = 2 (1 + i Jy* + j^gij-^ by + &c.), 
or replacing b hj another constant — c", 

/(y) = 2 (1 - icy+ i 2^3^ cy - &c.) = 2 cos cy. 

99. We shall conclude this Section by two or three Problems, 
the solution of which is effected by equations of Differences. 



1. To find the value of «, = "^2 -^2 - V277 to x terms. 
Since w^j = V2-«„ ttV, + «. = 2 ; 

of which the integral is «, = 2 cos {c (- J)' + Jir} ; (Art. 86) 

.-. «, = 2cos^-|+^J = V2 = 2co8^, .-. c = |; 
.-. «, = 2cos|^(-ir + j} = 28in^{l-(-i)-}. 

2. A swan breeds three cygnets in its second year, and four 
every succeeding year ; and the young ones all breed according 
to the same law ; required the number at the end of the x^ year. 

Let t*,= number at end of a;*"* year ; 
then in (aj + 1)*'' year, there will be bred three each by those in 
their second year, and four each by all the others ; 
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.% m*-m"-3m-l = m(w*-l)-(«» + l)* = 0; 
/. 9n = — 1, and l±v^; 

.-. tt. = a (- !)• + J (1 + V2)*+ c (1 - V2)', 

ti^ = 1 = - a + J (1 + V2) + c (1 - Vi) , 
ti^ = 4 = a + J(3-f2V2)+c(3-2V2); 

••• «.=(-ir+^(3-V2)(i+V2r-^(3+V2)(i-V2r. 

If the law of increase be one in the second and every sncceeding 
year, 

V5«.=^(i+V5)'-i(i-V5r. 

3. If a person possessed of a given capital of £n, spends in 
the first year the whole of the interest receivable at the end of 
that year ; and in the second year twice the interest receivable at 
the end of the second year; and in the third year thrice the 
interest receivable at the end of that year, and so on ; to find how 
long it will be before his capital is exhausted. 

Let u^ =s reduced capital in pounds at the end of the x^ year, 
r = interest of £l for a year ; then rw, = interest receivable at end 
of {x + 1)^ year, and {x + 1) rw, = expenditure in {x + 1)*** year, 
therefore reduced capital at end of {x + 1)^ year, is 

Ug + ru^- (»+ 1) ru^^ (1 - rx) w.; 

/. w^ = n (1 -r) (1 -2r) ... {1 - (aj - 1) r}, 
since when a? » 1, w, = n. Now this vanishes when aj = 1 + - , 

T 

which expresses the number of years the capitid will last. 
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100. The following are imtanoes of Greometrical Problems, 
which admit of being Bolved bj Finite Differences. 

1. To find a cnrve in which the chord ^P joining the 
extremities of any two ordinates PN, QM at a given distance 
from one another, when produced shall meet the axis of the 
abscissae at a constant distance firom the foot of either ordinate. 

then (y^ -y.) -i- h =y.-^ ^r^ ; 

m 

or y = Oif is the equation to the curve. 

2. To find a curve such that the portion of a straight line 
drawn through a fixed point in its plane and terminated by the 
curve, shall be of a constant length. Let p —f{0) be its equa- 
tion, then we must have for all values of d, 

As 9r is here the increment of d, let d = 9r«, and let/(9r2?) be 
denoted by W|, then u^^ + 1«,= c ; 

.-. u. = ic+C.(-l)', 

where 0, denotes any function of z that does not alter in value by 
the change of z into 2?+ 1. Now (—1)'= cos 7r«, and F (cos 2irz) 
fulfils the condition to which C, is subject ; 

/. p ^f{0) = ic + jF (cos 2d) . cos 0, 

the equation to the required curve. If ^^(cos 20) = J, this be- 
comes p = ic + J cos d; which represents a circle if 6 = 0. 

3. To find a curve such that any n radii drawn through a 
fixed point in its plane so as to make equal angles with one 

H. D. E. 13 
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another, and terminating in the carve, shall hare their sum 
invariable. 

^P-f{^) he the equation to the cnrve, and h denote the 
angle between two consecutive radii, we have 

or making 0=^hz^ and f{hz) = u„ 

t*.+„.i + w,+*^+ ... +ti»== c (1), 

the solution of which is 

1 , ^, 2irz . ^„ Awe 

t«, = - c + C7, cos h C, cos 

n n n 

+ C'" cos «H + &c. + (?.-' cos (H!^^:^)^ , 
n n 

for it is seen by summing the resulting series that any one of 

the values cos — • , cos — , &c. for t*,, satisfies (1), when c=0. 

XT 1 Stt ^, ^irz mhz md ^ ^, , 

Now suppose A = — , then — =• « — , and C, may be 

replaced by ^ (cos 29r«) =^ (cos w^, &c.; consequently the 
required equation to the curve is 

psa- C+^(C08Wl^ cos h^(C08«ld)C0S + ... 



+/^i(cosm^ cos ^^ J — . 



K wi = n, f^ (cos mff) = J, and if the rest of the arbitraiy 
functions vanish, we get 



p = -c + Jcos^. 



4. To find a curve such that the product of the two seg- 
ments of any straight line drawn through a fixed point in its 
plane to meet the curve, shall be constant. Tiip^f{ff) be the 
equation to the curve, then 
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/(^./(d + w)=c*; let 0^m, and/(w»)«ti,; 
/. u^ . ti, = c^, which gives (Art 86) 

since (7, is any function of z that does not alter in value when z 
is changed into «+ 1, and (— 1)' sscos^ri?; 

/. p^c{F{cob20)]^: 

Now jP(cos 26) denotes any function of cos 20 whose value does 
not alter by the change of into w+0; and may therefore be 
replaced by 

f i^(cos2g)-|-cosg ]co8» 

|j?'(C0S2^)-C08dJ ' 

which evidently has the property of not being altered by the 
substitution of tt + ^ for d; 



. p _( F{(iOs20)+co8 0) '' 
•'• c "" ti^(cos2^)-cos<^j ' 



which gives algebraic curves by assigning an algebraic form to 
the arbitrary ftmction F. Thus if n = i, and 

^, ^^ Va"-6«sin'^ ^, p Va'-i'sin^^ + icostf 
-F(cos2^=s then ^=: , , 

the equation to a circle. Several other interesting Problems of 
this description may be found in HerscheVs Examples. 

The following example supplies an omission at the end of 
Art. 84*. It is evident that v^^(f satisfies the equation 

u^- a (1 + 5.) tt^,+ a*5.t*.= 0, 

.-. w.= CB. and w,= ar {C'+ OS (PBLi)}. 

Suppose 5.=|±|, thenPB^,=^ ^g;^^ ^J"^^^ = ^^^^^ ^^^^y 

.-. S (-P-S«.i)=^^5 a»d ««« = «'(^'+^) is *t® solution of 
(a? + 3) tt^- 2a (» + 2) tt»^i + a" (a+ 1) u, = 0. 
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SECTION IV. 

SUMMATION OF SERIES. 



Int^;ration of the General Tenn. 

101. One of the most direct and important applications of 
the Calculus of Finite DifPerences, is the general method which 
it furnishes of assigning the sum of anj number of Terms of a 
Series, of the general term of which we are able to take the inte- 
gral. There will be two cases to consider, according as the 
general term is given explicitly in terms of the index, or is only 
given by means of an equation of differences. We shall begin 
with the former case, by shewing that the sum of any number of 
terms ending with the general term u„ is equal to the integral 
of the following term, together with a constant. 

Let 8^ denote the sum of the first x terms of a series whose 
general term is Ug, 

then fiw = t*j-hti,+ ...+w„ 

^.+i = «i + «*i+ — +«*. + «»+ii 

Making aj = 0, 8,^0^tu^-hC; 
or, as it is usually written, = Xu^ + C, 

In general the arbitraiy constant will be determined by the 
term with which we make the series commence. Thus, if we 
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make it begin with u^ instead of u^, this amounts to supposing 
the sum of the terms preceding u^y that is, Xu^ to be zero ; and 
therefore to determine the constant, we have 

102. As the summation of series, where the general term is 
given explicitly as a function of the index, thus resolves itself 
into the cases of integration treated of in Section II., it will 
only be necessary to give a few numerical examples; every 
expression integrated in that Section gives the sum of a series of 
which it is the general term. 

1. To find the sum of the first x terms of any progression of 
figurate nmnbers. In the r^ order the general term is 

_ x{x+l) {x + 2) ... (a;-»-r-2) 
""'^ 1.2.8...(r^l) ' 

.■.x.^- -'-Y.',-.t:r'' ^<^- f^-") 

St*, = 0+C=0; 

. r, _ a?(a? + l)»*(a? + r-l) 
•• ^'^ 1.2.8...r 

Similarly, for the series of inverse figurate numbers, except 
when r==2, that is, for the series l + i + J + J+...H — , 

X 

TP 1 1.2.3...(r-l) 

For we have w, = — t — nr^ — f. — -7;\ » 
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f!-(r iW ^ 1.2.3...(r-3) ) 

2. To find the soms of the Bqnares and cabes of the natural 
nnmhers. Here «,= a?= {x — l)x + x; 

. ^,. (a; -1) «(«+!) x{x+l) ^. 

and2u, = 0+ C=0; .*.»«= g • 

Again, u, = a? = x(a^-i) + x', 

. ^ (a;-l)a;(a; + l)(a; + 2) .xjx + rj^^ 

Sm, = 0+(7=0; 

Similarly, l« + 3»+5* + ... + (2»-l)»=^^^^^. 
1«4.3» + 5»+ ... + (2a!- l)»=2«*-ai". 

3. To Bom the series l*-2* + 3*-4* + ... ±a^. 
Herett. = (-irV; 

t^.t^.i^±i^^lizf.^O: (Arts,) 

.■.s^,-(-.r{'^-^+i}+c, 
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.-. 8,= (-.!)•« *^^tl) . SimUarly, 

2. l» + 2*. 2*+2».3»+ ... + 2V = 2'**(a; + l) (x-3) + (2***-l) 6. 
4. To find the stun of x teraa of the series 
1.1.1 



2« 



- 3* ■•" 4» - 3* "^ 6^^^ "^ **• 



"' = (2^rr3«- (2x-3H2x + 3) > '^^^*^^ ^ under Art. 48, 
JO 1 a; + l 1 6«+5 



18 (2aj+l)(2a;+3) 6* (2aj-l) (2a;+l) (2aj+3) ' 
and S^=T^' Similarly, 

1.2.3 2.3.4 3.4.5 {x + l) [x + i) 

5. 2.4. 7 + 4. 7. 13 + 8.13. 25 + 16. 25. 49 + &C. to asterms. 

Here M. = 2"(3.2"-' + l)(3.2"+l). 

Assume 2m^, = ^(3.2^'+1) (3.2' + l)(3.2«*'+l); (Art. 55) 

.-. tt„, = ^(3.2'+l)(3.2^ + l){3.2^ + l-(8.2*-> + l)} 

= ^^.2^(3.2"+ 1)(3.2"'+1); which gives ^=1, 



.-. 2«^, = ^ (3 • 2^*+ 1) (S-^* + 1) (3 . 2^» + 1) + C; 



S«, = ^-f.4-7 + C»0;, 
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/. fiL=^(3.sr« + l)(3.2' + l)(8.2^+l)-f . 
8.3 3.9"'"9.15 16. SS"^ 



Here «.=, ^~^^' 



{(-2)'-l}{(-2r-l}' 



16 21 2 , 26 /2V J. * » 

.3 + 7-r-^. 5 -&c.toxterm8, 



2.3.4 3.4.5 3 4.5.6 V3, 



Here u = 16 + 5(^^-1) / .x^ 
Here «.- (^,+ 1) (^ + 2) (aj+3) ^ *^ * 

ABBome S«^. = (^ ^ 2) (a; + 3) ^~ ^)'' ^^- **^ 
then^=-3.and ... ^. = J - ^^-^^^^ (- i)-. 

Similarly for the sum of x terms of the series 
19 1 28 1 . 39 1 . 52 J_ 



1.2.3' 4 ^2. 3. 4 '8 ^3. 4. 5* 16 ^4. 5.6' 32 

"*• aj(«+l)(aj + 2)^*^ ' ^^ * (a; + l)(a; + 2)^*^ 

cos cos 20 "*" cos 20 cos 30 "^ cos 30 cos 40 "*" 
to a; terms. 

^'" "' = co8xgco8(a;+l)0 ' **''^^" (^'*- ^^^ 
^* 8m0 * 8m0 



Digitized by VjOOQ IC 



106 

Bind 
9. lco8d + 2cos 2d + 3co8dd + &c*9 to a^ tenns. 
Here w^j==:(aj + l) cos(a; + l)^, 

^ (a;4-l) 8in(a; + j^)g C08(a?4-l)g ^ 

^ 1 . cos ^ . ^ ^ rt 1 

^««=*+(2ri51^ + ^ = «' ••'^— (HEW 

a; gin {x + ^)0 , /sinJ^X* 
" 2Bmi« * VlmlT; • 

Hence also, if i», = lco8'^ + 2cofii'2d+ 3cos'3d + &c. 

then 2/8'. = l(l + cofl2^+2(l + co84^+<Scc. 

^ _ a? (a? H-l) . a; sin (2 a; + 1) g ^ / sin x0 \* 

10. aco8d + 2a'co8 2^ + 30*008 3d + &c., toa^terms. 
Here u^^^axfooBgcB^xv^^ suppose; 
/. 2w. = ajSv, - S*t?^i 

«?(a«ir^«l)t;.-J,(a»ir-l)«t.^,; (Art. 52) 

aj + 1 1 

0«i(<i?-a<so8^-3(a*-2«^icos^+a*co8 2^ + C; 

H. D. E. 14 
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jy a /I « /a sin 0\* 



where v^^oT cos x6. Similarly, if the general term be a?c^ cos xd. 
to X terms; 

X -J 1 i _1 ^ 

tt, = tan ' ■^— — —3 = tan-* ■;— — ; — — rr, 
• l+x+ar l+a:(a;+l) 

.-. 2«, = tan-*a+(7, (Art. 54) 

.'. 8, = 2tt„, - 2tt, = tan"" (« + 1) - iir. 

Here «„. = 2"tan"' ^ 



/. 2 «„, = 2* tan-* ^ + 0, (Art. 54) 
.'. 5, = 2«^,-SM, = 2'tan-'|i-tan-*d, and fi', = ^-tan-*^. 
And we maj similarlj shew for the series whose (a;+l)^ term is 
3. tan-* ( ^^^' ) 

that 8. = 3* tan"' ^, - tan"* 0, and 8,= - taxT 0. 



13. log cot 0+^ log cot 20 + i cot 4d+&c. to X terms. 

llogcot2'<? = 2Al 

1 
2==* 



Here tt^,= ^ log cot rd = 2A ^ log (2 sin 2*^ ; 



-•• '^.= ^i log (2 sin 2*0) - 2 log (2 sin ( 
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Recurring Series. 

103. We next come to the case where the general term is 
not given explicitly in terms of its index, but only certain rela- 
tions between the consecutive terms, or these and their indices 
are expressed. 

The equation of differences which determines the form of 
the general term, cannot always be solved ; when however the 
equation is linear with constant coefficients, its solution, as we 
know, can be effected ; and this happens for Becurring Series — 
the most remfurkable class of this sort of series. 

This equation when integrated will involve the same number 
of arbitrary constants as is expressed by its order: implying 
that that number of consecutive terms may be regarded as inde- 
terminate, and the remaining terms formed according to the law 
which the equation to the series expresses. 

A recurring series is a series in which an equation of the 
first degree with constant coefficients, holds good between a cer- 
tain definite number of consecutive terms, in whatever part of 
the series they be taken. For example, in the series 

3+5 + 9 + 17 + 33 + &c^ 

we have 9 = 3.5 — 2.3, 17 = 3 • 9 — 2 . 5, &c. ; and in general 

w.« = 3t/^^-2w^. (1) 

The integral of this is Ua. = c. 2* + c'; and assuming a and b 
for the first two terms of the series of which w, is the general term, 

a = 2c + c', 5 = 4c + c'; /. c = i(5 — a), c'=s2a — 5, 

so that w, = (5 - a) 2*"* + 2a - 5 ; 

and the series that has (I) for its equation is, in its most general 
form, a + i + (3ft - 2a) + (7ft - 6a) + &c. 

But for the series — —r H —- H -r + &c. we have 

n+l n+2 n+3 

{x + n + 2) u^- 2a (a; + n + 1) w«+i+ a* (aj + n) w,= 0, 
an equation with variable coefficients, giving u,= — ^— . 

•4? *T~ W 
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104. The general equation of every recnrring series is 

The series of coefficients which connects any term with the 
preceding ones is called the Scale of Relation. Tnns 

l+i>,+2>,+ ...+jp, = 

is the scale of relation of the recnrring series Whose eqtiiKion is 

105. A recurring series may generally be resolved into two 
or more geometric progressions. 

For if a„ a,, a,, ... a, be the roots of the eqaation 

«"+A«""'+i^«»""*+ — +i'« = (2), 

the complete integral of the equation of the series is 

II, =t CjOj* + 0,^' + ... + c^a^'y (Art. 77) 

.-. u^ = c^a^'\-c^a^'\rc^a^+ ... +c^a^, 



and the proposed series consequently is transformed into 
c, («! + a/+ ... +a,*) + Cj(a, + a,»+ ... + a^") + &c. 

106. In the particular cases in which equation (2) has equal 
or impossible roots, the recurring series can no longer be resolved 
into geometric progressions; for the complete integral of the 
equation of the series becomes in those two cases, respectively, 

t/, = (C^ + CjCB + ... + Cr^fXT^) p' COS X0 

+ (c'o + c\x + ... + c\_^ar^) p' sin x0 + c^^fl*^^ + ... + c,a/. 
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107. Hence, to find, the general term of a recurring scries, 
we must integrate the equation expressing the relation between 
its successive terms, and determine the arbitrary constants by 
making the general term u« coincide with a sufficient number 
of given terms. When a series is known to be recurring, its 
equation may be determined by assuming it to be of the form 
(1) ; and then forming a sufficient number of equations for find- 
ing the coefficients p^, p^y &c. 2?,, by substituting the given 
terms in order. 

108. To find the sum of ^ terms of a recurring series. 
First, let its general term be of the form 

«, = Cjai*+c,a/+... + c,a/; then flL^Sw^^-Swj 

-"'^»- a,-l ^""^ a.-l +-+^- a.-i ' 
Secondly, let the general term be 

then since 

S«^«'^^ri-(^^n)'+(^Trif--^- (Art. 59), 

.•. iS, = 2u^j — 2ttj , is determined. 

Thirdly, let 
ti,=sp* (c^cosa^ + o/sin xff) + p*a; (c^ cosaj^ + c/ sino;^) 

+ pV (Cj cos afl* + Cj,' sin 05^) + &c., 
then each term to be integrated will be of the form 
ic"p'cos(a;^+a), 
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the integral of which may be found hj Art. 58, because 

is always assignable. 

Ex. 1. To find the sum of a; terms of the series 

1 + 5 + 17 + 53 + &c. 
Let the equation be w<^+i^w^i + ?u, = 0; 
then 17 + 5p + y = 0, 53 + 17p + 5j=0, which give p = — 4, 
j = 3, so that M^-4tt^i + 3w, = 0. 
Let w, = a'; then a' — 4a + 3=0; a = 3 or I; 

.•. tt, = Cj3* + c„ l = 3Cj + c,, 5 = 9o^+c,, 
which give Cj = f , o, = — 1, so that w, = 2 . 3*"* — 1 ; 

.-. a. = 3»-aj-l. 

Ex. 2. 2-a-a" + 2a'-a*-a' + 2a*-a'-&c. 

_ _i (2a;-2)7r 

Ug = 2a*^* cos ^^ ^ — ; 

o 

f. _ 2a**'cos^(2a;-2)Tr-2a'c08f7ra! + a + 2 

Ex.3. H-2 + 3 + 8+13 + 30 + 55+116 + &C. 
tt„-3«^,-2«. = 0, „. = |2« + i(3x-4)(-l)". 

^^^ 9 4 + ^ ^^ • 36 • 
Ex.4. 1 +4 + 18 + 80 + 356 + &C., to a; terms. 
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Here w^-4tt^-2u, = 0; 
.-. 2V6u.= (2 + V6)'-(2-V6)'; and 

i+Ve . 1-V6 

Application of the Int^;ral Calculus to the Sammation of Series. 

109, As integrals are often expressed by Series, so, con- 
versely, the latter may be represented by integrals; and it is 
often desirable to find the integral of which a proposed series 
is one of the developments, in order to subject it to the methods 
which we possess for calculating, at least approximately, the 
value of any integral taken between assigned limits. We 
proceed therefore to notice one or two processes given by Eul,er 
for efiecting this; they consist chiefly in performing certain 
operations on the series, by which it is transformed into another 
series which we are able to sum, or which is similar to the pro- 
posed one. 

110. Series which proceed according to the powers of some 
quantity <, affected with coefficients consisting of factors in 
arithmetic progression either in the numerator or denominator, 
may be summed by the aid of the Integral Calculus, the deno- 
minators being taken away by differentiation and the numerators 
by integration. 

Ex. 1. Let« = - + Y + -j +&c. (tooo), 
.-. j^(50=« + 2^ + 3e* + &c. 
/. ^.i^(«0==« + ^ + «' + &c. = j^; 

■■■-'-TT'-^' «-/*fr^-iog(i-<)H-ji.,+ c. 

log(l-<) . 1 . ^ 
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Ex.2. 8^—^t'{---^~^ 

a + /8 a + 2/8 a + n^ 

|/*{r5^,if....rs.....?5i,f"= 

••••■i'-'/*''-'-7i{?5f-n 

111. Series like the aTwre in which the coefficient of every 
term is the same function of the index of that term, may he 
readily summed by separation of symbols. Thus if we put < = c*, 

and denote^ by d, eo that /(d) c** =/(»») <^, the series in 

Ex. 2, taken to infinity, may be written 

_ a/3-&a «f I ft t 

which may be easily shewn to coincide with the preceding 
result when m is infinite. And in general the series 

/W ^+/(^ + r) r^+/(n + 2r) r*+ &c to m terms, 
becomes by putting f = «•, ^ = ei, 
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ThtiB tlie infinite series 

1 1 1- &c. becomes 

<^ + 2 ,jit , M . Jt , a. \_ <^ + ^ ^ 

d{d- 1) (rf-2) ^e'+^^+e^ + ^c-; -<;(^_ j) (^.g) i -«• 

U rf-i^<?-2y i-c» 

= Y-<- (1-3^ + 20 log (1-0- 

112. In the following instances the coefficient of any teim 
of the series is not a function of the index of an invariable form. 

^•^- '=^-^«T^^+ («4-/8)(«4-2/^) ^ 

a(a+5) (a + 2i) . « ,^ . 
+ (« + /3)(a + 2/3)(«H:3/^) ^+^^' (*<'")> 

c 

1 [■,,%-* J^ _^ o |*> 

7J«** "a-J''"a+/3+(a + /3)(a + 2)8)' 

■ a(o + ^) f*« 

■^ (a+/3) (a+2)3) (a + 3/3) +&c.; 



E. 15 
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hence, perfonning the differentiation, we find 

a linear equation of the first order for finding $. 

For the sum of m termd, we shall evid^tly have from 
equation (1) 

^ \ («+^) (« + 2)3) - {a + (m - 1) /8} *^ r 
Ex.2. - + — T^ rr + — 7 m — rrnA +&c. (tooo ). 

If we suppose o«J-«3, we gtts^e*^^!. 

1 7 1.2 7(7+1) 

a(a+lH« + 2) ^(^ + l)09 + a) 
+ 1.2.3 7(7+l)(7 + 2) *^ + *^-^****^- 

(^-«)5 + {(« + /9 + l)«-7)§ + «v8»-0, 
which is satisfied by »= (1 — «)"", when ^ =• 7. 

113. When consecutive denominators have only a single 
fiwrtor in common, or none at all, the following is a convenient 
mode ofsmnming the series. 

• o (a + J) (o + 2b) ^ (0+ 2i) (0 + 3J) (o + ih) 

+ &C. (to 00). 
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«. gy 1 

^^^ {a + xb){a+{x+l)b}{a + {x-\'2)b}'a + xb 



a-{'{x+l)b a + {x + 2)h' 

resolving all the terms by means of this formula, hj putting 
a? « 0, 2, 4, &c., we find 

12 2 2 2 

2yflf =. - - ^-j-^ + ^-j-^ - -p^ + — j-^ - &c. 






+ &c. (to op ) 



^ (o+ 36) (o + 46) (a+ 5J) (a + 66) 
114. We may obtain an expression for the sum of the 



senes 

X 



1 + 



where ^ («) is any function of «, by Lagrange's Theorem. 
For if y = « + a^ (y), then 

where 7- ^ (y) i^i^^ 1>^ obtained in terms of x and »^ fix)m the 

wy 

equation y^z-Vx^ (y). Suppose, for example. 
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»ndy = « + -(y-l), /. l-ay = Vl-aw+aJ'; 

. ,^x I d{>^-1) . «• 1 ^(^-1)' , 1 

••'■^r-2 (& ■*'l.2'2*' &» ""Vl-aee+a?* 

Hence if 

(l-2«» + a!»)"* = l + Z,a! + Zgaj'+...+Z^ + ..., 

,, „ 1 i'(g'-ir 
tlieii^ = 2.j^ &• • 

115. The fimction Z, has some remaikable piopertifis, of 
which the following may be noticed. 

From the formula 

/<fe , , . =»-=logWa-f fa;+A/-(cH-ex){- 

it is easily shewn that 

/;;.&(i-2«r,w/)-*.(i-«^.+^"*»iiog(i±f). 

.-. r<& (1 + -Z;or + ZfiV + ...).(l + Z,^ + Z,p+...) 

Hence the definite integral of every term of the product 
forming the first member that is not independent of r, most 
equal zero; 

116. To find an expression for the sum of the reciprocals of 
the n^ powers of the values of y, in the equation 

where ^ (y) denotes any function of y, aad z a quanti^ inde- 
pendent of if. 



I 
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Let «-y + ^(y) = C(o,-y) (a,-y) ... (o.-y), 

.•.il4^-i-.-!-.....-3- (., 



Now deyeloping the two members of this equation in powers 
of y, the general term of the second member is 

and by Taylor's theorem the general term of the first member, 
putting 1 - ^ <^ (y) =*/(y)i ^^ regarding /(y) -J- («-y) as a 
function of z and tf) (y) as the increment of «, is 

|r <&' \.« — y/ * 
But if /(y) - ^, +-4jy + ... + -4jr + ..., 

1 1 V »" 

«— y « ^ 

therefore the general term of^^^ is *^i- y", whatever be the 

form of /(z), if ^?r ^ restricted to such terms only as in- 
volve negative powers of z; consequently the general term 

^{MJ^M is mpil .y, and therefore of 
£f — y is 

hence equating coefficients of y** on both sides of equation (1), 
, -/(^) , d( f{z)4>iz) ) 1 <P{ f(z)f(z)) 
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Now pattmg tor f{z) its value, the general tenn maj be 
resolved into 

1 cT (4{{z)l 1 (T (i>'iz).f{z) \ 

of which the first and last will be destroyed bj the correspond- 
ing parts in the preceding and succeeding terms; therefore, 
changing n into n — 1, 

In 4>(^) n d WWl n dT f^^Wl . 

Bat the second member of this equation is what Lagrange's 
Theorem gives for the development of y~*, in the equation 
«— y + ^(y)— 0; therefore b^ is equal to the sum of those 
terms of the development of y"* which involve negative powers 
of z. 

117. By the help of the preceding Proposition it may be 
shewn that Lagrange's Theorem, applied to the solution of 
the equation 

gives an approximation to the least root. By what precedes, 
we have 

-^ 1 s**^ 1,2 & («**^J 

where each series is restricted to those terms which involve 
negative powers of z ; and the number of those terms increases 
with n, and if n be supposed very great, then each series may 
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he taken ad infimtnm. But whatever be the yalue of n, if both 
series go on ad infinitum, the value of the second member is 

^ = / = ^ + ^.-^(,)+^|{r-^«(.)} + &c., 

as given hj Lagrange's Theorem, and which maj be verified by 
actual multiplication ; therefore when n is infinite, 

limit of —=^=y, 

(y denoting that function of z which is given for the develop- 
ment of y*" by Lagrange's Theorem). 

But if Oi be the least of the roots a,^, a,, a,, &c., we have 
also (Theory of Algebraical Equations, Art. 156) 

limit of — =^ =»a/, when n is infinite: 
.". y ssaj*", and jf^a^ the least root 
118. To find the sums of the series 

sin a 2 sin 2a , 8 sin 3a . ^ ,. ^ 

cos a . oos2a . cos3a , o u \ 

i.v 1 picy«,n8inna j^^ cos na 
or the values of ^8r , . ,> , ^8^ -rm • 

First, we have {Triffcn. Art 155) 

— V ""f ^ ^ 5=e'*"+2(©cosaj + ©'cos2a:+p'cos3aj + &c.)«"*', 

l-2pcosa:+y vx- x- 

and integrating both sides fix>m x^O to x^a, and putting^s i, 
we get ^^ J (1 -«"**) + 

^ , ^ nsinng . ^ ^^^ oosna j^« * 
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Again, integrating from 0? = to a; s 2ir, and putting p^h 
we find 

which gives 2^5-j^.-.r.^±^-|, 

and snbstitating this value in the foregoing result, and calling 
the two sums we are in search of, 8^ and /9„ we have 

and changing the sign of £, 

theref<nre, adding and subtracting, 

,^opnsinna ir e***^-*' 



S,^'S' 



cosna TT e**""^ -f 6'^*'^ 1 



These formulsB were first given by Poisson, and may be con- 
sidered as embracing the chief results which have hitherto been 
obtamed relating to the summation of series of the sines and 
cosines of multiple angles. 

119. The definite integrals requured in the preceding in- 
vestigation may be found as follows. Suppose 

^'*l-2pcosaj+y 

to be the equation to a curve ; and let it be proposed to find the 
limiting value of its area, from a; = to a; ^ a, on the supposition 
that jp approaches continually to unity. First, we observe that 
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all the ordinates will be ultimately evanescent except those cor- 
responding to x^Oy 2wy 47r, &c., which will be very large, 

because for those values :r-—^ becomes a factor of the expression 

for y. We will begin by supposing that a < 27r ; and therefore 
the only ordinates that we are concerned with are those imme- 
diately succeeding that through the origin; so that, making 
^ » 1 — p, and then supposing x very small, we get successively 

y-p« + 4(l-p)sinHa;~p« + a:" ultimately, 
A I (iiy = 2 tan""*-, and 1 dbyp=i = 7r, making p = 0. 

J P J Q 

Next, suppose that the area is to be found from x = to 
fl7=29r; then, besides the area just found, there will be another 
portion immediately preceding the point for which a; = 2^; to 
find this latter portion put a; = 2^ — x', and call the ordinate y' ; 

then y'^ /^-^*) -'"-;", =^y. 
^ 1 — 2pcosaj+i> 

therefore the portion of the area immediately preceding the 
second limit = ttc-***; 

/. I dficyp-:i = 7r + 7re-^ 

•'o 

120. As the following important theorems in Definite Inte- 
grals are based upon the preceding investigations, we shall here 
give the proofs of them. As in Art. 118 we have 

y= (1-?>V(^)^ =/(a;) + 2*^«;>-cosn(c-aj)^./(a:); 

1 — 2pcos(c— a;) — +p* 

.-. j^dxy^x^ j^dxfix) -{'2'8'^ j^dxeoQn{c^x)^.f{x). 

Now, suppose c to be less than a, then for all values of x 
between 0? = — a and a; = + a,y is evanescent, except when a? =»c; 
if therefore we write x=ic-^z, supposing z exceedingly small, 
H. D. E. 16 
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and then integrate with respect to «, from « = to « = 7 any 
small finite value, and double the result, and make ^ = 1, we 

shall obtain the value of 1 danfp^u But making |?=a 1 — p, we 

have 

p^ + 4(l-p)sin»g 7^ 

/. 2a/(c)=|'^£fe/(a;)+2>>8f« ["^(ireosnCc-x)^ (1) 

X21. Hence 

+ cos (c - ic) — ./(x) + cos (c — a:) — ./(a?) + ...} ; 
therefore, making a infinite, 
y*(c) = - limit of — I dx {cos (c — a;) — + cos (0 — a?) h &c.}/(a:), 

or, /(c) = if dz {j^dx cos (c - a?) « ./(aj)| (Integ. Cal. Art. 116), 

a theorem given by Fourier, and included, as we see, in the 
theorem (1), which was first given by Poisson. 

122. When in physical questions a definite integral arises 
whose value cannot be exhibited in finite terms, or in a form 
convenient for numerical calculation, the method of Quadratures 
is used as a substitute for Integration. This meihod consists 
in taking a series of values of the function to be integrated, 
multiplying these by the differences of the corresponding values 
of the independent variable, and adding together all the results. 
The sum of such results approximates to the value of the de* 
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finite integral, as the intervals of the independent variable are 
diminished. The method is equivalent to adopting, for the area 
of a curve which a definite integral gives, the sum of the areas 
of a system of inscribed or circumscribed polygons. 

Let the equal intervals into which the independent variable 
X is divided be taken equal to unity, and let f{x) be the func- 
tion of a; to be integrated between assigned limits a and b. Take 
a value of it /(a + n — i) at the middle of the n^ of the intervals 
into which 6 — a is divided. If the intervals be very small, f{x) 
may be considered constant firom 

a; = a + n — 1 to x^a^-n^ 

or A*/(a;) may be neglected ; and the value of the definite in- 
tegral is 2/(a + w — i), where n is to receive in succession the 
vidues 

1, 2, 3, ...6 -a. 

For greater accuracy, suppose A'/(a?) to be constant from 

aj = d to a; = ft, 
or A'/ (a?) to be neglected. Then 

/(a + n-i + ;e^)=/(a+n-i)+;e^Af(a+n-i) + ^Ay(x), 
and the integral for the interval in question is 

fdzf{a+n-^ + z)j firoiti « = — ^ to « = J, 

The integral, consequently^ horn a to &^ is 

n receiving the same successive values as in the former case. 
In calculating the value of a definite integral by this method, 
the intervals are to be taken smaller as the variation of the func- 
tion is more rapid. 
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Conyergenoy and Diyeigeney of Series. 

123. A series u^ + w, + w, + ...+ u,+...(to oo ) is called con- 
vergent, if the sum «, of any number n of its terms approaches 
continually to a finite quantity « as its limit, when n is indefi- 
nitely increased ; and divergent in the contrary case. 

When a series is convergent, the sum of any number of 
consecutive terms after the n^ continually tends to zero, as n 
increases. For 

therefore, as n increases, the value of the first member con- 
tinually approaches to s — s, or zero, as its limit. This being 
true when m « 1, we see also that u^^, or the general term u^ 
continually tends to zero as n increases ; that is, each term is 
greater than the following one ; but this, although a necessary 
condition, is not sufficient to insure the convergenqr of a series. 
Thus in the series 

1 + 1 + 1+ +1. 
u» » - continually approaches to zero as n increases ; but 

^iM» "" *» ^^ ZTTT '» _ I c\ • • • • "I" " 



n + 1 n + 2 n + f» 

is evidently greater than — ; — >i, if m^n; and therefore 

the sum of n consecutive terms after the n^, does not drni ininK 
indefinitely as n increases ; consequently the series in question 
is divergent. 

124. In the geometrical progression 

a + aa? + aaj*+... + aaj*"* + ... (l), 



1-a; 
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Hence i£x < 1, when n is infinite a!^^Oy 

both which results shew that the series is convergent. 

But if 0? > 1, then w, = oaT'^ increases indefinitely with n, 
which alone shews that the series is diyergent. 

Hence the geometrical progression (1) is conyergent or diver- 
gent, according as a; is less or greater than unity; and it may 
be used as the test of the convergency or divergency of other 
series. For if a proposed series can be shewn to have no term 
greater than the corresponding term of (I) when x<\, then that 
series is convergent; or if a proposed series can be shewn to 
have no term less than the corresponding term of (1) when 
a; > 1, then that series is divergent. 

Thus in the series for e the base of the natural logarithms 

^^1^1.2^1.2.3^-^[n-l 
the terms which follow the n*"*, viz. 

[n [n + l [ n-f 2 

are evidently less than the corresponding terms of the geome- 
trical progression 

In [5 ^ \lt 
the sum of which is 

11 11 



In' I [n-l 'n-1' 
n 

and continually tends to zero as n increases. Therefore the 
proposed series is convergent; and the error in taking the 
aggregate of its first n terms for its sum, is less than the quo- 
tient of the n** term divided by n — 1. 
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126. From the measure of conyergexKy or divergency which 
a geometrical progression furnishes, we shall now proceed to 
deduce one or two other tests as given by Cauchj {Cours 
d* Analyse Alg&ynque). 

The series w^ + w, + ... + w^ -f u^^ ... is convergent if the 
limit of the ratio of u^^ to u^ when n is infinite, be less than 
unity ; and divergent in the contrary case. Suppose that as n 

increases indefinitely, the ratio -^ continually tends to become 

equal to a finite quantity ^ as its limit ; and let % denote a num- 
ber less than the difference between k and 1, so that the quanti- 
ties A; — t and A; + 1 are both less than 1 when h is less tiian 1, 
and both greater than 1 in the contrary case. Then by giving n 

a sufficiently large value the ratio -^^ may be made to lie 

between h — i and h-^-i for all superior values of n; and in the 
series 

w» + w»(* + *) + w»(A;+»T + ... 

every term of the second wiU be intermediate in value to the 
corresponding terms of the first and third. But the first and 
third series evidently decrease indefinitely if u^ does so, as n is 
increased without limit, provided k be less than 1 ; therefore the 
second series which is intermediate in value to these is conver- 
gent imder the same circumstances ; «and therefore the proposed 
series is convergent provided the limit of the ratio of u^^ to u, 
when n is infinite, be less than 1. Also the three series above 
written wiU all increase indefinitely if A; be greater than 1, and 
the proposed series is in that case divergent. The test of con- 
vergency or divergency is here presented in the form most 
convenient for application ; but it may be changed into the fol- 
lowing : if A; = 1, the test gives no result in either form. 

126. The series w^ + u,+ ... + w^+ ... is convergent, or will 

become so, if the superior limit of (wj* be less than 1, when n is 
infinite ; and divergent in the contrary case. 
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Let k denote the superior Kmit of (u,)* when n is infinite ; 
and first suppose ^ < 1 ; also, let a be any magnitude between 
Tc and 1, so that k<a<l\ then when n is increased indefinitely, 

(uj*" cannot approach indefinitely near to k without finally be* 
coming constantly less than cu Therefore it will be possible to 
take for n so large a value, that for that and all superior ralues, 
we may constantly have 

(w,)* < a, u» < a*. 

Consequently^ the proposed series will finish by always 
having its terms less than the corresponding terms of the geo- 
metrical progression 

and as this series is convergent, a being < 1, it follows that the 
proposed series will h fortiori end by being convergent. 

Secondly, suppose k>l\ and take, as before, a between 1 
and ky so that k>a>l. Then, when n is indefinitely increased, 

(tt»)* cannot approach indefinitely near to k without finally 
becoming constantly > a ; we shall therefore be able to satisfy 

the condition (mJ* > a, or w» > a*, by taking n sufficiently large ; 
and consequently we shall always find in the series 

V, + w, + ... + w, -f u^, + ... , 

an indefinite number of terms greater than the corresponding 
terms of the geometrical progression 

which is divergent, a bemg > 1 ; and therefore the proposed 
series will end by being divergent. 

127. It may be shewn that if as n increases indefinitely «. 
remains positive, and the ratio -^^ continually tends to become 

equal to a finite quantity i as its limit, the expression (u^)* 
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continuallj approaches to the same limit. For as in Art. 125, 
hy giving to m a value large enough, we may make each of the 

ratios -^^^ , -^^ , ... *** differ from A by a quantity as small 

t^a. t^flu.. Urn 



as we please; and consequently the geometric mean between 

these ratios f -=±5 j» meLjf by sufficiently increasing n, be made to 

differ from A; by a quantity i as small as we please. We shall 
therefore have, taking n sufficiently large, 

Now suppose n infinite, so that % becomes equal to zero, and we 
get 

limit of wL-*= limit of fM . 

128. Suppose that the series Wi + w, + ti,+ ... consists of 
both positive and negative terms; then tf v^, t?„ v,, &c. be the 
numerical values of these terms, so that Wj «= ± v^, ti^ « ± t?„ &c, 
it is evident that the sum of the proposed series can never surpass 
that of the series v^ + v, + 1?, + ... ; if therefore the latter series 

be convergent, that is, if (— ) < 1, the proposed series will 

be convergent; or if the latter series finish by having terms 

greater than any assignable magnitude, that is, if ( -^*^) > 1, 

the same thing will happen to the proposed series, which will 
consequently be divergent. Hence the above test is applicable 
to series consisting of both positive and negative terms, provided 
we use the numerical values of the terms without regard to 
signs ; and it fidls, as in the preceding case, when k^l. 

129. Let a^•^a^x + aJX? + ...•^a^a^+... (1) 

be a series arranged according to positive and ascending powers 
of the variable x; the coefficients being positive or negative; 
then, by what has been proved, this series will be convergent or 
divergent, according as kx. 
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where i 2= («_)*= -^> when n is infinite, 

18 ntunericallj less or greater than 1. Hence for all values of 
X between — r and + -r the series will be ccmvergent, and for 
all values of x beyond those limits it will be divergent. 

Ex.1. gL^-h°^^^"'^^a^ + ^^^"^)(^"^^a^+&c. 
1^ 1.2 1.2.3 •*^'^«^- 

Here -^** = = — li when n is infinite : 

«• n + 1 

therefore the series is convergent or divergent, according as x 
lies between + 1 and — 1, or without those limits. 

Ex.2. f + ^ + |!+&c., 



ti, = — , .% -5±L— -sa when n is infinite: 

therefore the series is convergent or divergent^ according as 
a< or >1. 

Ex.3. -+^+j^+_ + j^, 

-^^ =s 7 = 0, when n is infinite, 

w^ n+1 

therefore the series converges. Sindlarlj, it will appear that 
the series for sin a; and coso; are always convergent; and that 
for tan"^ x convergent for all values of x situated between + 1 
and^l. 

130. The series tij + u,+ ... +w, + ... is convergent, or 
will become so, if the inferior limit of ^ * be > 1, when n 

is infinite ; and divergent in the contraiy case. 

H.D. E. 17 
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liCt It denote the inferior limit of ^ ' when n is infinite, 

log- 

and first suppose k>l; also let a be any number between k 
and 1, 80 that k>a>l. Then when n is indefinitely increased, 



f or its equal i * cannot approach indefinitely near to 
log - ^^ ^ 

k without finally 'becoming constantly greater than a. There- 
fore it wiU be possible to take for n so large a value, that for 
that and all superior values we may constantly hare 

hg;i^>alogn>logn% or->n*, orti,<^. 

Consequently the proposed series will finish by always haying 
its terms less than the corresponding terms of the converging 
series (Ex. Art. 131) 

p + 25+F"*''"'"^;j=""^(n+l)-'*"^* 

and therefore will itself end by being, hjbritori^ convergent. 

Similarly, if A; < 1, it may be shewn that the proposed series 
will finish by being divergent. 

131. The series Uo + ttj + ti, + w, + ti^ + tig + &c (1), 

each term of which is less than the immediately preceding term, 

and the series u^ + 2^^ + 4tt, + Su^ + 16u„ + &c (2), 

are convergent or divergent at the same time. 

Suppose series (1) to be convergent and that its sum «*, 
then tio = Wo> 2Mi = 2^^, 4m, < 2m, + 2u, , 
8My < 2m, + 2u^ + 2m, + 2m„ &c; 
.•. M^ + 2Mj + 4m, + 8m, + 16Mj, + &c. 

<Mo + 2 (Mj +M^ + M, + &c.) < 2« -M^, 
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consequently series (2) is convergent. Next, suppose series (1) 
divergent, then 

u^^u^, 2Uj>Uj + u„ 4M,>w, + ti^ + w^ + w^, &c; 

/. Wj, + 2tti + 4u, + 8ti^ + i&c. >ttj^ + ttj + w, + tt, + &c., 

and is therefore divergent. 

Ex. Let series (l)bei5 + ^+^+ij + &c (8), 

then series (2) ia—-^—, + —, + -^-]r&c., 

a geometric progression convergent when wi>l, and divergent 
in the contrary case ; consequently series (3) will be convergent 
if m > 1, and divergent if m = or < 1. 

132. The alternating series w, — w, + w, — w^ + &c., is con- 
vergent, if the numerical value of the terms decreases without 
limit. ♦ 

For, by writing it in the forms 

Wi-w, + (tt, — uj +&C.; 
we see that it is > w^ — w, and < u^, and therefore is convergent. 

Thus the sum of the series r — o + Qr-7 + &c., 

X ^ «$ 4 

lies between 1 and - ; also the series ti. — j^s + ^ — 7^ + &c., 

J 1 2 o 4 

is convergent for all positive values of w. 

133. It is also shewn in the Work from which these tests 
of convergency are taken, that two converging series all whose 
terms are positive, will by their addition or multiplication pro- 
duce new converging series, whose sums result from the addition 
or multiplication of the sums of the former. K the proposed 
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series be imaginary, having its general term of the form 
v, + w^ V^, it may be resolved into the two series 

t;j + t?,+ ... + v,+ ..., V-1 (t^j + ii?,+ ...4-1^, + ...) — (1)> 

to which the foregoing tests may be applied separately. If we 
assume 

then »■, + 1(7% = p\, BO that v» and w, are both less than p^ ; if 
therefore the series of moduli p^ + p, + ... +p, + ... be con- 
vergent, then each of the series (1) will be convergent. 



Inteipolation of Series. 

134. When a series of values of a quantity has been obtained 
either by observation or calculation, it is of great importance to 
be able to insert other values between them, such as would have 
resulted from a similar observation or calculation, without the 
labour of performing these. This is the object of Interpolation ; 
and in this the Calculus of Finite Difierences finds one of its 
chief uses. More strictly, Interpolation of Series is the inserting 
among the terms of a given series, new terms subject to the 
same law as the first. In doing this, the terms of the series are 
considered as particular values of the function which expresses 
its general term, corresponding to a given regular succession 
of indices ; and it is the business of Interpolation to discover 
that general term ; or at least to assign such a function of the 
index as shall represent the given series of values, and, approxi* 
mately, all intermediate values. The problem thus requiring ub 
to assign the analytical expression of a function fix)m a limited 
number of its numerical values, is plainly indeterminate ; it is 
the same as to form the equation to a curve which shall pass 
through a limited number of points, whose abscissas represent the 
values of the independent variable, and the ordinates those of the 
function, without giving the species of the curve ; which, as is 
evident, may be done in an infinite varie^ of ways. But if the 
given terms are numerous and near to eadi other, the escpieieion 
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for the general tenn, within the limits of the given quantities, 
may be found to a great degree of acoiracy. 

135* There are two principal cases to be considered ; first, 
when the given values of /(a?), namely, 

/(a?x), /(^i + *), /(a^i + 2A),... */K + (n-l)A}, 



as we shall write them, correspond to values of the independent 
variable, x^j x^ + h, ajj + 2A, &c., a;j + (n— 1)A, in arithmetical 
progression. And secondly, when the' given values /(^J, /(a?J, 
•••/W> ^^ **!> **!»•••**»» correspond to values a?^, a:,,. ..a?,, of the 
independent variable, not obeying any assigned law. 

136. Having given u^, t«,, t«„ &c. u„ n values of a function 
f{x)f corresponding to the n values of the independent variable 
x^f aTj + A, ...ajj + (n— 1) A, to find an expression for any inter- 
mediate value /(ajj + k) . 

Since f{x + fiA) =/(a:) + nAf{x) + ^^^^ Ay (a:) + &c. 

(Art. 23), dianging x into a?^, and then replacing nh by £, and n 
by T we get 

. }c{k-h)...{k-{n-2)h} . 

■*■ |n-l.A--' ^ "«' 

in wlilcb, since 

Att, =«,-«„ 



A-«^ = «,-(n-l)«^, + ^^L^^^:i?l«^-&c....±u., 



(2) 



if we make A » 0, A, 2A, &c., (n — 1) A, the second member 
assumes the n values u^, u„...ti»; and not only this, but if we 
assume for k any value whatever between and (n — 1) A, we 
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Bhall obtain the yalne of the function corresponding to that yaloe 
of the independent yariable. 

137. In applying the above formula, the simplest mode 
is not to calculate Au^, A\, &c., by equations (2), but by 
continued subtraction of the given terms; that is, we must 
write down the series of given values u^, u,, ... ti», and subtract 
each from the succeeding one ; next subtract each of these dif- 
ferences from the succeeding difference ; then perform the same 
operation upon the new differences; and so on, till the process 
terminates ; the first terms of these series of differences are the 
values of Am^, A\, ... A""*Wj. Unless the terms of the given 
series by continued subtraction lead to a constant difference, the 
expression for /(ar^+A) will have as many terms as the given 
series of values has* 

Ex. 1. Having given the values of sin 30*, sin 31*, sin 32*, 
sin 83', to find sin (30* + h'),k being between and 180'. Here 



«.-.5 


A 






«, = . 5160381 


150381 


A* 




t^ « .6299193 


148812 


-1569 


A» 


u^ = .5446390 


147197 


-1615 


-46; 



.-. Au, = 0.0150381, L\ = - 0.0001569, L\ = - 0.0000046, 
.-. 8in(3tf> + A:') = .5 + ^Au. + ^fcJ5)A«t., 



60 



2.60* 



fc(A;^60)(fc-120) ,, 
■^ 2.3.60- ^''^• 

If i = 20, it will be found that sin 30^ 20' = .5050299, which 
is too large only by a unit in the seventh place of decimals. 

Ex. 2. Having given 

log 3.14 = 0.496929, log 3.15 = 0.498310, 

log 3.16 = 0.499687, log 3.17 = 0.501059 ; 
shew that log 3.14159 = 0.497149. 
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Ex* 3. Having given u^, u^, u„ u^^ four right a^senmons 
(declinations, longitudes, &c.) of the Moon at intervals of 12 
hours, to find its value t hours after the time corresponding to 
the second value. Here A == 12, ^ « 12 + <> and if the required 
right ascension = u, + S, then 

when developed in powers of ^^ , A* being written for Aw^, A' 
forA\,&c. 

138. Between every two consecutive terms of a given series, 
to interpolate any number of equidistant terms. 

Let ttj, w„ W3, &c., u^ be the given series, and let m — 1 be 
the number of equidistant terms to be inserted between eveiy 
two consecutive terms ; then the new series will be 

m tn m M 

If therefore t?^+j denote the r + l*** term of this series, we 
have 

0' ^r« = t*, + - Au, + -1-— s^A\ + &c. 

Hence, taking r from 1 to m - 1, we get the terms inserted 
between u^ and u^ ; next taking r from ?n + 1 to 2m — 1, we get 
the terms between w, and t*j ; and so on. The differences Au^, 
A\, &c., are to be computed by continued subtraction as in 
Art. (187) ; and the series for Vr^^ will have as many termsas 
the proposed series has, unless those terms by continued sub- 
traction lead to a constant difference. 

Ex. To insert three equidistant terms between every two 



Digitized by VjOOQ IC 



186 

conaecatiYe ones of the series 1, 7, 15, 26, 49, &e. Here m » 4, 
and 

A, 6, 8, 18, 21, 

A« 2, 5, 8, 

A* 3, 3, 

Or r (r-4) r (r-4) (r~8) _ 128 + 192r~4r>+r^ 
•••^r+i-l+4+ ig + 128 ■" 128 ' 

,,, . . , 317 504 695 ^ 1113 « 
and the senes is 1« — « • — « 7, • occ. 

139. The formula of Art. 136 may be presented under a dif- 
ferent form by changing k into a? — ajj, which gives 

/(a:)«w,+ — ^Att,+ ^ 1\ P ^A\ + &c 

(g-a?,)(a?-a;,-A)...{a?-a?,-(n-2)A} , ^ 

where f{x) is a fiinction of x which, as x assumes the n values 
a?t> ^ + *> &c*> ai + (n — 1) A, successively assumes the corre- 
sponding values Wj, tt,,...t*,; and for any other value of a: within, 
or not far beyond, the limits x^ and ajj + (n — 1) A, it gives the 
value of the corresponding interpolated term. If we put A « i, 
the formula is adapted to the case where the increment of the 
principal variable is unity. 

140. In any series of consecutive equidistant values of a 
ftmction, where one is deficient to insert that one. 

Let Uj, u^, u,, &c., u^ be the values of the function cor- 
responding to the values x^fX^ + A, ...ajj + (w — 1) A for x. Then 
assuming that A^'VjsO, or that the (n— 2)*"* differences are 
constant, which will almost always be the case in tabulated 
results, we have 
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an equation of the first degree from which any one of the yalnes 
as u^ may be found, if the rest be known. Having thus com- 
pleted tlfe system of values, we may interpolate any intermediate 
term f{x^ + k) by the method of Art 136. If two values out of 
n are deficienti then we must suppose 

A»"*Uj = 0, A«"^w, = 0, or 

/ «N . (»»-2) (n-3) o . 

v^^-(n-2)u„+^ 1^ -'ti^-&c±u, = 0, 

/ ox . (n-2)(n-3) - , 

which equations will suffice to determine any two of the values in 
terms of the rest In the same way any number of deficient 
terms may be inserted. 

Ex. 1. Given the 6ube roots of 121, 122, 124, 125, to find 
that of 123. 

11^ = 4.946088, tt, = 4.959675, te^ = 4.986631. v. = 5, 
A\ = tt.-4w^+6tt,-4w, + ttj = 0; 

•'• S *" ^ {^ K + «J - «*i - ^b) = ^•^73190. 
6 

Ex. 2. Given u^, u,, u^, u^^ to find ti^, u^, 
A\ = tt,— 4w^ -f- 6u, — 4i«,-f- Wj = 0. 
A\= tt,- 4w,+ 6^4 — 4tt, + w, = 0; 

W4 = j(j(-2Wi + 5ti,+ 10u.-3ttJ. 

Ex. 3. GKven the logarithms of 121, 122, 125, 126 equal 
respectively to 2.0827854, 2.0863598, 2.0969100, 2.1003705; 
shew that the logarithms of 123, 124, are equal respectively 
to 2.0899051, 2.0934217. 

141. We next come to the case where the given values 

/(«i)> /(a?,), &c., /(a?,), orwj, u^...yU^, 
H. D. E. 18 



Digitized by 



Googk 



138 

correspond to values x^^x^^ ...x^y not obeying any assigned 
law; and it is required to determine a rational integral function 
of n — 1 dimensions, /(or), which shall assume the n given values 
Uj, u„ ... tt„ when for x the values x^j a?,, a?,, &c., x^ are succes- 
sively substituted. 

Since /(a:) is of (n — 1) dimensions, we may assume 

/(^) ^ C C . J^. 

{x-x^ix-xj ...{x-x^) aj-a?j x-x^ aj-a:,' 

.-. /(a:)= C^ix-x;) {x^x^j „. (aj-ajj 

+(7,(a;-a;j) (a;-a;J ... (a?-a;,)+&c. + Cw(a:-ajJ {x-^-x^ ...(a:-a:^J. 

Now make a; = a;j, a;,, &c., a;., successively; and observing 
that the corresponding values of the first member are u,, t^. ..!<«, 
we get 

«*!= ^i(^i-^«) (a?i-a?i)-..(a?i-aj,), 

Wa= C;(a;,-a:J {x^-x;) ... {x^-x^ 



«n= C^^CaJn-a^i) (a?it-«j)... (a?«-a?^0; 
. ^/^N ^ ^ (a;-a;,)(a;-a?,)... (g-a?,) « 

(a?-a;,)(a;-a;,)...(a;-a;J ^ 
• (^i-«i) (^«-«.) - («?,-«?•) 
(a?-a?,)(a;-a;J...(a?-a;^,) 

which is Lagrange^s Theorem for interpolation. 

Ex. To find a function of x which, when «= 1, 3, 6, 12, 
shall assume the values 1, 7, 10, — 8. 

(a?-3)(a:-6)(a:-12) , , (a^- i) (a>-6) (a;^ 12) 
•^^^^"" 275711 '^^' 27379 

(a?~l)(a;~3)(a;-12) (a;- 1) (a;-3)'(a?-6) 

3.3 11.9.3 

142. To determine the maximum or minimum value of a 
function, from three of its values near its maximum or mini- 
mum, and the three corresponding values of the independent 
variable. 
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If u^y u^y U3 be the giyen values of 11, and x^^ a;,, x^ those of 
Xj we have 



{x-x^{x-x^ , («-a?i)(«-a;J , (a: - ajj) (a? - a:,' 
»(a?,-ajj(a?,-ajj •(a:,-a:,) (a?,-ajj '(aJa-a^J (a?,-aj, 

Hence, putting ^ = 0| w© fi^d 

Wj (a;, - a: J (2aj - a;, - ajg) + II, (a?, - a? J (2a5 -x^-x^ 
+ w, (a?j-aj^ (2a:-a?j-a?3) = 0; 



a;: 



■ 2ttj (a;, - ajj - 2w, (ay^-a^J + 2tt^ (a^j-a;^' 



the value of x at which u is a maximum or minimum. This 
formula is useful in various Astronomical problems, as for 
instance, to determine the meridian altitude of a heavenly bodj, 
when an observation exactly on the meridian cannot be ob« 
tained* 
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Davy's Fishing Excursions, 3 Scries ' 
Ephemera on Anglmg ... 7 
" 's Book of the Sahmm - 7 
Hawker's Young SportamaB - - 9 
The HnntiBg^FMd . - . « 
Idle's HinU on Shooting • - 10 
Pecft«t and tta« Mod ^ t * 
Practical HorsemAuship * - 6 
Ricbardson'a HorsFmanahSp - - IS 
Ronaldr Ply-Fish<rTEht4iii0l«gf 19 
SUble Talk and Table Talk - - 9 | 
Stonehenire on the Greyhound SO | 

Thacker's Course's Guide - - 21 
Tha Stud, for Practical PurpoMa - S 

Veterinary Medieine, d^e. 
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Stud (The) - - - 
Touatt's The Dog - - - 


. 




« 


S4 


« The How* - - 
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▼oyaires and ^Praireltta 

Aul4io's Ascent of Mont BtAae - 33 

Bainfes's Vaudois of Piedmont • S8 

Baker's Wanderings in Ceylote • 3 

Barrow's Contioenlal Tour - - SS 

Bartli's African Travels - - 8 

Berkeley's Forests of France - 4 

Burton'a East Africa - - - 5 

" Medina and Mecca - - 5 

Carlisle's Turkey and Grceca - f 

De Cuatinc's Russia - ■> 83 
Eothen -•----« 

Ferguson's Swiss Tranll • - 11 

Fleml'b Interiors - - - - 7 

Forester's Rambtaa in If oHrfty - S3 

" Sardinia and Corsica - 6 

Olronllre'a Phtllpplnaa - - * » 

Gregorovittst Corsica - - - S3 

Hallorao's Japan - . - - 8 

Hill's TtHTBls m Siberia - - » 

Hinchllff s Trav«>ls in the Altis • 9 

Hope's Brittany and the BlUa • S2 

^* Chase ill Brittany - - 32 

HoWittt Art Student in Miknioh - 10 

•« (W.) Vietoria - - - 10 

Hue's Chinese Empire - - - 10 

HucandOabefsTartaryftTWbH » 
Hudson and Eennedy's Monk 

BlAnc ... . - 10 

Hughesl Attatraliaa Celonica - S2 

Humboldt's Aspects of Natura - 10 

Hurihufs Pictures from Cuba - 22 i 

Hutchinson's African ExplotmUoli 23 

J ameson'a Canada- - - - 23 

Jerrmann's St. Pfetcnborf - - S3 

Laing's Norway . - - - 23 

" Notes of a Traveller - 23 

M'CluTe"* Norto-Weat Passag« - 17 

MacDottgall'sVoyageofth»j ru > iil «ta 13 

Mason's Zulus of NaUl - - 33 

Miles'B RAmblesitt Iceland - - 23 

0«born'S Qnedah - - •• - 16 

PfcifTer's Voyage round the WerM 23 

•« Second ditto . - - 17 

Seherzer's Central America - - 18 

Seaward •• Narrative - - - 19 

Snow's Ticrra del Foego - - 20 

Spotti«woode's Eastern Russia - 30 
Von Tempaky'a Mexico and G«a- 

lemala - - - - Si 

Weld's Vacations in Ireland - - 24 

•• United StatM and Camtte- S4 

Weme's African Waoderinra - 22 

WilberforeciBraxllft81ave-T»ad« 32 



Works of FietlOfi 

Cruikthank's Fatita!!" 



v,,-.....-^-^ • ' 6 

Howitt's TslUngetta - - - 10 

Macdonald's Vittd VeToechlo » 18 

Melville'* Confidence- Man - "18 

Moore s Epicurean - - - 18 

Sir Roger De Cove rley - - • W 

Sketches (The), Three Talea - 19 

Southey's The noctnr *c. - •20 

TroUope's Barche»ter Towert - 28 

" Warden - - - S» 



Digitized by 



Google 



ALPHABETICAL CATALOGUE 

of 

NEW WORKS and NEW EDITIONS 

PITBUBHED BY 

Messrs. LONGMAN, BEOWN, OEEEN, LONGMANS, and EOBEETS, 

PATERNOSTER ROW, LONDON. 



Miss Acton's Modem Cookery for Private 

Families, reduced to a Sjstem of Easy Prao- 
tice in a Series of carefullj-tested Beoeipts, 
in which the Principles of Baron Liebig and 
other eminent Writers hare been as much as 
possible applied and explained. Newlj-re- 
Tised and enlarged Edition ; with 8 Plates, 
comprising 27 Figures, and 150 Woodcuts. 
Fop. 8yo. 7s. 6d. 

Acton's English Bread-Book for Do- 
mestic Use, adapted to Families of erery 
grade: Containing the plainest and most 
minute Instructions to the Learner, and 
Practical Receipts for many yarieties of 
Broad ; with Notices of the present System 
of Adulteration and its Consequences, and 
of tho ImproTed Baking Processes and 
Institutions established Abroad. Fop. 8to. 
price 4s. 6d. cloth. 

AiMn.— Select Works of the British 

Poets, from Ben Jonson to Beattie. With 
Biographical and Critical Prefaces by Dr. 
AuuK. New Edition, with Supplement by 
XiTTor AiKiN ; consisting of additional Selec- 
tions from more recent Poets. 8to. price 18s. 

Arago (F.)— Biographies ofDistingoished 

Scienlifio Men. Translated by Admiral 
W. H. Smyth, D.C.L., F.R.S., Ac. ; the Rey. 
BadbnPgwxll, M.A. ; andBoBiRT GtRAUT, 
M.A., F.R.A.S. 8vo. 18s. 

Arago'8 Meteorological Essays. With an 
Introduction by Babon Humboldt. Trans- 
lated under the superintendence of Lieut.- 
Colonel E. Sabhtb, R.A, Treasurer and 
V.P.R.S. 8yo. 188. 

Arago's Popular Astronomy. Translated and 
edited by Admiral W. H. Smyth, D.C.L., 
F.R.S. ; and RoBEBTaBANT,M.A.,F.R.AS. 
In Two Volumes. Vol, I. 8vo. with Plates 
and Woodcuts, 21s. 

Arnold.— Poems. By Matthew Arnold. 

Third Edition of the First Series, Fcp. 
8yo. price 5s. 6d. 

Ar]iold.~Potm8. By Matthew Arnold. Second 
Series, about one-third new ; the rest finally 
elected from the Volumes of 1849 and 1852, 
now withdrawn. Fcp. 8yo. price &s. 



Lord Bacon's Works. A New Edition, 

reyised and elucidated; and enlarged by the 
addition of many pieces not printed before 
Collected and Edited by Robkbt Leslie 
Ellis, MA., Fellow of Trinity College, 
Cambridge; Jambs Speddikg, M.A. of 
Trinity College, Cambridge j and Douglas 
DxiroH Hbath, Esq., Barrister-at-Law, and 
late Fellow of Trinity College, Cambridge. — 
The publication has commenced with the 
Diyision of the Fhiloiophica/ Works^ to be 
completed in 6 vols., of which Vols. I. to 
III. in 8yo., price 18s. each, are now ready. 
Vols. IV. and V. are in the press. 

Joanna Baillie's Dramatic and Poetical 

Works : Comprismg the Plays of the Pas- 
sions, Miscellaneous Dramas, Metrical Le- 
gends, Fugitiye Pieces, and Ahalya Baee. 
Second Edition, with a Life of Joanna 
Baillie, Portrait, and Vignette. Square 
crown 8yo. 21s. doth ; or 42s. bound in 
morooco by Hayday. 

Baker. *- The Rifle and the Hound in 

Ceylon. By 8. W. Baksb, Esq. New 
Edition, with 13 Illustrations engrayed on 
Wood. Fcp. 8yo. 4s. 6d. 

Bakflr. — Eight Tears' Wanderings In Ceylon. 
By S. W. Baxeb, Esq. With 6 coloured 
Platei. Syo. price 15s. 

Barth. — Travels and Discoveries in 

North and Central Africa : Being the Jour- 
nal of an Expedition undertaken imder 
the auspices of Her Britannic Majesty's Go- 
yemment in the Years 1849 — 1855. By 
Henby Babth, Ph.D., D.C.L., Fellow of the 
Boyal Geographical and Asiatic Societies, 
Ac. Vols. I. to III., with 11 Maps. 100 
Engrayings on Wood, and 36 Illustrations 
in tinted Lithography, price 63s. — Vols. IV. 
and v., completing the work, are in the press, 

Bayldon's Art of Valuing Rents and 

Tillages, and Claims of Tenants upon 
Quitting Farms, at both Michaelmas and 
Lady- Day ; as reyised by Mr. Donaldson. 
Seventh idition, enlarged and adapted to the 
Present Time: With the Principles and 
Mode of Valuing Land and other Property 
for Parochial Assessment and Enfranchise- 
ment of Copyholds, under the recent Acts of 
Parliament. By Robert Bakes, Land- 
.Agent and Valuer. 8yo. lOs. 6d. 
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A Month in the Forests of France. By 

the Hon. Gbaittlet F. Bebkblby, Author 
of Reminiscences of a HutUsman, 8ro. with 
2 Etchings by John Leech (1 coloured). 
{Nearly ready. 

Black's Practical Treatise on Brewing, 

based on Chemical and Economical Princi- 
ples : With Formukd for Public Brewers, and 
Instructions for Prirate Families. New 
Edition, with Additions. 8to. 10s. 6d. • 

Blaine's EncyclopsBdia of Rural Sports; 

or, a coniplete Account, Historical, Prac- 
tical, and Descriptiye, of Hunting, Shooting, 
Fishine, Baoing, and other Field Sports and 
Athletic Amusements of the present day. 
New Edition, rerised by Habbt Hibotxb, 
Ephembba, and Mr. A. Gbahax. With 
upwards of 600 Woodcuts. Sto. SOs. 

Blair's Chronological and Historical 

Tables, from the Creation to the Present 
Time : With Additions and Corrections from 
the most authentic Writers ; including the 
Computation of St. Paul, as connecting the 
Period from the Exode to the Temple. 
Under the revision of Sm Hbvbt Eliis, 
K.H. Imperial 8to. 31s. 6d. half-morooco. 

Bloomfield. — The Greek Testament, 

with copious English Notes, Critical, Phi- 
lological, and Explanatory. Especially 
adapted to the use ot Theological Students 
and Ministers. By the Ber. S. T. Bj^m- 
FIELD, D.D., F.S JL. Ninth Edition, rerised. 
2 Yols. 8to. with Map, price £2. 8s. 

Br. Bloomfield's College and School 

Edition of the Oreek Testament*. With 
brief English Notes, chiefly Philological and 
Explanatory, especially formed for use in 
CoUeges and the Public Schools. Seventh 
Edition, improved ; with Map and Index. 
Fcp. 8ro. 7s. 6d. 

Dr. Bloomfield's College and School 

Lexicon to the Greek Testament. New 
Edition, carefully revised. Fcp. 8vo. price 
lOs. 6d. cloth. 

Bourne. — A Treatise on the Steam-En- 

gine, in its Application to Mines, Mills, 
Steam-Navigation, and Bailw^s. By the 
Artisan Club. Edited by JohkBotjbnb,C.E. 
New Edition ; with 83 Steel Plates and 849 
Wood Engravings. 4to. price 27b. 

Bourne's Oateohism of the Steam-Engine in 
its various Applications to Mines, Mills, 
Steam-Navigation, Bailways, and Agricul- 
ture : With Practical Instructions lor the 
Manufacture and Management of Engines 
■of evciy class. Fourth Edition, enlarged j 
with 89 Woodcuts. Fcp. 8vo. 6s. 



Bourne.— A Treatise on the Screw Pro- 
peller: With various Suggestions of Im- 
Srovement. By John Boubkb, C.E. New 
Edition, thoroughly revised and corrected. 
With 20 large Plates and numerous Wood- 
cuts. 4to. price 38s. 

Boyd.— A Manual for Naval Cadets. 

Published with the sanction and approval 
of the Lords Commissioners of the Admi- 
ralty. By John M'Nbill Boyd, Captain, 
B.N. With Compass-Signals in Colours, 
and 236 Woodcuts. Fcp. 8vo. lOs. 6d. 

Brande.— A Dictionary of Science,Litera- 

tnre, and Art : Comprising the History, 
Description, and Scientific Principles of 
every Branch of Human Knowledge ; witii 
the Derivation and Definition of all the 
Terms in general use. Edited by W. T. 
Bbahdb, F.B.S.L. and E. ; assisted by Db. 
J. CAvmr. Third Edition, revised and cor- 
rected ; with numerous Woodcuts. Svo. 60ib. 

Professor Brando's Lectures on Organic 

Chemistry, as applied to Manufactures; 
including Dyeing, Bleaching, Calioo-Print- 
iiig, Sugar-Manu&ctiire, the Preservation 
of Wood, Tanning, &c, ; delivered before tiie 
Members of the i^yal Institution. Arranged 
by permission from the Lecturer's Notes by 
J. SooBFBBK, M.B. Fcp. Svo. with Wood- 
cuts, price 78. 6d. 

Brewer. — An Atlas of History and Geo- 
graphy, from the Commencement of the 
Christian Era to the Present Time : Com- 
prising a Series of Sixteen coloured Maps, 
arranged in Chronological Order, with Dlus- 
trative Memoirs. By the Bev. J. S. Bbswbb, 
M.A., Professor of English History and 
Literature in King's College, London. 
Second Edition, revised and corrected. 
Boyal Svo. 12s. 6d. half-bound. 

Brodie.— Psychological inquiries, in a 

Series of Essays intended to illustrate the 
Influence of the Physical Organisation on 
the Mental Faculties. By Sib Bekj-amut C. 
BB0Dis,Bart. Third Edition. Fop. Svo. 68. 

Bull — The Maternal Management of 

Children in Health and Disease. By 
T. BuLi^ MJ)., Member of the Boysl 
College of Physicians ; formerly Physician- 
Accoucheur to the Finsbury Midwifery 
Listitution. New Edition. Fcp. Svo. 5s. 

Dr. T. BvU'b Hints to Kothers on the Manage- 
ment of their Health during the Period of 
Pregnancy and in the Lying-in Boom : With 
mn Exposure of Popular Errors in connexioii 
with those subjects, &c.; and Hints upon 
Nursing. New Edition. Fcp. Svo. 5s. 
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Backmgham.— Autobiogntphy of James 

Silk Buckingham : Including his Voyages, 
Trayeb, Adventures, Speculations, Suc- 
cesses and Failures, frankly and faithfully 
narrated; with Characteristic Sketches of 
Public Men. Vols. I. and II. post 8to. 21s. 

Btmsen. — Christianity and Mankind, 

their Beginnings and Prospects. By 
Christian Chableb Jobias Bunsbk, D.D., 
D.C.L., D.Ph. Being a New Edition, cor- 
rected, remodelled, and extended, of Hip' 
polyius and his Age, 7 vols. 8to. £5. Ss. 

%• Thif Second Edition of the Hippolvtu* ii comno^^d 
of throe distinct work*, which may be had Beparately, as 
follows:— 

1. Hippolytna and his Age; or, the Beghmln^a ar.d 
Proipecto of Christianity. 2 vtds. 8vo. price £1 . lOs. 

2. Oatllne of the Philoeophy of Universal Histoty rp- 
plied to Language and Religion : Containing an Ac- 
count of the Ali^beUcal Conferences, 2 vols. 8vo. 
price £1. 138. 

8. AnalecU Ante-Nlcena. S vols. 8vo. price £2. 2a. 

Ban8en.—LyraGerman]ca: Hymns for 

the Sundays and chief Festivals of the 

Christian Year. Translated from the 

Gterman by CATHEBruE Winkwobth. 

Third Edition. Fcp. 8?o. 5fl. 

%• This selection of German HymnR has been made from 
a collection published In Germany ny tlie C hevalier Bu2f sjcir ; 
and forms a companion volume to 

Theologia Germanica: "Which setteth forth 
many fair lineaments of J)iTine Truth, and 
saith very lofty and lovely tilings touching 
a Perfect Life. Translated Oy Subakna 
WnrKWOBTH. With a Prefiioe by the Eer. 
Chableb Kingblef ; and a Letter by Cheva- 
lier Bunbew. Third Edition. Fcp.Svo.Ss. 

Bunsen. — Egypt's Place in Universal 

History: An Historical Livestigation, in 
Five Books. By 0. C. J. Bunbbk, D.D., 
D.C.L., D.Ph. Translated from the Ger- 
man by C. H. CoTTBELL, Esq., MJL. 
With many Hlustrations. Vol. I. 8vo. 288. j 
Vol. II. 8vo. 808. 

Burton (J. H.)— The History of Scotland 

from the Bevolution to the Extinction of the 
Last Jacobite Insurrection (1689-1748). By 
JoHiT Hill Bxtbtoh". 2 vols. 8vo. 26s. 

Bishop S. Butler's Qeneral Atlas of 

Modem and Ancient Gkography ; oompris- 
ing Fifty-two full-coloured Maps; with 
complete Indices. Kew Edition, nearly all 
re-engraved, enlarged, and greatly improved. 
Edited by the Author's Son. Boyal 4to. 
2^. half-bound. 

5 The Modern Atlas of 28 ftiU-ooloured Maps. 
The AMent A&wof 24'ftin-ookmTed Mapa. 
Royal 8vo. price 12s. 

BiBhop 8. Butler'B Sketeh of Modem and 
Ancient Geography. New Edition, tho- 
roughly revised, witn such Alterations intro- 
duced as continually projjressive Discoveries 
and the latest Information have rendered 
necessaiy. Post 8vo. price 78. 6d. 



Burton.— first Footsteps in East Africa ; 

or, an Exploration of Harar. By Bichabd 
F. BuBTON, Captain, Bombay Army. With 
Maps and coloured Plates. 8vo. 18s. 

Burton. — Personal Narrative of a Pil- 
grimage to £1 Medinah and Meccah. By 
Bichabd F. Bubtok, Captain. Bombay 
Army. SeccndHdiiion^Tey'ised; mihcolovaed 
Plates and Woodcuts. 2 vols, crown 8yo. 
price 24b. 

The Cahinet Lawyer: A Popular Digest 

of the Laws of England, Civil and Criminal ; 
with a Dictionary of Law Terms, Maxims. 
Statutes, and Judicial Antiquities ; Correct 
Tables of Assessed Taxes, Stamp Duties, 
Excise Licenses, and Post-Horse Duties; 
Post-Office Begulations ; and Prison Disci- 
pline. 17th Edition, comprising the Publio 
Acts of thoSession 1857. Fcp. 8vo. lOs. 6d. 

The Cabinet Oasetteer: A Popular Expo- 
sition of All the Countries of the World : 
their Government, Population, Bevenues, 
Commerce, and Industries; Agricultural, 
Manufactured, and Mineral Products ; Be* 
ligion, Laws, Manners, and Social State; 
With brief Noji^s of their History and An- 
tiquities. By the Author of The Cabinet 
Lawyer. Fcp. 8vo. 10s. 6d. cloth ; or Ids. 
bound in calf. 



** The author has neglected 
no modem sooroee onnfonn- 
atlon, and all his short, suc- 
cinct, and neat descriptions 
of the different places are 
qaite conformable to present 
knowledge. Sarawak, for 
example, in Borneo, is not 
omitted, and of San Fran< 
dsoo there is quite a detailed 
descrintion. The work is 
compiled with considerable 
oare, and in the 912 potfes 



that it oontidns there is a 
vast amount of geographical 
and topographical informa- 
tion pleasantly condensed, 
'llie Cabinet Gazetteer, 
though not intended to 
supersede more elaborate 
works, will, to some extent, 
have that effect; but it will 
be sure to find a large and 
permanent circulation of its 
own," 

ECOirOHIST. 



Calendar of English State Papers, Do- 
mestic Series, of the Reigns of Edward YI., 
MaiT, Elisabeth, 1647 — 1580, preserved in 
the State Paper Department of Her Ma- 
jesty's Public Record Office. Edited by 
RoBSBT LsKON, Esq., F.S.A., under the 
direction of the Master of the Rolls, and 
•with the sanction of Her Majesty's Secre- 
tAry of State for the Home Department. 
Imperial 8to. 15s. 

Calendar of English State Papers, Do- 
mestic Series, of the Reign of James I., 
1603—1610 (comprising the Papers relating 
to the Gunpowder Plot), preserved in the 
State Paper Department of H.M. Public 
Record Office. Edited by Mabt Akiib 
Etebstt Qbssn, Author of The Lives €f the 
Princesses qf England, &c., under the direc- 
tion of the Master of the Rolls, and with 
the sanction of H.M. Secretary of State for 
the Home Department. Imperial 8to. 15s. 
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Calvert. — The Wife's Manual ; or, 

Prayers, ThoughU, and Songs on Several 
Occasions of a Matron's Life. By the Bev. 
W. Calveet, M.A. Omamentea from De- 
signs' by the Author in the style of Qu^en 
Elizabeih*9 Fra^er-Book, Second Edition. 
Crown 8to. 10s. 6d. 

Carlisle (Lord).— A Diary in Turkish and 

Greek Waters. By the Bight Hon. the 
Babl of Carlisle. Fifth £diti(m« Pott 8vo. 
price 10s. 6d. 

Catlow.— Popular Conchology; or, the 

Shell Cabinet arranged according to the 
Modern System : With a detailed Account 
of the Animals, and a com^^te Descriptiye 
List of the Familiea and Genera of Becent 
a*l Fossil SheUs. By AeirES Catlow. 
Second Edition, much improved ; with 405 
Woodcut Illustrations. Post 8vo. price 14s. 

Cecil. — The Stnd Farm; or, Hints on 

Breeding Horses for the Turf^ the Chase, and 
the Boad. Addressed to Breeders of Bace- 
Horses and Hunters, Landed Proprietors, 
and especially to Tenant Farmers. By 
CzciL. Fcp. 6to. with Frontispiece, 5s. 

Cedl'B Stable Praotioe; or, Hints on Training 
for the Turf, the Chase, and the Boad; 
with Observations on Bacing and Hunt- 
ing, Wasting, Baoe-Biding, and Handi* 
capping : Addressed to Owners of Bacers, 
Hunters, and other H<M*ses, and to all who 
are concerned in Bacing, Steeple-Chasing, 
and Fox- Hunting. Fcp. 8to. with Plate, 
price 6s. half-bound. 

Chapman. — History of Gostavus Adol- 

phu8,and of the Thirty Years' War up to the 
King's Death : With some Account of its 
Conclusion by the Peace of Westphalia, in 
1648. By B. Chapkak, M.A., Vicar of 
Letberhead. 8vo. with Plans, ISs. 6d. 

Chevrenl On the Harmony and Contrast 

of Colours, and their Applications to the 
Arts : Including Painting, Interior Decora- 
tion, Tapestries, Carpets, Mosaics, Coloured 
Glazing, Paper-Staming, Calico-printing, 
Letterpress-Printing, Map-Coloiuring,Dress, 
Landscape and Flower-Gardening, &c. &c. 
Translated by Chasues Mabtbl. Second 
Edition; with 4 Plates. Grown 8vo. 
price 10a.6d. 

Connolly.— History of the Boyal Sappers 

* and Miners : Including the Sorvioes of the 
Corps in the Crimea and at the Sieee of 
Sebastopol. By T. W.J. CoKiroLLT, Quar- 
termaster of the Boyal' Engineers. Second 
Editiony revised and enlarged ; with 17 co- 
loured plates. 2 vols. 8vo. price 80s. 



Conyheare and Howson.— The Life and 

Epistles of Saint Paul : Comprising a com - 
plete Biography of the Apostle, and a 
Translation of his Epistles inserted in 
Chronological Order. By the Bev. W. J. 
CoKTSBABB, M. A. ; and the Bev. J. S. 
Howsoy, M.A. Second Edition^ revised and 
corrected ; with several Maps and Wood- 
cute, and 4 Plates. 2 vols, square crown 
8vo. Sis. 6d. cloth. 

%* The Original Edition, with more numaxMU Dlastn- 
tkni, in 2 vol*. 4to. prko 48*.— fuaj alaohe had. 

> Conybeare.— Estayi, EcdesJaitioal and Boeial : 
Beprinted, with Additions, from the 
Edinburgh Review, By the Bev. W. J. 
CoNYBEABE, M.A., late Fellow of Trinity 
College, Cambridge. 8vo. I2s. 

Dr. Copland's Dictionary of Practical 

Medicine : Comprising General Pathology, 
the Nature and TrMtment of Diseases, 
Morbid Structiunes, and the Disorders es- 
pecially incidental to Climates, to Sex, and 
to the different Epochs of Life ; with nume- 
rous approved Formuls of the Medicines 
recommended. Vols. I. and II. Svo. price 
£3{ and Parts X. to XYIII. 4e. 6d. each. 
*•* Part XIX., completing the work, i« nearly ready. 

Cotton.— Instructions in the Doctrine 

and Practice of Christianity. Intended 
oiiiefly as an Introduction to Confirmation. 
By G. E. L. COTTOF, MA. 18mo. 2s. 6d. 

Cresy's Encyclopaedia of Civil Engi- 
neering, Historical, Tbeofetical, and Prac- 
tical. Illustrated by upwards of 3,000 
Woodcuts. Second EdUion, revised and 
brought down to the Present Time in a 




Proporti< 

struction, Iron Screw Piles, Tubular Bridges, 
&7. 8vo. 68s. cloth. — The SupFUomrr 
separately, price IQs. 6d. cloth. 

The Cricket-Field ; or, the Science and 

History of the Qame of Cricket. By the 
Author of FrmeipUt of Seieni^ JBMtHn^, 
Saoond Edition, greatly improved; with 
Plates and Woodcuts. Fop. 8vo. prioe 60. 

Crosse.'— Memorials, Scientifie and Li- 
terary, of Andrew Crosse, the Electrician. 
Edited by Mrs. Cbossb. Post &fo. 9s. 6d. 

Cmikshank. — The Life of Sir John 

Falstafi*, illustrated by G^rge Cruikshank. 
With a Biography of the Knkht, from au- 
thentic sources, by Bobsbt B. Brouoh, 
Esq. Boyal Svo. — In course of publication 
monthly, and to be completed in 10 Kom- 
bers, each containing 2 Plates, price Is. 
The first 6 Kumbers are now ready. 
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JMj Cii9t'9 Invalid's Boo](.— The b- 

yalul's Own Book : A CoUeotioa of Beoipes 
^m yaiioiu Booka and various Countries. 
By th# Honourable Lady Cust, ISicond 
Edition, Fop. 8fo. price 2a. pd. 

Otle.^'-Tfae Domestic LitBrgy and Family 

Chaplain, in Two Parts : Paet I. Church 
Services adapted for Domestic XJbe, with 
Prayers for Every Day of the Week, selected 
fipom the Book of Common Prayer; Pabt 
n. an appropriate Sermon for Every Sunday 
in the Year. By the Bev. Thomas Dalb, 
M.A., Canon Besidentiary of St. Paul's. 
Second £diti<ni. Post 4to. 21s. oloth ; 
Sis. 6d. oalf ; or £2. lOs. morocoo. 



Separately { 



Thb Family Chapiaik. ISb. 
Thb DoMSsnc LiTUXor, lOs. 6d. 



Da?y (Dr. J.) — The Angler and his 

Friend ; or, Piscatory Colloquies and Fish- 
ing Exjcursions. By John Daty, M.D., 
F.B.S., &c. Fop. 8?o. price 68. 

ThA Angler in the Lake District : Or, Pisoatory 

Colloquies and Fialiing Excursions iu West- 
moreland and Cumberland. By John 
Dmtx, M.D., F.R.S, Fcp. 8vo. 6s. 6d. 

Delabeahe.— Report on the Geology of 

Cornwall, Devon, and West Somerset By 
Sib H. T. Dblabechb, F.B.S. With Maps, 
Plates, and Woodcuts. Svo. price 14s. 

PelaBive.^A Treatise on Electricity 

in Theory and Practice. By A. Db la Eitb, 
Professor in the Academy of Geneva. Trans- 
lated for the Author by C. V. Walkbb, 
F.B.S. In Three Volumes; with numerous 
Woodcuts. VoL I. Svo. price 18s. ; Yol. II. 
price 28s. — Vol. III. is in the press. 

De Vere.— May Carols. )3y Aubrey de 

Vebb, Author of T/te Search after Prosperine^ 
t^. Fop,8ro. &s. 

Discipline. By the Anther of'' Letters 

|k> my Unknown Friends," &c. Second 
Sdition, enlarged. 16mo. price 2s. 6d. 

Dodd.— The Food of London : A Sketch 

9f tiie chief Yaria^es, Sources of Supply, 
probable Quantities, Modes of Arrival, Pro- 
/eefwes of Manufacture, suspected Adukera- 
l^on, and Machinery of Distribution of the 
Food for a Community of Two Millions and 
a Half. By Geobgb Dodd, Author of 
^r^itA MMtivf^cturgt, &c. Post 8vo. lOs. 6d. 

E0toenrt— Masic <lie Voice of Harmony 

in Creation. Selected and arranged by 
Mary Jane Estoourt. Fcp. 8vo. 7s. 6d. 



The Eclipse of Faith ; or, % Visit to a 

Beligu>ui Sceptic. SthSdithn. Fcp. 8vo. 6s. 

]>0teM of Th« WiM# of Fsitli, ter its 
Authoft Being a Kajoin4er to Profiossor 
JHewmm'i Mfipi : Jncluding a full l^xAmi- 
nation of that Writer's Cntit^»m on the 
Character of Christ ; and a Chapter on the 
Aspects and Pretensions of Mo4ern Deism. 
Secomf EdUion, revised. Post 8vo. Ss. 6d. 

The Englishmaa's Greek CoQcordaoce of 

the New Testament : Being an Attempt at a 
Yerbal Connexion between the QreeK and 
the English Texts ; including a Concordance 
to the Proper Names, with Indexes, Greek- 
English and £nglish-0reek. Neif Edition, 
with a new Xf^de^. Boyal 8yo. price 42s. 

The Englishman's Hebrew and Chaldee' Con- 
cordance of the Old Testament : Being an 
Attempt at a Verbal Connexion between 
the Original and the English Translations ; 
with Indexes, a last of the Proper N^mes 
and their Occurrences, &c. 2 vols, royal 
8fo. £3. 13s. 6d. ; hu^e papar, ^, \U. 6d. 

Ephemera's Handbook of Angling; 

teaching Fly-Fisbine, Trolling, Bottom- 
Fishing, Salmon-Fishing : With the Natural 
History of Biver-Fish, and the best Modes 
of Catching them. Third Edition, corrected 
and improyed ; with Woodcuts. Fcp. 8vo. 5s. 

Eph0mera.~The Book of the Salmon: Com- 
prising the Theory, Principles, and Prac- 
tice of Fly-Fishing for Salmon; Lists of 
good Salmon Flies for every good Biver in 
the Empire : the Natural History of the 
Salmon, its Habits described, and the best 
way of artificiallv Breeding it. By Ephs- 
MBBA ; assisted by Akdbbw Youno. Fcp. 
8vo. with coloured Plates^ price I4s. 

F^jbaim.— Useful Information for En- 
gineers : Being a Series of Lectures delivered 
to the Working Engineers of Yorkshire and 
Jjancashire. With Appendices, containing 
tlie Besults of Experimental Inquiries into 
the Strength of Materials, the Causes of 
Boiler Explosions, &c. By Wixliah 
FiLiB9Ai»K, F.B.S., Fj(}.S. Second Edition ; 
with numerous Plates and Woodcuts. Crown 
8vo. price lOs. 6d. 

The Faiiy Fai^ily : A Series of Ballads 

and Metrical Tales illustrating the Fairy 
Mythology of Europe. With Frontispiece 
and Pictorial Title. Crown 8vo. 10s. 6d. 

nemish iQteiiors. By the W^r of 

A Glance behind ike Qnilet of Eeliffiout 
Houses in France, "Fcf. 870. 7s. 6d. 

B 4 



Digitized by 



Google 



NEW WORKS Am KEW EDITIONS 



Forester.— Travels in the Islands of Cor- 

Bica and Sardinia. By Thoicab Fobesteb, 
Author of Rambles in Norway, With name- 
rooB coloured Illustrations and Woodcuts, 
from Sketches made during the Tour by 
Lieutenant- Colonel M. A. Biddxtlph, BjL 
Imperial 870. [/» the pres$, 

Garratt— Marvels and Mysteries of In- 
stinct ; or, Curiosities of Animal Life. By 
GsOBOB G-ABBATT. Second EdUioH, reriaed 
and improyed j with a Frontispiece. Fcp. 
Sro, 4s. 6d. 

Gilbart.— A Practical Treatise on Bank- 
ing. By Jahes William Qilbabt, F.R.S., 
General Manaffer of the London and West- 
minster BanK. Sixth Edition, rerised 
and enlai^ged. 2 vols. 12mo. Portrait, 16s. 

Gilbart — Logic for the Million: A 

Familiar Exposition of the Art of Beasoning. 
By J. W. diLBABT, F.B.S. 5th Edition ; 
with Portrait of the Author. 12mo. 8s. 6d. 

The Poetical Works of Oliver Goldsmith. 

Edited by Bolton CoBNBT, Esq. Illustrated 
by Wood Enffrayings, fn>m Designs by 
Members of the Etching Club. Square 
crown 8to. cloth, 21s. ; morocco, £1. 16s. 

G0SS6. — A Naturalist's Sojoom in 
Jamaica. By P. H. GK>88B, Esq. With 
Plates. Post 8yo. price 14fl. 

Green.— Lives of the Princesses of Eng- 
land. By Mrs. Maby Anne Eybbbtt 
Gbbbn, Editor of the Letters of Boyal and 
Illustrious Ladies. With numerous Por- 
traits. Complete in 6 yols. post 8yo. price 
10s. 6d. each. — Any Volume may be had 
separately to complete sets. 

Mr. W. R. Greg's Essays on Political 

and Social Science, contributed chiefly to the 
Edinburgh Review. 2 yols. 8vo. price 240. 

Greyson.— Selections from the Corre- 
spondence of B. E. H. Gbbtsok, Esq. 
Edited by the Author of The Eclipse of 
Faith, 2 yols. fcp. 8yo. price 123. 

Grove. — The Correlation of Physical 

Forces. By W. R. Gbotb, Q.C., M.A., 
F.E.S., &c. Third Edition, 8yo. price 7s. 

Gnmey.— St. Louis and Henri IV. : Being 

a Second Series of Historical Sketches. 
By the Rey. Johk H. Gubkbt, M. A., Sector 
of St. Mary's, Maiylebone. Fcp. 8yo. 6s. 

Evening Beereations ; or, Samples from the 
Lecture-Boom. Edited by the Bey. J. H. 
Gubstbt, M.A. Crown 8yo. 6s. 



Gwilf s Encyclopsedia of Architecture, 

Historical, Theoretical^ and Practical. Bj 
J08BPH GwiLT. With more than 1,000 
Wood Engrayings, from Designs by J. 8. 
GwiLT. Third Edition. 8yo. 42s. 

Halloran.— Eight Months' Journal kept 

on board one of HJ£. Sloops of War. during 
Visits to Looohoo, Japan, and Pootoo. Bj 
Alvbed L. HALLOBijr, Master, BJT. With 
Etchings and Woodcuts. Post 8yo. 78. 6d. 

Hare (Archd6acon).'-The Life of Lather, 

in Forty-eight Historical Engrayings. By 
GusTiY EOKio. With E^lanaticma by 
Abohoeacon Habb and Subabva Wisx- 
WOBTH. Fcp. 4to. price 28s. 

Harford.— Life of Michael Angelo Buon- 
arroti: With Translations of many of hia 
Poems and Letters ; also Memoirs of Sayo- 
narola, Baphael, and Vittoria Colonna. By 
John S. Habfobd, Esq., D.C.L., F.B^, 
Member of the Academy of Painting of 
St. Luke, at Bome, and of the Roman Arch- 
SBological Society. With Portrait and 
Plates. 2 yols. 8yo. 25s. 

niuttrationi, Arehiteotnral and Pictorial, of 
the Qenius of Michael Angelo Buonarroti. 
With Descriptions of the Plates, by the 
Commendatore Canuta ; C. B. Cockxbeu;^ 
Esq., BA. ; and J. S. Habfobd, Esq., 
D.C.L., F.KS. FoUo, 738. 6d. half-bound, 

Harrison.— The Light of the Forge; or, 

Counsels drawn firom the Sick-Bed oi E. M. 
By the Bey. W. Habbisok, M.A., Domeatk 
Chaplain to H Jt.H. the Buchess of Cam« 
bridge. Fcp. 8yo. price 5s. 

Harry Hieover.—Stahle Talk and Table 

Talk ; or, Spectacles for Young Sportsmen. 
By Habbt Hiboybb. New Edition, 2 yols. 
8yo. with Portrait, price 24s. 

Harry meoTer*- The Hnnting-Iiald. ByHany 
HiBOTXB. With Two Plates. Fcp. Syo. 
6s. half-bound. 



[QCTdmamhfa. 
Edition', with 



Harry meover. — Fractieal H< 

By Habbt HiBOTBB. Second Edition-, 
2 Platea. Fcp. 8yo. 5s. half-bound. 

Harry Hleoyer.— The Pocket and the Stud; or, 
Practical Hints on the Management of the 
Stable. By Habby Hibotbb. Second 
Edition; with Portrait of the Author. Fcp. 
8yo. price 5s. half-bound. 

Harry meoyer.— The Stod, fas Praetieal Pur- 
poses and Practical Men: Being a Ghiide 
to the Choice of a Horse for use more than 
for show. By Habbt Hibotxb. With 2 
Plates. Fcp. 8yo. price 5s. half-bound. 



Digitized by 



Google 



PtTBLIBHTJD BY LONGMAN, BROWN, AND CO. 



Hassall. -Adulterations Detected; or. 

Plain Instructions for the Discovery of 
Frauds in Food and Medicine. ByABTHrR 
Hill Habsall, M.D. Lond., Analyst of TAe 
Lancet Sanitary Commiasion, and Author of 
the Reports of that CJommission pubhshcd 
under* tlie title of Food and Us Adulteratwns 
(which may also be had, in 8vo. prioe28s.) 
With 225 Illustrations, engra?ed on Wood. 
Crown 8vo. ITs. 6d. 

HassalL-A History of the British Fresh 

Water Alg« : Including Descriptions of the 
Desmide® and Diatomacece. With upwards 
of One Hundred Plates of Figures, illus- 
trating the various Species. By Abthur 
Hill Hassall, M.D., Author of Micro- 
'seopic Anatomif (f the Bnman Body, &c. 2 
voh. 8vo. with 103 Plates, price £1. 158. 

CoL Hawker's Instructions to Young 

Sportsmen in aU that relates to Guns and 
Shooting. lOth Edition, revised and brought 
down to the Present Time, by the Author's 
Son, Major P. W. L. Hawkbb. With a 
Portrait of the Author, and numerous 
Plates and Woodcuts. 8vo. 21s. 

Haydn's Book of Dignities : Containing 

Rolls of the Official Personages of the British 
Empire, Civil, Ecclesiastical, Judicial, Mili- 
tary, Naval, and Municipal, from the Earliest 
Periods to the Present TDime. Together 
with the Sovereigns of Europe, from the 
Foundation of their respective States ; the 
Peerage and Nobility of Great Britain ; Ac. 
Being a New Edition, imi)roved and conti- 
nued, of Beatson's Political Index. 8vo. 
25s. half-bound. 

Sir John Herschel.— Essays from the 

Edinburgh and Quarterltj RevUics, with Ad- 
dresses and other Pieces. By Sir John 
F. W. Hebschbl, Bart., K.H., M.A. 8vo. 
pri(!e ISs. 

Sir John HerscheL— Outlines of Astro- 
nomy. By Sia John F. W. Hebschbl, 
Bart., K.H., M.A. New Edition ; with 
Plates and Woodcuts. 8vo. price 18e. 

HilL-Travels in Siberia, By S. S. Hill, 

Esq., Author of J\'avefs on the Shores of 
the Baltic, With a large Map of European 
and Asiatic Bussia. 2 vols, post 8vo. 24». 

Hinchliflf.— Summer Months among the 

Alps : With the Ascent of Monte Rosa. 
By Thomas W. Hinchlifp, of Lincoln's 
Inn, Barrister-at-Law. With 4 tinted 
Views and 3 Maps. Post Svo. price 10s. 6d. 

Hints on Etiquette and the Usages of 

Society: With a Qlance at Bad Habits. 
New Edition, revised (with Additions) by a 
lisdy of Bank. Fcp. Svo. price Half-a-Crown . 



Holland. —Medical Notes and Reflec- 
tions. By Sib Henby Holland, Bart., 
M.D., F.E.S., Ac., Physician in Ordinary 
to the Queen and Prince Albert. Third 
Edition. Svo. IBs. 

HoUand.— Chapters on Mental Physiology. By 
Sib Hbnbt Hollaio), Bart., F.B.S., &c. 
Founded chiefly on Chapters contained in 
the First and Second Editions of Medical 
Notes and Rejlections by the same Author. 
8to. price lOs. 6d. 

Hook.— The Last Days of Our Lord's 

Ministry: A Coarse of Lectures on the 
principal Events of Passion Week. By 
the Bev. W. P. Hook, D.D. New Edition. 
Fcp. Svo. price Gs. 

Hooker.— Kew Gardens ; or, a Popular 

Guide to the Boyal Botanic Gardens of 
Kew. By Sib William Jaoesok Hookeb, 
K.H., Ac., Director. New Edition; with 
many Woodcuts. 16mo. price Sixpence. 

Hooker. — MoBenm of Ebonomio Botany; or, a 
Popular Guide to the Useful and Remark- 
able Vegetable Products of the Museum 
in the Boyal Gardens of Kew. By Sib W. J. 
Hookbb, K.H., Ac., Director. With 29 
Woodcuts. 16mo. price Is. 

Hooker and Amott— The British Flora : 

comprising the Phssnogamous or Flowering 
Plants, and the Ferns. Seventh Edition, 
with Additions and Corrections ; and nu- 
merous Figures illustrative of the Umbelli- 
ferous Plimte, the Composite Plants, the 
Ghrasses, and the Ferns. By Sib W. J. 
HooXBit, F.BAi. and L.S., Ac. ; and G. A. 
Wixkbb-Abitott, LL.D., F.L.S. 12mo. 
with 12 Plates, price 14s. ; with the Plates 
coloured, price 2l8. 

Home's Introduction to the Critical 

Study and Knowledge of the Holy Scrip- 
tures. Tenth Edition, revised, corrected, 
and brought down to the present time. 
Edited by the Bev. T. Habtwbll HoBim, 
B.D. (the Author) ; the Bev. Samubl 
Datidsok, D.D. of the University of Halle, 
and LL.D. ; and S. Pbidbaitx Tbegelles, 
IiL.D. With 4 Mi^ and 22 Vignettes and 
Facsimiles. 4 vols. Svo. £3. Ids. 6d. 

%* The Four Yolomes may also be had $eparatel» as 
follows ^- 

YoL. I.— A Smmnaiy of the Erldenoe f<Mr the OemdBeness. 
Authenticity, Unoorrapted Presenratkm, and InspinOionor 
the Holy Sofiptares. By the Bev. T. H. Home, B.D. . Svo. 158. 

Vol. n.— The Text of the Old Tmtameia considered : With 
a Treatise on Sacred Interpretation : and a brief Introduc- 
tion to the Old Te$tam0nt Books and the Apocrypha. 6yS. 
Davidson, D.D. (HaUe) and LL.D 8to. 2Sb. 

Vol. III.— a Stunxnaryof BiUical Geography and Anti- 
qnities. By the Bev. T. H. Home. B.D. Svo. ISs. 

Vol. TV.— An Introduction to the Textual Crittdsra of the 
K^w TmtameiU. By the Bev. T. H. Home, B.D. The 
Critical Part re-wrltten, and the remainder revised and 

edited by 8. P. Tregelles, LL J>. Svo. ISs. 
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NEW WOEKS AMD HEW EDITIONS 



Horne. — A Compendious Introdactien 

to the Study of the Bible. By the Ber. 
T. Habtwsll HoKin, B.D. New Edition, 
with Maps and Blastrations. 12mo. 98. 

Hoskyns.— Talpa ; or, the Chronicles of 

a Clay Farm : An Agricultural Fragment. 
By Chandos Ween Hosktns, Esq. Fourth 
Edition. With 24 Woodcuta from the 
origuial Deeigns by Geo&GB Cruikobask. 
16mo. price 5s. 6d. 

How to Nurse Sick Children : Intended 

especially as a Help to the Nurses in the 
Hospital for Sick Children ; but containing 
Directions of serrice to all who hare the 
charge of the Young. Fcp. Svo. Is. 6d. 

Hewitt (A. M.) — An Art-Student in 
Munich. By Aitka Mabt Howitt. 2 
Tols. post 8to. price 14s. 

Howitt— The Children's Tear. By Mary 

HowiTT. With Four Hlustrations, from 
Designs by A. M. Howitt. Square 16mo. 5s . 

Howitt— Tallangetta, the Squatter's 

Home: A Story of Australian Life. By 
William Howitt, Author of 2Vw Teatv in 
Fidoria, &c, 2 toIs. post 8fo. price 18s. 

Howitt.— Land, Lahour, and Gold; 

or, Two Tears in Victoria : With Visit to 
Sydney and Van Diemen's Land. By 
William Howitt. 2 vols, pott 8to. 2l8. 

Howitt— Visits to Bemarkahle Places : 

Old Halls, Battle-Fields, and Scenes iUuatra- 
tiTC of Strikine Pasaagea in English Histoir 
and Poetnr. By William Howitt. With 
about 80 Wood Engravings. New EdUion. 
2 vols, square crown Svo. price 25e. 

William Hewitt's Boy's ConntryBook: Being 
the Beal Life of a Country Boy, written 
by himself; exhibitin|f all the Amusements, 
Pleasures, and Pursuits of Children in the 
Country. New Edition; with 40 Wood- 
cuts. Fop. 8vo. price 6s. 

flowitt.— The Boral Lifis of KngUnd. Bj 
William Howitt. New Edition, cor- 
rected and revised; with Woodcuts by 
Bewick and Williams. Medium 8yo. 21b. 

Hnc- Christianity in China, Tartary, 

and Thibet. By M. P Abb^ Huo, formerly 
Missionary Apostolic in China ; Author of 
T/ie CAinete JSmpire, &c, 2 rah. 8?o. 2l8. 

Hue— The Chinese Empire : A Sequel 

to Hue and Gabet*s Jwtmey thnmgh TttrUiry 
and Thibet, By the Abb^ Hue, Cbrmerly 
Missionary Aposti^ in Chma. See(md 
Edition; with Map. 2 Tola. 8to. 24s. 



Hndson's Plain Directions for |faking 

Wills in conformity with the Law : With a 
clear Exposition of the Law relating to the 
distribution of Personal Estate in tha ease 
of Intestacy, two. Forms of Wills, and much 
useful information. New and enlargedBdi- 
tion ; induding the Provisions of Ihe Wills 
Act Amendment Act. Fcp. 8to. 26. 6d. 

Hudson's Executor's Guide. New and 

improred Edition; with the Statutes 
enacted, and the Judicial Decisions pro- 
nounced since the last Edition incorporated, 
comprising the Probate and Administration 
Acts for England and Ireland, passed in the 
first Session of the New Parliament. Fcp. 
8ro. {Juit ready: 

Hudson and Elennedy.— Where there's* 

a Will there 's a Way : An Ascent of Mont 
Blanc by a New Route and Without Ghiides. 
By the Rev. C. Hitdsow, M.A., St. John's 
College, Cambridge ; and E. S. ExKinsDT, 
B.A., Cains College, Cambridge. Second 
Edition, with Two Ascents of Monte Eoea ; a 
Plate, and a coloured Map. Post 8to. 56. 6d. 

Humboldt's Cosmos. Translated, with 

the Author*s authority, by Mbs. Sabikx. 
Vols. I. and 11. 16mo. Hadf-a-Crown each, 
sewed ; 3s. 6d. each, cloth : or in post Sto. 
12s. each, doth. Vol. III. post 8to. 
12s. 6d. cloth : or in 16mo. Part L 2s. 6d. 
sewed, 3s. 6d. cloth ; and Part 11. Sa. sewed, 
4«. cloth. 

Humboldt's A«peeti of Nature. TraniUted, 
with the Author's authority, by Mbs.Sabikb. 
16mo. price 6s. : or in 2 vols. 3s. 6d. each, 
doth I 2s. 6d. each, sewed. 

Humphreys. — Parables of Our Lord, 

illuminated and ornamented in the style of 
the Missals of the Renaissance by Hjbk&y 
Noel Huhfhsets. Square fcp. 8to. Sis. 
in massiTc carred coiers ; or 30s. bound in 
morocco by Hayday. 

Hunt — Researches on Light in its 

Chemical Relations ; embracing a Con- 
sideration of all the Photographic Processes. 
By ROBB&T Hunt, F.R.S. Second Edition, 
with Plate and Woodcuts. 870. lOs. 6d. 

Hutton.— A Hundred Years Ago: An 

Historical Sketch, 1755 to 1756. By Jakes 
Hutton. Post 8vo. 

Idle.— Hints on Shooting, Fishing, ftc., 

both on Sea and Land, and in the Froah- 
Water Lochs of Scotland : Being the Expe- 
riences of C. Idlb, Esq. Pop. Sto. 66. 
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Mrs. Jameson's liejgeode «f tbe SaijM» ^ 

and Martyrs, as represented in Christian 
Art : F^wAng -the Fwat Swiea of Sacrgd and 
Legendary Art. Third Edition, remed and 
improved; with 17 Etcliings and upward* 
of 180 Woodcuts, many of which are new 
in this Edition. 2 toIb. square crown 8?o. 
81s. 6d. 

Mrs. Jam6B<m'« Legends of the Ifonastio 
Orders, as represented in Christian Art. 
Forming the Second Series of Sacred and 
Legendary Art. Second Edition, enlai^ed ; 
with 11 Etchmgs hy the Author, and 88 
Woodcuts. Square crown 8vo. price 2^^ 

Mrs. JsmMon'B legdA^B of the Mirfonna, 
AS i^nsaeati^ in Christian Art : Forming 
the Third Series of Sacred wtd Legendarif 
Art. Second Edition, revised and improved : 
with numerous Etchings fVom Drawings by 
the Author, and upwards of 160 Woodcuts. 
Square crown 8vo. \Nearlg readff, 

Hts. Jameson's Oommonplace-Bcok of 

Thoughts, Me mo ries, snd Fftnoies. Original 
and Selected. Fart I. E thics and Character ; 
Part 11. Literature and Art. Second Edit. 
VDvised and corrected; with Etchings and 
Woodcuts. Crown 8vo. 18b. 

Xrs. lUneion'B Two Lectures on the Employ- 
ment of Women. 

L Simas of CHjLBtTT. Csthollc and Protestant. 

Abroad and at Home. Becond edition^ wHh new 

Preface. Fcp. 8vo. 4b. 
J. The CoM^ruKioir qf Laboori A Second Lecture on 

the Sodul Employments 6X Women, Fcp. 8Vo. ». 

Jaqnemet's Compendium of Chronology : 

Containing the most important Dates of 
Chenersl History, Political, EccleBiasttcal, 
and Literary, from the <>6ation of the 
W^orld to the end of the Year 1854. Edited 
by the Key. J. Alcobk, MA.. Second 
Edition. Post 8to. price 7s. 6d. 

Lord Jeffirey's Contributions to The 

Edinburgh ReTiew. A New Edition, com- 
plete in One Volume, with a Portrait en- 
graved l^ Henry Bobinson, and a Vignette. 
Square crown 8vo. 21s. cloth ; or 3(5. calf. 
— Or in ft Tols. 8vo. price 42s. 

Bishop Jeremy Daylor's Entire Works : 

With Life by Bishop Hbbbe. Berised and 
corrected by the Bev. Chables Fag^B Edbk, 
FeUow of Oriel College, Oxford. Now 
complete in 10 toIs. 8to. 10b. 6d. each. 

Johnsi^The Land of Biletice and the 

Land of Darkness. Being Two Essays on 
the Blind and on the Deaf and Dumb, By 
the Rev. B. 0-. Jobks, Chaplain df tlio 
Blind Bchool, St. Oeorge's Fields, South- 
wark. Fcp. 8?o. price 49. 8d. 



^o^BSton.— ▲ Dictionary of Geography, 

DescriptiTe, Physical, Statistical, and Histori- 
cal: Arming a complete General Gazetteer 
of *he World. By A. Keith Johnston, 
F.B.S.E., F.B.a.S., FX>.S., Geographer at 
Edinburgh in Ordinary to Her Majesty. 
Second Edition, thoroughly revised. In 1 
Tol. of 1,360 pages, comprismg about 50,000 
Names of Pkces. 8to. 86s. cloth; or half- 
bound in russia, 41b. 

Kemble.--The Saxons in England: A 

Siftory of th|S Epg<i»»b Commonwealth till 
the Worman Conqueet. By JoHir M. Kj»1- 
MUt, U.JL, &c. a vols. 8yo* 2S0* 

Eesteyen.— A Manual of the Domestic 

Practice of Medicine. By W. B . Kesteten, 
Fellow of the Boyal College of Surgeons of 
England^ &o. Square post 8to. Yb. 6d. 

Kilty and Spence's Introditction to 

Entomology; or, Eleynents of the Natural 
History oflnsects : Comprising an Account 
of Noxious and Useful Insects, of their Meta- 
morphoses, Food^ Strat^gemt, Habitations, 
Societies, Motion^, NoSe*, Hybernation, 
Instinct, &c. Seventh Edition^ tirith an Ap- 
pendix relative to the Origin and Progress 
of the work. Crown 8yo. 6«. 

Mrs. R. L^'s Elements of Natnrtd His- 

tory ; or, Blrst Principles of Zoology : Com- 
prising the Princif^es of Classification, inter- 
spersed with amusing and instmetiTc Ac- 
counts of the most remarlrable Anim^. 
New Edition; Woodcuts. Fcp. 8to. 7s. 6d. 

Letters to my Unknown Friends. iBy 

a LAi>f, Author of Letter* on Ht^ppiness, 
Fourth Edition. Fcp. 8r<). 5s. 

Letters on Happindss, &ddreas6d to a Friend. 
By a Lady, Author of Letters to my Unkno^i 
Friendi. Pep. 8to. 68. 

L.E.L.— The Poetical Works of Letitia 

Elizabeth Landon; comprising the Impro- 
watrice, the Venetian Bracefety the Golden 
Fioietfthe Tiouiadour^ and Poetical Bemains, 
New Edition ; with 2 Vignettes by B. Doyle, 
2 f ols. 16mo. lOs. cloth ; morocco, 21s. 

Dr. John Llndley's Theory and Practice 

of Horticidtiuf© ; or, an Attempt to explain 
the principal Operations of Cbtrdening upon 
Physiological Gh*oundd : B^ing the Second 
Edition of the Thforyof Horticulture^ mnch. 
enlarged ; with 98 Woodcuts. 8?o. 21s. 

Dr. John Lifadley's introduction to 

Botiny. New Edition, with Corrections and 
copious Additions. 2 toIs. 8to. with Six 
Plates and numerous Woodcuts, price 248. 

b6 
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NEW WORKS AKD NEW EDITIONS 



LARDNER'S CABINET CYCLOPEDIA 



or Sftory, Biography, Idteratnre, fhe Arts and Bdenoet, Vatnral Eiitory, and Mannfiftctaretf, 

A SeriM of Original Works by 

Thomas Kbiohtlbt, 
John Forstbr, 
Sir Walter Scott, 
Thomas Moorv, 
AND othbr Eminent Writsri. 
Complete in 132 vols. fcp. 8vo. witb Vi^ette Titles, price, In cloth. Nineteen Gulnefts. 
The Works teparatelg, in Sets or Series, price Three Shillings snd Sixpence each Volnme. 



Sir John Hbrschbl, 
Sir Jambs Macbintosh, 
Robert Southby, 
Sir David Brewstbr, 



Bishop Thirlwall, 
Thb Rby. 6. R. Qlbio, 
J. C. L. Db Sismondi, 
John Phillips, F.R.S., G.S. 



A lAti of the Works eompoting ihe CABrNBT Ctclopjbdia :— 



1. 
«. 

3. 

4. 
5. 
6. 
7. 

8. 

9. 
10. 
11. 
12. 

18. 
14. 
15. 

16. 
17. 

18. 
19. 
«0. 



Si. 

28. 

24. 



M. 
27. 
28. 
29. 
SO. 
31. 
32. 
SS. 



BeIVs History of RoMia 8vols.10B.6d. 

BeU'B Lives of British PoeU 2 vols. 78. 

BrewBter'B OptloB 1 vol. 8b. 6d. 

Cooley's Msritiine and Inland Discovery 8 vols. lOs. 6d. 

Crowe's History of France 8 vols. 10b. 6d. 

De Morgan on Probabilities I vol. Ss. 6d. 

De Sismondi's History of the Italian 

BapublicB I vol. 8b. 6d. 

De SlBmondi'B Fsll of the Roman Empire 2 vols. 7b. 

Donovsn's Chemistry I vol. 8b. 6d. 

Donovan's Domestto Economy 2 vols. 7a. 

Dunham's Spain snd Portngal 5 vols. 17s. 6d. 

Dnuham'B History of Denmark, Sweden, 

and Norway 8 vols. lOs. 6d. 

Dunham's History of Polsnd 1 vol. 8b. 6d. 

Dunham's Germaulo Empire 8 vols. lOs. 6d. 

Dunham's Europe during the Middle 

Ages 4v6U.14fl. 

Dunham's British DramatistB 2 vols. 7b. 

Dunham's Lives of Early Writers of 

Great Britahi 1 vol. 8b. 6d. 

Fergus's History of the United States . . 2 vols. 7s. 
Fosbroke's Grecian ft Roman Antiquities 2 vols. 78. 
Forster's Lives of the Statesmen of the 

Commonweslth 5 vds. 17s. 6d. 

Oleig's Lives of British MiUtary Com- 
manders 8 vols. lOs. 6d. 

Orattan's History of the NetherUnds .. . 1 vol. 8b. 6d. 

Henslow's Botany 1 vol. Ss. Od. 

HeradMl's Astronomy 1 vol. 3s. 6d. 

Hersdiel's Discourse on Natural PhOo- 

aophy 1 vol. 8s. 6d. 

History of Rome 2 vols. 7s. 

History of Switserland 1 vol. Ss. 6d. 

HoUand's Manuflujtures in Metal 8 vols. lOs. 6d. 

James's Lives <tf Foreign Statesmen .... 6 vols. I7s. 6d. 

Kater and Lardner's Meehanies 1 vol. 8s. 6d. 

Keightley's Outlines of History lvol.8s.6d. 

Lardner's AriUmietic 1 vol. 3s. 6d. 

Lardner's Geometry 1 vol. 8b. 6d. 



84. Lardner on Heat 1 vol. 8s. 6iL 

35. Lardner's Hydrostatics snd Pneumatics 1 vol. as. fld. 

86. Lardner and Walker's Electricity and 

Msgnetism 2 vols. 7s. 

87. Mackintosh, Forster, and Courtenay's 

Lives of British Statesmen 7 vols. Sis. CJ. 

88. Maddntosh, Wsllace, snd Bell's History 

ofEngUnd 10vols.85s. 

88. Montgomery snd Shdley's eminent Its- 

ILin, Spanish, and Portuguese Authors 8 vols. lOs. 6d. 

40. Moore's History of Ireland 4 vols. 14s. 

41. NlcoUs's Chronology of History 1 vol. 8s. 6d. 

48. PhiUips's Treatise on Geology 2vols.7s. 

43. Powell's History of Natural PhikMophy 1 vol. Ss. Od. 

44. Porter's Treatise on the Manufkcture of 

Silk lvoL8s.6d. 

45. Porter's Manufactures of Porcelsin snd 

Glsss lvoL8s.6d. 

46. Rosooe's British lawyers 1vqI.Ss.64. 

47. Scott's History of Scotland 2vols.78. 

48. Shelley's Lives of eminent Frendi 

Authors 2 vols. 7s. 

48. Shuckard and Swainson's Insects 1 voL Ss. 6d. 

60. Southey's Lives of British Admirals .... 6 vols. 17s. Od. 

51. Stebbing's Church History 8vols.7s. 

58. Stebbing's Histoiy of the Reformation. . 2 vols. 7s, 
58. Swainson's Disconrseon Nstural History 1 vol 8s. 6d. 

54. Swainson's Natural History and Glassl- 

flcatlon of Animals 1 voL 8s. 6d. 

55. Swainson's Habits and Instincts of 

AnimaU 1vol. 8s. Od. 

56. Swainson's Birds 2 vols. 7s. 

57. Swainson's Flsli, Reptiles, Ac 2vols.7s. 

58. Swabuon's Quadrupeds lvaL8s.6d. 

BO. Swainson's Shells and Shell-Ftoh 1 voL Ss. Od. 

60. Swsinson's Animals in Mensgeries 1 nA. Sb. Od, 

61. Swsinson's Taxidermy and Biography of 

Zoologists lvoL8s.0d. 

62. Thirlwall's History of Greece 8 vols. 2Bs. 



Iiinwood.~-Anthologia Oxoniensis, sive 

Florilegium o Lusibus poetiois diTersonun 
Oxoniensiam GrsBcis ot Latinis deoerptam. 
Oarante Gttlislmo LiNWOOl), M.A., iBdis 
Chrieii Alumno. 8to. price 14b. 

Lorimer's (G.) Letters to a Toong Master 

Hariner on somo Subjects connected with 
his Galling. New Edition. Fop. 8to. Ss. 6d. 

Loudon's Encyclopedia of Gardening: 

Comprisingthe Theory and Practice of Hor- 
ticulture, floriculture, Arboriculture, and 
Landscape- Gardening. With many hundred 
Woodcuts. New Edition, corrected and 
improved by Mrs. Lottdok. 8vo. 50s. 



London's EncyclopsBdia of Trees and 

Shrubs, or Arboretum et Frutieetum Britam' 
Mtdnn abridged : Containing the Hardy Trees 
and Shrubs of Great Britain, Katiyo and 
Foreign, Scientifically and Popularly De- 
scribed. With about 2,000 Woodcnts. 
Sto. 60s. 

London's Encyclopedia of Agriculture: 

Comprising the Theory and Practice of the 
Valuation, Transfer, Iiaying-out, Improro- 
ment, and Management of Landed Property, 
and of the Cultivation and Economy of the 
Animal and Vegetable Productions of Agri- 
culture. New and cheaper Edition; ^nth 
1,100 Woodcuts. Sto. 31s. 6d. 
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Lcfndon's Encyclopsdia of Plants : Com- 

TOising the Spedfio Character, De6oription, 
Culture, History, Application in the Arts, 
and ereiT other desirable Particular respect- 
ing all the Plants found in Great Britain. 
New Edition, corrected by Mrs. Lojtdov. 
With upwards of 12,000 Woodcuts. 8to. 
£8. 18s. 6d. — Seoond Supplement, 21s. 

London's Encyclopadia of Cottage, 

Farm, and Y ilia Architecture and Furniture. 
NewBdition, edited by Mrs. Loudok ; with 
more than 2,000 Woodcuts. 8vo. 68s. 

London's Self-Instraction for Tonng 

Ghurdeners, Foresters, Bailiffs, Land Stew- 
ards, and Farmers I in Arithmetic, Book- 
keeping, Geometry, Mensuration, Practical 
Trigonometry, Meclianios, Land-Surreying, 
Lerelling, Planning and Mapping, Architec- 
tural Drawing, and Isometncal Projection 
and Perspectiye. 8to. Portrait, 7s. 6d. 

London's Hortns Britannicns ; or, Cata- 
logue of aU the Plants found in Great 
Britain. New Edition, corrected by Mrs. 
Lorpov. 8to. Sis. 6d. 

Mrs. London's Lady's Conntry Compa- 
nion; or. How to Enio^ a Country Life 
Bationally. Fourth Edition, with Plates 
and Woodcuts. Fcp. 8to. 6s. 

Mrs. London's Amatenr Gardener's 

Calendar, or Monthly Ghiide to what should 
be avoided and done in a Ghurden. IGmo. 
with Woodcuts, 79. 6d. 

Low'sElements of Practical Agricnltnre; 

oomprehendinff the Cultiration of Plants, the 
HusMmdry of Uie Domestic Animals, and 
the Economy of the Farm. New Edition ; 
with 200 Woodcuts. 8to. 21s. 

Macanlay.— Speeches of the Eight Hon. 

Lord Macaulay. Corrected by Himsblv. 
8to. pri0el2B. 

. Macanlay. — The History of England 

from the Accession of James II. By 
the Bight Hon. Lord Maoavlay. New 
Edition. Yols. I. and II. 8to. price 82s. ; 
Tola ni. and lY. price d6s. 

Lord Macanlay's Critical and Historical 

Essays contributed to The Edinburgh 
Beriew. Four Editions, as follows : — 

1. X LnaiST Sdxtiov (the EifflUM\ in 8 Tolf . 8to. 

price 86». • 

2. Complete In Owe YoLxntm, with Portrait and Vig- 

nette. Square crown Sro. price Sis. doth; or 
80s. calt 

8. Another Xxw Enmcv, in 8 vols. fcp. 8vo. price 
aa.cloth. 

4. The Pbopls's Edition, in 8 volt, crown Svo. price 
8e. doth. 



Macanlay.— Lays of Ancient Rome, with 

Ivry and the Armada, By the Bight 
Hon. LoBD Maoavlat. New Edition. 
16mo. price 4s. 6d. cloth i or 10s. 6d. 
bound in morocco. 

Lord Macanlay's Lays of Ancient Rome. 

With numerous Illustrations, Ondnal and 
from the Antique, drawn on Wood by 
QteoTge Scharf, jun., and engrared by Samud 
Williams. Kew Edition. Fcp. 4to. price 
21s. boards ; or 42s. bound in morocco. 

Mac Donald. — Poems. By George 

Mao Bonau), Author of Within and With- 
out, Fcp. 8vo. 7s. 

Mac Donald.— Within and Withont: A 

Dramatic Poem. By Qxosgb Mao Dovaid. 
Second Edition, revised $ fcp. Svo. 4s. 6d. 

Macdonald. — THlla Verocchio ; or, the 

Youth of Leonardo da Yinci : A Tale. By 
the late Miss D. L. Macdokaij). Fcp. Sto. 
price 6s. 

MacDongalL— The Theory of War illns- 

trated by numerous Examples from His- 
tory. By Lieutenant -Colonel MaoDouoall, 
Superintendent of Studies in the Boyal 
Militaiy College, Sandhurst. Post 8to. with 
10 Plans of Battles, price 10s. 6d. 

M'Dongall.— The EventM Voyage of 

II.M. Ditcoveiy Ship Besolute to the Arctic 
JUgiom in Search of Sir John Franklin and 
the Mieting CrcKt of H.M. Litcovery Shins 
Erebus and Terror, 1852, 1858, 1854. To 
which is added an Account of her being 
fellen in with by an American Whaler, after 
her abandonment in Barrow Straits, and of 
her presentation to Queen Yictoria by the 
Goyernment of the United States. By 
Geobob F. M*Dougall, Master. With » 
ooloiured Chart; 8 Illustrations in tinted 
Lithofpraphy ; and 22 Woodcuts. 8to. price 
2l8. cloth. 

Sir James Mackintosh's Mlscellaneons 

Works : Including his Contributions to The 
Edinburgh Review. Complete in One 
Yolume ; with Portrait and Yignette. 
Square crown 8ro. 21a. cloth ; or 80s. bound 
in calf: or in 3 vols. fcp. 8to. 21s. 

Sir James Maokiiitoih's mitory of England 
from the Earliest Times to the final Esta- 
blishment of the Beformation. Library Edi- 
tion, revised. 2 vols. Svo. 2l9. 

Macleod.— The Theory and Practice of 

Banking: With the Elementaiy Principles 
of Currency, Prices, Credit, and Exchanges. 
By Henbt Dunning Macleod, ol the 
Inner Temple,£sq., Barrister-at-Law. 2 Tols. 
royal Svo. price SOs. 
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NEW WOBKS Ajn> KJBW EDITIONS 



MaenangM.— The Dooirine of lufipira- 

tion : Being an Inquiry conoerning \he In- 
fiillibility, Inspiration, and Authority of 
Holy Writ. By the Eev. Johk Mac- 
NAUOHT, M.A. Second EdUion, revised. 
Crown 8vo. price 4s. 6d. 

M'Culloch's Dictionary, Practical, Theo- 

retical* and HiBtorical, of Commeroe and 
Conuneicial Navigation. lUuatrated with 
Maps and Flans. N«w Edition, correeted 
to Uie Present Time ; with a Supplement. 
8vo. price SOs. cloth ; half-russia, 558. 

M^ulloch's Dictionary, Geographical, 

Statistical, and Historical, of the various 
Countries, Places, and principal Natural 
Objects in the Worid. IBustrated with Six 
large Maps. New Edition, revised; witli a 
Sopplemeni. 2 volt. 8vo. price 63s. 

Magoire.— Rome; its Ruler and its In- 
stitutions. By John Fkancxb BliocrniE, 
M.P. With a Portrait of Pope Pius IX. 
Post 8vo. price 10s. 6d. 

MaitlancL—The Church in the data* 

oombs : A Description of the Primitive 
Churdi of Rome. lUustrated by its Sepul- 
chral Remains. By the Rev. Chaslss 
Maitlako. New Edition i with several 
Woodcuts. 8vo. price 148. 

Out-of-Doors Drawing.— Aphorisms on 
Drawing. By the Rev. S. C. Malan, M.A. 
of Balliol College, Oxford ; Yicar of Broad- 
windsor, Dorset. Post 8vo. 3s. 6d. 

Mrs. Marcet's Conversations on Chemis- 
try, in which the Elements of that Science 
are familiarly explained and illustrated by 
Experiments. New Edition, enlarged and 
improved. 2 vols. fcp. Svo. price 148. 

Xri. Xaroet*! OonTenatioiis on Natural Phi- 
losophy, in which the Elements of that 
Science are familiarly explained. New Edi- 
tion, enlarged and corrected ; with 23 Plates. 
Fcp. Svo. price 10s. 6d. 

Martineau.— Endeavours after the Chris- 
tian Life : Discourses. By James Mas- 
TIKEAU. 2 vols, post 8vo. Ts. 6d. each. 

MartineaiL-'Hymni for the Christian Ohnrch 
and Home. Collected and edited by Jambs 
MABTiNKAtJ. Eieventh Edition, 82mo. 3s. 6d. 
doth, or 5s. calf; Ilflh EdUion, 32mo. la. 4d. 
oloth, or Is. 8d. roan. 

Martinean.— MisceUaniea : Comprising Essays 
on Dr. Priestley, Arnold's Life and Corre- 
mndence^ Church and State, Theodore 
Parker's Discourse of Religion^ ''Phases of 
Faith," the Chiuvh of England, and the 
Battle of the Churdies. By Jamss Mab- 
xnrsAU. Post Svo. 9i. 



Maunder'sedentifie ud Litorafjr Trea- 
sury : 1. nfiw «Dd |M:>pttlir Enc^elopsdia of 
Sci^oe and the Beiles-Lettoes ; indi&ding 
all branches of Soieoee, and swvj subject 
oonneoied with litaralaune and Art. Hew 
Edition. Fcp. Svo. price lOs. doth ; bound 
in roan, 12s. ; ealf, 12s. 6d. 

Maunder's Biographical Treasnry; con- 
sisting of Memoirs, Slcetohes, and brief 
Notices of above 12,000 Enanent Persons of 
All Ages and Nations, from the £ai4iest 
Period of History : FormiiigaBeiwattdoom- 
plete Dictionary of Universal Biography. 
Ninth Bdition,roviBedthroiig^ui. Fop^«. 
10s. doth; bonBdinroan,12B.;oaU;i2t.6d. 

Maunder's Treasnry of Knowledge, and 

Library of Reference. Compridingan Sng- 
lish Dictionarf and Ghwnmar, a Umvcml 
Gazetteer, a Classical Dictionary, a Chrono- 
logy, a Law Dictionary, a Syn<^>ais of Che 
Peerage, numerous useful Tables, &c. New 
Edition, carefully revised and connected 
throughout : With Additions. Fop. Svo. 
lOs. doth ; bound in roan, 12s.; oal^ 12a. 6d. 

Maunder's Treasuiy of MatursJ History; 

or, a Popular Diotionaiy of Animated 
Nature : In which the Zoological Character- 
istics that distinguish the diiibrent Classes, 
0enera, and Spedes, are combifred wttli a 
yariety of interesting Information illuBirative 
of the Habits, Instincts, and Qeneral Eco- 
nomy of the Animal Kingdom. With 900 
Woodcuts. New Edition. Ft^. %to^ price 
lOs. doth ; roan, 126. ; calf, 12b. 6d. 

Maunder's Historical Treasury; com- 
prising a General Introdnctoiy OntUne of 
Universal History, Andent and Modem, 
and a Series of separate HistcHiea of every 
prindpal Nation that exists $ iheir Aise, 
Progress, and Present Condition, the Moral 
and Social Character of their respedive In- 
habitants, their Reli^on, Manners and Cus- 
toms, &o. New Edition \ revised through- 
out, with a new Gbnebal Ihdxx. Fcp. €fo. 
lOs. doth ; roan, 12s. ; oal^ 12s. 6d. 

Maunder's Geographical Treasury.— 

The Treasury of Geography, Phrsioal, His- 
torical, Desoriptivo, and Political { oontain- 
ing a succinct Account of Every Country in 
the World : Preceded by an Introductory 
Outline of the History of G^eography ; a 
Familiar Inquiry into the Varieties of Bace 
and Language exhibited by difibrent Nations; 
and a View of the Kclations of Geography 
to Astronomy and the Physical Sdences. 
Commenced by the late SamtjeIi Maukdeb ; 
completed by William Huohes, F.R.G.S., 
late Professor of Geography in the CoUege 
for Civil Engineers. New E/ition \ with 7 
Maps and 16 Steel Plates. Fcp. Svo. lOs. 
cloth; roan, 129. ; calf, 12s. Od. 
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Melville.— The Confidence-Man: His | 

Hasqaerade. By HsBKA3r Mslttlls, Au- | 
thor of Ty^ee^ Omoo, Ac. Fcp. 8^0. 5s. | 

Merivale. — A History of the Romans j 

under the Empire. Bj the Bey. Chablbs 
Mbbitalb, B J)., late Fellow of St. Johii*8 
College, Cambridge. 8to. with Maps. 

Tols. I. «nd IL eomprialn« tb« Histocy to th* Fall of 
Juiiu$ Cmtar. Second Edition 28«. 

Vol. III. to the estoblishment of th« Mooarohy by Au- 
ffuahu. Second Edition 14s. 

V<^. IT. and Y. from AuffUfttu to CfJaudiui, B.C. 27 to 
JL.D. M 32e. 

Merivale.— The Fallof theRomanRepnb- 

lic : A Short History of the lAst Oentiuy of 
the Commonwealth* By the Ber. C. Mbbi- 
TAI.E, B.D., late FeUow of St. John's College, 
Cambridge. New Edition. 12mo. 7s. 6d. 

Kerivale.— An Ao^uit of titie life and Letters 
of Cicero. Translated from the G^erman of 
Absbbit ; and Edited by the Ber. Chablbs 
Hebiyalb, B.D. 12mo. 98. 6d. 

Merivale (L. A.)— Christian Records: A 

Short History of Apostolic Age. By L. A. 
Mbbiyalb. F<^ Sto. 7s. 6d. 

Miles.— The Horse's Foot, and How to 

Keep it Sound. Eighth Edition ; with an 

Appendix on Sho^ng in general, ai^ Honters 

in particular, 12 Plates and 12 Woodcuts. 

By W. MiLBS, Beq. Imperial 8yo. 12a. 6d. 

%• Two Ctatt or Models of Off Fm« Feet. No. 1, SkodM 
Ml Purpoae$, Ko.2,8kodwUhLeaam;aaMx,1San'u plan, 
may be had, price 8e. each. 

mies.— A Plain Treatiie ob Horie-Shodng. 
By William Milbs, Esq. With Plates and 
Woodcuts. Small 4to. price 6e. 

Milner's History of the Chnrch of Christ. 

With Additions by the late Ber. Isaao 
Milnbb, D.D., F.BJ9. A New Edition, 
verised, with additional Notee by the Ber. 
T. aBAirTHAM,B.D. 4 Tok. 8to. piioe 62s. 

Montgomery.— Memoirs of theLif^and 

Writings of James Montgomery : Including 
Selections from his Correspondence, Remains 
in Prose and Verse, and ConTcrsations. By 
John HoLLAKD and Jambs Btbbbtt. With 
Portraits and Vignettes. 7 Tols. post 8to. 
price £'S. ISs. 6d. 

James Montgomery's Poetical Works: 

Collectire Edition ; with the Author^s Auto- 
biographical Pre&oes, complete in One 
Volume ; with Portrait and Vignette. Square 
orown 8^0. price lOs. 6d. doth; morocco, 
21s. — Or, in 4 toIs. fop. Sto. with Portrait, 
and 7 other Plates, price 14i. 



Moore.— The Power of the Soul over the 

Body, oonsidered in relation to Health and 
Morals. By Gbobob Moobb, M.D. Ftfth 
EeUtum. Fcp. 8to. 6s. 



'* It shows that unless 
the inward principle be 
disciplined, purified, aad 
eulightened, vainly must 
we look for that harmony 



between mind and body 
80 neeeeaary to human 

enjoyment We would 

say, Read the)KK>k." 

ATHENiBUM. 



Xoore.— Man and hit Xotiyet. By Oeorge 
MoOBB, M.D. TMrd Edition. Fcp. 8vo. 6s. 

Xoore.~The Use of tht Body in relation to the 
Mind. By GBOBaB MoOBB, M.D. Tkird 
Edition, Fcp. 8to. 6s. 

Moore.— Memoirs, Journal, and Corre- 
spondence of Thomas Moore. Edited by 
the Bight Hon. Lobd John Bussbll, M.P. 
With Portraits and Vignette Illustrations. 
8 vols, post 8to. price 10s. 6d. each. 

Thomas Moore's Poetical Works : Com- 
prising the Author*s recent Introductions 
and Notes. The Traveler's Edition^ com- 
plete in One Volume, printed in Ruby Type; 
with a Portrait. Crown Svo. 128. 6d. cloth ; 
morocco by Hayday, 21s. — Also the Library 
Edition complete in 1 vol. medium Svo. with 
Portrait ana Vignette, 21s. cloth ; morocco 
by Hayday, 428. — And the First collected 
Edition^ in 10 vols. fcp. 8vo. with Portrait 
and 19 Plates, price 35s. 

Moore, — Poetry and Pictures from 

Thomas Moore: Being Selections of the 

most popular and admired of !^Ioore*8 Poems, 

copiously illustrated with higbly-finished 

Wood Engravings from original Designs by 

C. W. CoPB, R.A. F. R. PicxBDsaiLL, R.A. 

E. C. COHBOVU), 8. Kbad, 

J. CROPtxT, O. Thomas. 

E. DUTfCAW, P. TOPHAM, 

BXBKST FOSTBB, H. WaBRKK, 

J. C. HoBSLET, A.R.A. Habbisoit weib, and 
H. Lb JBum, F. WrarBO. 

Fcp. 4to., printed on tonod paper, and ele- 
gantly bound. {Nearlif readtf. 

Moore's Epicurean. New Edition, with 

the Notes from the collective edition of 
Moore* s Poetical Works ; and a Vignette en- 
graved on Wood from an original Design by 
D. Macusb, BA. 16mo. 5s. cloth; or 
12s. 6d. morocco by Hayday. 

Moore's Songs, Ballads, and Sacred 

Songs. New Edition, printed in Buby 
Type; with the Notes from the collective 
edition of Mooters Poetical Worksy and a 
Vignette from a Desi^ by T. Creswick, B.A. 
82mo. 2s. 6d >-An Edition in 16mo. with 
Vignette by B. Doyle, price 5s. } or 128. 6d. 
morocco by Hayday. 
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NEW WORKS IWD KEW EDITIONS 



Moore's Lalla Rookh: An Oriental 

Bomance. With 13 highly.fitUBhed Steel 
Plates from Original Designs by Corbould, 
Meadows, and Stephanoff, engrayed under 
the superintendence of the late Charies 
Heath. New Edition. Square crown 8to. 
price 15s. cloth i morocco, 28s. 

JCoore*! Lalla Bookh. Vew Edition, printed 
in Ruby Type ; with the Preface and 
Notes from the collective edition of Moor^i 
Poetical Wort*, and a Frontispiece from a 
Design by Kenny Meadows. 32mo. 2s. 6d. 
^An Edition in 16mo. with Vignette, 5s. ; 
or 12s. 6d. morocco by Hayday. 

Moore's Irish Melodies. A New Edi- 
tion, with 18 highly-finished Steel Plates, 
from Original Designs by 



C. W. Con, B.A. 
T. Cbxswxck^Bjl 
A. L. Eoe, A.K.A. 
W. P. FUTH. R.A. 
W. E. Fioffr, A.RJL 

J. C. UOBSLST, 



D. ItictiSB, RJL. 
J. K. MiLLAiB, A.BJL 

W. MlTLXXADT, BJl. 

J. Savt, 

F. Stoitb, A.R.A.; and 

£. M. Wamd, R.A. 



Square crown 8to. price 2l8. cloth ; or Sls.Gd. 
handsomely bound in morocco. 

Xoore*! Irish Melodies, printed in Baby ^pe ; 
with the Preface and Notes from the col- 
lective edition of Moor^t PoetictU Workt, the 
Adyertisements originally prefixed, and a 
Portrait of the Author. 82mo. 2s. 6d. — 
An Edition in 16mo. with Vignette, 6s. ; 
or 12s. 6d. morocco by Hayday. 

Xoore'i Irish Melodies. lUnstrated by D. 
Madise, B.A. New Edition} with 161 
Designs, and the whole of the Letterpress 
engrayed on Steel, by F. P. Becker. Super- 
royal 8yo. 81s. 6d. boards { £2. 12s. 6d. 
morocco by Hayday. 

Moore's Irish Melodies, the Music with 

the Words; the Symphonies and Accom- 
paniments by Sir John Sterenson, Mns. Doc. 
Ck>mpletein One Volume, small Music size, 
conyenient and legible at the pianoforte, but 
more portable than the usual form of Mu> 
sical publications. Imperial 8yo. 81s. 6d. 
doth ; or 42s. half-bound in morocco. 

Moore.— The Crosses, Altar, and Orna- 
ments in the Churches of St. PauFs, Knights- 
bridge, and St. Barnabas, Pimlico : A con- 
cise Beport of the Proceedings and Judg- 
ments in the Cases of Westerton r. Liddell, 
Home, and otliers, and Bcal v. LiddeU, 
Parke, and Eyans ; as heard and determined 
by the Consistory Court of London, the 
Arches Court of Canterbury, and the Ju- 
dicial Committee of H.M. Most Hon. Privy 
Council. By £DHrin> F. Moobb, Esq., 
M.A., Barrister-at-Law. Boyal 8yo. price 
12s. cloth. 



Morell.— Elements of Psychology : Part 

I., containing the Analysis of the InteUectnal 
Powers. By J. D. Mobbll, M.A., One of 
Her Majesty's Inspectors of Schools. Post 
8yo. 7s. 6d. 



Morning Clonds. [A hook of practical 

ethics, in form of letters of counsel, en- 
couragement, and sympathy, specially ad- 
dressed to young women on their entrance 
into life.] Post Svo. price 78. 

Moseley.— The Mechanical Principles of 

Engineering and Architecture. By H. 
MosBLXT, MA.., F.B.S., Canon of Bristol, 
&c. Seoond Edition, enlarged; with nu- 
merous Corrections and Woodcuts. 8yo.24s. 

Memoirs and Letters of the late Colonel 

Abmiki S. H. MouKTAlK, C.B., Aide-de- 
Camp to the Queen, and Adjutant- General 
of Her Majesty's Forces in India. Edited 
by Mrs. Mountain. With a Portrait drawn 
on Stone by B. J. Lane, A.E.B.A. Post 
8yo. 88. 6d. 

More.— A Criticd History of the Lan- 
guage and Literature of Ancient Greece. 
By Whjjak Mvbb, M.P. of CbldwelL 
Seoond Edition. Vols. I. to III. 8yo. price 
86s. } Vol IV. price 16s. ; Vol V. price 18s. 

Mniray^s Encyclopsedia of Geography ; 

comprising a complete Description of the 
Earth : Exhibiting its Relation to th« 
Heayenly Bodies, its Physical Structure, the 
Natural History of each Country, and the 
Industry, Commerce, Political Institutions, 
and Ciyil and Social State of All Nations. 
Second Edition ; with 82 Maps, and upwards 
of 1,000 other Woodcuts. Syo. price OOs. 

Neale. — The Closing Scene ; or, Chris- 
tianity and Infidelity contrasted in the Last 
Hours of Bemarkable Persons. By the 
Bey.EB8Ki2niNxAU,M.A. New£diti<ms^ 
2 Tols. fop. Sto. price 6s. each. 

Oldacre.— The Last of the Old Sqnires. 

A Sketch. By Csdbic Oldacbb, Esq., of 
Sax-Normanbury, sometime of Christ 
Church, Oxon. Crown 8yo. price 9s. 6d. 

Oshom. — Qnedah; or, Stray Leaves 

from a Journal in Malayan Waters. Bj 
Captain Shbbabd Osbobv, BJ(., C.B., 
Author of Stray Leaves from an Arciie Jour^ 
nal, and of the Narrative of the Diteovery of 
the North' Weii Fauage. With a coloured 
Chart and tinted Illustrations. Post 8yo. 
price lOs. 6d. 
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Osborn.— The Discovery of the North- 
West Passage by H.M.B. Investigator^ Cap- 
tain R M'Clttbs, 1850-1854. Edited by 
Captain Shsbabd Osbobn, C.B., from the 
Logs and Journals of Captain B. M*Oare. 
Second Edition, rerised ; Tvith Additions to 
the Chapter on the Hybernation of Animals 
in the Arctic Regions, a Geological Paper 
by Sir Bodbbick I. MuBomsoir, a Portrait 
of Captain MHTlure, a coloured Chart and 
tinted Illustrations. 8to. price 15s. 

OweiL— Lectures on the ComparatiYe 

Anatomy and Physiology of the Inrertebrate 
Animals, delirered at the Boysl College of 
Surgeons. By Biohabd Owen, F.B.S., 
Hunterian Pr(»9ssor to the College. Second 
Edition, with 235 Woodcuts. 8to. 2l8. 

Profbfior Owen*i Laetnrei on tlia Ck»mparfttiYe 
Anatomy and Physiology of the Vertebrate 
Animals, deliyored at the Bo^al College of 
Surgeons in 1844 and 1846. With numerous 
Woodcuts. Vol. I. 8vo. price 14s. 

Memoirs of Admiral Parry, the Arctic 

Navigator. By his Son, the Key. E. Pabby, 
M.A. of Balliol College, Oxford ; Domestic 
Chaplain to the Lord Bishop of London. 
Third Edition ; with a Portrait and coloured 
Chart of the North-West Passage. Fcp. 
8yo. price 5s. 

Dr. Pereira's Elements of Materia 

Medica and Therapeutics. Third Edition^ 
enlarged and improTed from the Author's 
Matmals, by A. S. Taylob, M.D., and 
Or, O. BBSS, M.D. : With numerous Wood- 
cuts. Vol.L8vo.28s.; Vol. II. Part 1. 21s. j 
Vol IL Part II. 24a. 

Dr. Pereira*! Leotores on Polarised light, 
together with a Lecture on the Microscope. 
2d Edition, enlarged from Materials left by 
the Author, by the Ber. B. Powbll, MA., 
&c. Fcp. 8to. with Woodcuts, 7s. 

Perry.— The Franks* from their First 

Appearance in History to the Death of King 
Pepin. By Waltbb C. Pbbbt, Barrister- 
at-Law, I)octor in Philosophy and Master 
of Arts in the University of G&ttingen. 
8vo. price 12s. 6d. 

Peschel's Elements of Physics. Trans- 
lated from the German, with Kotes, by 
E. Wist. With Diagrams and Woodcuts. 
8 toIb. fop. 8vo. 21t. 

Ida Pfeiffer's Lady's Second Jonmey 

round the Worlds From London to the 
Cape of Qood Hope, Borneo, Java, Sumatra, 
Celebes, Coram, the Moluccas &c., Califbmia, 
Panama, Peru, Ecuador, and the United 
States. 2 vols, post 8vo. 21s. 



Phillips's Elementary Introduction to 

Mineralogy. A Kew Edition, with extensive 
Alterations and Additions, by H. J. Bbookb, 
F.R.S., F.G.S. 5 and W. H. MrLura, M.A., 
F.G.S. With numerous Wood Engravings. 
Post 8vo. 18s. 

Phillips.— A Guide to Geology. By John 

Phujjfs, MAl., F.E.S., F.G.S., &c. Fourth 
Edition, corrected to the Present Tkne; 
with 4 Plates. Fcp. 8vo. 6s. 

Phillipi.~Fig:iiret and Defedptioiis of the 
PalfBozoie Fossils of Cornwall, Devon, and 
West Somerset ; observed in the course 
of the Ordnance G^logical Survcrv of that 
District. By John Phillips, F.B.S., F.GJ3., 
&c. 8vo. with 60 Plates, price 9s. 

Piesse's Art of Peritimery, and Methods 

of Obtaining the Odours of Plants : With 
Instructions for the Manufacture of Perfumes 
for the Handkerchief^ Scented Powders, 
Odorous Vinegars, Dentifrices, Pomatums, 
Cosmetiques, Perfumed Soap, &c. ; and an 
Appendix on the Colours of Flowers, Arti- 
ficial Fruit Essences, &c. Second Edition^ 
revised and improved ; with 46 Woodcuts. 
Crown 8vo. 8s. 6d. 

Captain Portlock's Report on the Geology 

of the County of Londonderry, and of Parts 
of l^rrone and Fermanagh, examined and 
described under the Authority of the Master* 
General and Board of Ordnance. 8vo. with 
48 Plates, price 248. 

Powell.— Essays on the Spuit of the 

Inductive Philosophy, the Unity of Worlds, 
and the Philosophy of Creation. By the 
Bev.BADBN PowiLL, MAl.,F.B.S.,F JLA.S., 
F.G.S., Savilian Professorof Geometry in the 
University of Oxford. Second Edition, re- 
vised. Crown 8vo. with Woodcuts, 12b. 6d. 

Pycroft's Coarse of En^ish Reading, 

adapted to everv taste and capacity : With 
Literary Anecdotes. New and cheaper 
Edition. Fcp. 8vo. price 5s. 

Baikes.— A Portion of the Jonmal kept 

by Thokab Baikss, Esq., froml881 to 1847: 
Comprising Beminiscences of Social and 
Political Life in London and Paris during 
that period. Vols. I. and II. {Second Edi- 
tion)^ post 8vo. 21s.; Vols. m. and IT. 
with IndeXf completing the work, price 21s. 

Reade. — The Poetical Works of John 

Edmund Beade. New Edition, revised and 
corrected ; with Additional Poems. 4 vols, 
fcp. 8vo. price 20s. 
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Dr. Beece's Hedical Guide : Compri^mg 

a complete Modem Dispensatory, and a 
Practical Treatise on the distinguishing Symp- 
toms, Caua^, Prevention, Cure, and rallia- 
tion of the Plseases incident to the Human 
Frame. Seventeenth Edition, corrected and 
enlarged by the Author's Son, Dr. H. Bsscb, 
M.B.C.S.,&c. 8to. 120. 

Bich'B Ulogtrated Cempamon to the 

Latin Dietionaryand Ghreek I^t^con I Form- 
ing a GI08SU7 of all the Words representing 
Visible Objects connected with the Arts, 
Manufactuws, and Every-Dar Life <^ the 
Ancients. With about 2*000 Woodcuts 
from the Antique, Post Qto. 21«. 

Wchwdson, — Fourteen Years' Expe- 
rience of Cold Water : Its Uses and Abuses. 
By CnptainM. BicnABDSON, late of the 
4th Light Dragoons. Post Sro. with 
Woodcuts, price 6§, 

'*The first object of tain RicbardsOB considers 
Captain Richardson's the bandage not only more 
book is to extend the use beneficial medically than 
of the cold-water cure to the sheet, but ranch more 
tbebumbler clasaes»by A easily applied, while it 
simpler mode of treat- i does not interruptaman's 
ment. This simplicity avocations, but can be 
principally consists in the ' worn even at work. The 
substitution of wet ban- 1 g:eneral expositions are 
dages covered by dry ban- • followed by directions for 
dagesforthe wet sheet and the treatment of diseases 
other processes of estab- . under the Captain's sys- 
lisbed hydropathy. Cap- 1 tem.'' Spectator. 

Horsemanship ; or, the Art of Riding 

and Managing a Horse, adapted to the Guid- 
ance of Jjadies and Gentlemen on the Boad 
and in the Field 1 With Instructions for 
Breaking-in Colts and Younff Horses. Bj 
Captain Biohabdson, late of the 4th Light 
Pragoona, With 5 Plates. Square crown 
8to. 14s. 

Household Prayers for Four Weeks; 

With additional Prayers for Special Occa- 
sions. To which is added a Course of 
Scripture Beading for Every Day in the 
Year. By the Bev. J. E. Biddle, M.A., 
Incumbent of St. Philip's, Xtcckhampton. 
Crown 8vo. price 8s. 6d. 

Riddle's Complete Latin^English and 

Enelish-Ijatin Piotionary, for the use of 
CoUeges and Schools. New and cheaper 
EdUioH, rwriaed and oorreotod. Sto. 2Li. 

**"'**^y {iJieSl&K^MSctUMuryllJ! 

BIdilO't DUmmid T4itli^EngHrii Di«tlMUiry. 
A Guide to the Meaoing, Quality, and 
right Accentuation of Latin daaaioal Words. 
Bioyai 32m». price 4i. 

Siddle'a Copious and Critical Latin- 

Eagliah L«uooii« fbuoded (m the Gennan- 
Latin DietionariM U l>t, William £Veund. 
Kewffik/cA«aptfr£ditiofi« P<)ft 4to. 8I0. 6d. 



Biyerp's Bose-Amateor^n Guide ; contdn^ 

ing iMnple Pescriptions of aU the fine lading 
yarietiea of Bosea, regnlarljr oUssed in their 
respectiye FamiUest their History and 
Mode of Culture. Fifth Edition, corrected 
and improved, iP'op, Sro. 8a. 6d, 

Dr. E. Robinson's Greel^ and English 

Lexicon to the Qitee\ Testament. A Hem 
Edition, reyiaed and ingJiMt partierwrittea. 
8yo. price I8s. 

Mr. Henry Rogers's Essays selected from 

Contributions to the Edinburgh Revino. 
Second and cheaper Edition, with Additions. 
8 yols. fcp. 8yo. 2l8. 

Dr. Roget's Thesaurus of English ^ards 

and Phrases elaasified and arranged so as to 
facilitate the Expression of Ideas and assist 
in Literary Compoattion. ftixth Edition, 
reyised and improyed. Crown 8yo. XOa. 6d. 

Ronalds's FlyTisber's Entomology : 

With coloured B^resentations of the 
Natural and Artificial Insect, and a few Ob- 
servations and Instructions on Trout and 
GrayUng Fishing. Fifth Edition, thoroughly 
revised by an Experienced FlyrPHsher ; with 
^ new coloured Flates. Sto. 14a. 

Rowton's Debater: A Series of conq^ete 

Debates, Outlinesof Debates, and Questions 
for Discussion; with ample Beferenoee to the 
best Sources of Information. New Edition. 
Fcp. 8vo. 68. 

The Saints our Example. By the Author 

of Letters to my Vnknovm Friendtf &c. Fcp, 
8yo. prioe 7s. 

Scherzer.— Travels in the Free States of 

Central America : Nicaragua, Hondura3, 
and San Salvador. By Dr. Cabl Sohbb£BB. 
With a coloured Map. 2 yds. post 8ro. 16s. 

maUornwteboftrdandfciiu^ 
•mngfaig fai > hanunorlr 



*'CentrBl Americ* is not 
an inviting place fbr Um» 
lounging trav^llMr. Tk^ 
roads are bad; there are no 
inns: food it scarce; the 
Dfiople aredisboiieat: sooun- 
oreu swarm; neither lifb 
nor prop«rty !• Mfo. Dr. 
ScherMr traveUad with 
guides of doubtftil fldollty, 
was fioroed to keap bis hand 
on hilB goa ana revolver, 
sometimes compelled to eat 
a few black beans or starve; 
now gropingat night through 
a forest now esoocltti m 
barafooted saUUaEB wiOiha- 



now s „ 

in » fiiiiur ^al: anco re- 
ceiving ilw President <^ a 
State by the light of a candla 
•tadc ki a hogla. A4ti«<tiiar 
having a hard and hazanloas 
life of it. Baft ha Atm not 
oomi^ain. A obeariar and 
braver travdler aaldom has 
mada hia wayiaiyaUaBdiah 

Tba Ctaitnl Aiaarioao quaa- 
tion wHi probably endow Dr. 
Scherier 8 book with an ad- 
diitiflna) aurakiop.'' 

"Dt, L. Bchmitz's History of Greece, from 

the Earliest Times to the Takisg of CkMnUith 
by the Bomans, B.C. 146, mainly based upon 
Bishop Thiriwairs History. Fourik Editidm^ 
with Supplementary Chapters <m the lite- 
rature and the Arts of Ancient GfMoe % and 
iiluatrated vith a Mw of Athena and 137 
Woodcuts, designed uom the Antique by 
a. Scharf, jun., F.S A., l&no. 7i. 6d. 
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Sorivenor's History of the Iron Trade, 

from theBwiiett B«oordi to the Fment 
Period. New Xdilioii» conmM, 6to. 
price 10i.6cL 

Sir Edward Seaward's Narrative of his 

Shipwreck, and oonteqnent Diacorerj of 
oerUdn lalande in the Caribbeen Sea. 
Third Bdition. 2 Tole. poet 8to. 21s.-* An 
Abjodquxxt, in Iftmo. prioe 28. 6d. 

The Sermon in the Monnt. Printed by 

C. Whittinghara, uniformlj with the Tkumd 
Bible: bound and clasped. 6imo. Is. 6d. 

Sewell.— Amy Herbert. By a Lady. 

Edited by the Rev. William Sbwell, B.D., 
Fellow and Tutor of Exeter College, Oxford. 
Kew Edition. Fcp. Sto. price 6s. 

Bewell.— The Earl's Daughter. By the 

Author of Ami/ Herbert, Edited by the Eev. 
W. Sbwell, 'B.D. 2 toIs. fop. 8?o. Os. 

Sewell. — Gertrude : A Tale. By the 

Auth or of Amu Herbert. Edited by the Bey. 
W. Sewell, B.D. Fcp. 8vo. price 6s. 

Sewell. —Margaret Percival. By the 

Author of Amy Herbert. Edited by the Ber. 
W. Sbwell, B.D. 2 toIs. fcp. 8fo. prioe 128. 

jy the same Author, New Sditione, 

lYors. 2 yols. fop. Syo. prioe 12f. 

Cleve Hall. 2 yols. fop. 8yo. prioe 12s. 

Katharine Ashton. 2 yols. fop. 8yo. 12s. 

The Ezperienoe of life. Fop. Syo. price 7s. 6d. 

Laneton Parsonage : A Tale flor Children, on 
the Practical Use of a portion of the Church 
Catecliism. 2 toIs. fcp. 870. price 12s. 

Readings for Xrerj Say in Lent : Oeo^ed 
from the Writings of Bishop Jbbbky 
Tatlob. Fop. 8to. prioe 5s. 

Baadings foraKonth preparatory to Cenf&nn*- 
tioa : Compiled from the Works of Writen 
of the Eariy and of the English Chorch. 
New and cheaper Bdition. Fop. 8to. 4s. 



Bowdler's Family Shakspeare : In which 

nothing is added to the Original Text; but 
those words and expressions are omitted 
which cannot with proprie^ be read aloud. 
Illustrated with Thirty-six Vignettes en- 
grayed on Wood from original Designs by 

G. COOKX, B.A. J V. BTOTHAJkD. V.1. 

«. COOKS. M I B. VHOMSOir. B.A. 

M. BOWABD, B.A. J B» WXfTALL, *.▲. 

H. SXKGLXTOir, J B. VOBDVOSSS, lUA, 

m. simiKB, B,A. f 

Neie Edition^ printed in a more oonrentent 

form. 6 yols. fcp. 8yo. prioe 80s. doth; 

separately, Ss. each. 

%* Tlie LiBEABT Ebitiov, with tha Mme IlliutntfoQS, 
In One Yoluxne, medium 8to. prioe file, oioth. 



Sharp's Mew British Gazetteer, or Topo- 
graphical Dictionary of the British Islands 
and Narrow Seas : Comprising concise De- 
scriptions of about Sixty Thousand Places, 
Seats, Natural Features, and Objects of Note, 
founded on the best authorities. 2 yols. 
8yo. prioe £2. 16s. 



We have ahead v had oc- 
«..ion to mention this book, 
and a careful examination or 
its contents liaa convinced us 
of ita great value. Tiie re- 
marlcable clearness with 
whieli ite condensations and 
abbreviations are made ap- 
pears to us its most ad- 
mirable feature. We have 
no book of similar bulk in 
the lansuaKe containing any- 
thing like the amount of in- 
Ibrmation of various kinds 
80 well arranged and so easily 
sooessible as in tl- is new gar 
zetteer. Every article bears 
the mark of studied, careHil, 
■ad oxaot compilation. It 



comprehends both the topo- 
kony and the hydrography 
the United Kingdom, and 



is constructed on the plan 
of fkoilitating reforanoe by 
brinsing together as many 
articles as poesible under 
distinct heads. ... All the po- 
sitions have been retaken 
from the mans ; and not only 
the county out tlte nusjrter 
of the county given in which 



Short Whist; its Else, ProgrosSi and 

Laws : With Obseryations to make any one a 
Whist-Player. Containing also the Laws of 
Piquet, Cassino, Ecart^, Cribbage, Back- 
gammon. By Major A. New Edition ; to 
which are added. Precepts for Tyros, by 
Mrs. B. Fcp. 8yo. 8s. 

Sinclair. — The Journey of Life. By 

Oathebikb Sincijlib, Author of The Bun- 
nets of Life. New Edition. Fcp. 8yo. 5s. 

Sir Roger De Goverley. From the Spec- 
tator. With Notes and Illustrations, by 
W. HsvBT Wells ; and 12 Wood Engray- 
ings from Designs by F. Tatlbb. Second 
and cheaper Edition. Grown Syo. lOs. 6d. ; 
or 21s. in morooco by Hayday. — An Editicm 
without Woodeuts, in lOmo. price Is. 

The Sketches: Three Tales. By the 

Authors of Amy Herbert, The Old Man*s 
Home, and Hawkstone, The Third Edition ; 
with 6 Illustrations in Aquatint. Fcp. 87Q. 
prioe Am. 6d. boards. 

Smee's Elements of Electro-Mets^orgy. 

Third Edition, reyised, corrected, and con- 
siderably enlarged j with Electrotypes and 
numerous Woodcuts. Post 8yo. 10s. 6d. 

Smith (G.) — History of Wesleyaa Me- 
thodism : Vol. I. Wesley and his Times. 
By Geoboe Smith, P.A.8., Member of the 
Boyal Asiatic Society, &c. ; Author of Sacred 
Annals, or Researches into the History and 
Religion of Mankind, Ac. Crown 8yo. 
with 8 Facsimiles of Methodist Society 
Tickets, price lOs. 6d. cloth. 
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NEW WORKS AKD NEW EDITIONS 



Smith^G.V.)— The Prophecies relating 

to Nineyeh and the Assyrians. Translated 
from the Hebrew, witli Historical Intro- 
ductions and Notes, exhibiting the principal 
Besults of the recent Discoveries. By 
GsoBOB Yakcb Smith, B.A. Post 8to. 
with a Map, price lOs. 6d. cloth. 

Smith (J.) —The Voyage and Shipwreck 

of St. Paul : With Dissertations on the Life 
and Writings of St. Luke, and the Ships and 
Navigation of the Ancients. By Jufsa 
Smith, of Jordanhill, Esc^., F.B.S. Second 
Edition ; with Charts, Views, and Wood* 
cuts. Crown 8to. 80. 6d. 

4 Memoir of the Bev. Sydney Smith. 

By his Daughter, Ladt Hollaitd. With 
a Selection from his Letters, edited by 
MBS.Au8Tiir. New Edition, 2 vols. 8to. 28s. 

The Rev. Sydney Smith's Miscellaneous 

Works : Including his Contributions to The 
Edinburgh Review. QHiree Editions : — 

1. A LiBBABT EDxnoir (the F<mrth\ in S vola. Sro. 
with Portrait, 86t. 

t. Complete in Ovb Volitki, with Portrait and Vig- 
nette. Square crown 8vo. price 21a. cloth ; or 30a. 
twondincalt 

8. Another Xsw Edxtxcit, in 8 toIb. fcp. 8ro. price tla. 

The Rev. Sydney Smith's Elementary 

Sketches of Moral Philosophy, delivered at 
the Royal Institution in the Years 1804, 
1805,andl806. Third Edition. Fop.8vo.78. 

Snow.— A Two-Years' Cmise off Tierra 

del Fuego, the Falkland Islands, Pataffonia, 

and the Biver Plate. A Narrative of Life 

in the Southern Seas. By W. Pabkeb 

Snow, late Commander of the Mission 

Yacht Alien Gardiner; Author of "V<yage 

of the Frinee Albert in Search of Sir John 

Franklin." With 8 coloured Charts and 6 

tinted Illustrations. 2 vols, post 8vo. 24s. 

Islanda, with the dangert of 
their navigation and the pe- 
culiar character of the River 
Plate, have a novelty begrond 
the common run of vQjragtug. 
The adventurea in Tierra del 
Fuego are very Interesting." 

SPBCtATOB. 



*' A Rohinson-Craaoe atyle 
of narration, and a kind of 
nmgfa and pictureeqne treat- 
ment, euatain the Interest of 
the nautical descriptSona 
more than might be sup- 
posed : the wild, and violent 
weather of the Falkland 



Robert Sonthey's Complete Poetical 

Works ; containing all the Author's last In- 
troductions and Notes. The Library Edi* 
iion, comdbte in One Volume, with Por- 
trait and vignette. Medium 8vo. price 21s. 
cloth ; 42s. bound in morocco. — Also, the 
First collected Edition, in 10 vols. fcp. 8vo. 
with Portrait and 19 Vignettes, price 35s. 

Select Works of the British Poets ; from 

Chaucer to Lovelace indusire. With 
Biographical Sketches by the late Bobbbt 
SouTHXT. Medium 8to. price 30s. 



Southey's Correspondence. — SelectionB 

from the Letters of Robert Southey, &c. 
Edited bvhis Son-in-Law, the Bev. Johk 
Wood Wabtbb, B.D., Vicar of West 
Tarring, Sussex. 4 vols, post 8vo. price 42s. 

The Life and Correfpondeiiee of the lateBdbert 
Southev. Edited by his Son, the Ber. 
C. C. SouTHXT, M.A., Vicar of Ardlei^ 
With Portraits and Landscape Illustra« 
tioni. 6 vols, post 8vo. price 63s. 

Sonthey's Doctor, complete in One 

Volume. Edited by the Bev. J. W. Wastxb, 
B J>. With Portrait, Vignette, Bust, and 
coloured Plate. Square crown 8vo. 2l8. 

flouthey*! OommoBLplaee-BooIci, eomplete in 

Four Volumes. Edited by the Bev. J. W. 

Wastbb, B.D. 4 Tols. square crown 8vo. 

price £8. 18s. 

Eadi Commamflace'Bookt complete in itself, vaaj b« 
had separately, as fcUows ^- 

FisST Snxxs- CHOICE PASSAGES. Ac 18s. 

SBCon> Sbbixs— SPECIAL COLLECTIONS. 18s. 

Thibd Ssins- analytical READINGS, tla. 

FOVBTH Sbsiss- ORIGINAL MEMORANDA, ftc. tie. 

Sonthey's Life of Wesley ; and Bise and 

Progress of Methodism. New Edition, with 
Notes and Additions. Edited by the Bev. 
O. O. SoTTTHXT, M.A. 2 Tols. 8vo. with 
2 Portraits, price 28t. 

Spottiswoode.— A Tarantasse Jonmey 

through Eastern Bussia, \n the Autumn of 
1856. By William Spottiswoodb, MJL« 
F.B.S. With a Map of Bussia, several 
Wood Engravings, and Seven Illustrationa 
in tinted Lithography from Sketches by the 
Author. Post 8vo. price lOs. 6d. 

Stephen.— Lectores on the History of 

France. By the Bight Hon. Sib Jambs 
STBPHBH,E.C3.,LL.5.,Proie8sor of Modem 
HiBiorj in the University of Cambridge. 
Third Edition. 2 vols. 8vo. price 24«. 

Stephen.— Essays in Ecclesiastical Bio- 

gnmhy ; firom The Edinburgh Beview. Bj 
theBight Hon. SiB James Stbphbk, E1.0.B., 
LL.D., Professor of Modem History in 
the University of Cambridge. Third Bdi- 
tion. 2 vols. 8vo. 24a. 

Stonehenge.— The Greyhound : Being a 

Treatise on the Art of Bre^ng, Bearing,' 
and Training Qreyhounds for Public Bon* 
nin^ ; their Diseases and Treatment : Con- 
taimn^ also Bules for the Management of 
Coursing Meetings, and for the Decision ci 
Courses. By Stonshbkgb. With Frontis- 
piece and Woodcuts. Square crown 8vo. 
price 21s. half*bound. 
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Stow. — The Training System, Moral 

Trainiiig School, and Normal Seminarj for 
preparing Schoolmasters and Oovemesses. 
bj David Stow, Esq., Honorary Secretary 
to the Glasgow Normal Free Seminary. 
Tenth Edition ; with Platea and Woodontf . 
Post Sto. price 6t. 

Strickland. — Lives of the Queens of 

England. By AOKXS StkiokiiAKD. Dedi- 
cated, hy express nermission, to Her Ma- 
jesty. Embellishea with Portraits of erery 
Queen, engrared from the most anthentw 
sources. Complete in 8 toIs. post Sto. price 
7s. 6d. each. — Any Yolome may be had 
teparaUiy to coropl^ Sets. 

Memoirs of Rear-Admiral &r ¥niliam 

Symonds, £nt., 03., F.II.S., late Sorreyor 
of the Nayy. Publi^ied with the sanction 
of his Executors, as directed by his Will ; 
and edited by J. A. Shabp. Sto. with 
Plates and Wood EngraTings. 

[/« the freu, 

Taylor.— Loyola: andJesnitism in its 
Badiments. By IsiULO Tatlob. Pott Sto. 
price lOs. 6d. 

Taylor.— Wesley and Methodism. By 

laiAO Tatlob. Post Sto. Portrait^ lOs. 6d. 

Thacker's Gonrser's Annual Remem- 
brancer and Stud-Book : Being an Alpha- 
betical Betnm of the Banning at all the 
Public Ooursing Clubs in England, Ireland, 
and Scotland, for the Season 1S56-67 ; with 
the Fetiwrees (as far as receiTcd) of the 
Doos. By BoBSBT Abbak Welsh, LiTer- 
pooL Sto. 21s. 

V PabUahed umosllj in OetoUr, 

TbirlwalL— The History of Greece. By 
the Bight Bar. the Loan Bishop of St. 
David's (the Bct. Connop Thirlwall). An 
improTed LibrarrEdition ; with M^. 8 
Tou. Sto. price £3.— An Edition in S toIs. 
fcp. Sto. with Yignette Titles, price 28s. 

Thomas.— Historical Notes relative to 

the History of England; embracing the 
Period from the Accession of Kin^ Henry 
Yin. to the Death of Queen Anne mdusiTe 
(1509 to 1714) : Desiffned as a Book of in- 
stant Beferenoe for tne purpose of ascer- 
taining the Dates of ETents mentioned in 
History and in Manuscripts. The Karnes 
of Persons and ETents mentioned in History 
within the aboTC period placed in Alpha- 
betical and Chronological Order, with Dates ; 
and the Authority from whence taken 
grren in each case, whether from Printed 
History or from Manuscripts. By E. S. 
Thomas, Secretary of the Public Beoord 
Department. 8 toIs. royal Sto. price £2. 



Thomson's Seasons. Edited by Bolton 

CoBNET, Esq. Illustrated with 77 fine 
Wood Engrarings from Designs by Mem- 
bers of the Etching C^ub. Square crownSTO. 
21b. cloth ; or 86s. bound in morocco. 

Thomson (the Rev. Dr.)— An Ontline of 

the neoessarr Laws of Thought : A Treatise 
on Pure and AppUed Logic By WnxiAX 
THOMBOir, D.D., ProTostof Queen's Col- 
1^, Oxford. FauriA Edition^ carefully re- 
Tised. Ecp. Sto. price 7s. 6d. 

Thomson's Tables of Interest, at Three, 

Four, Four-and-a-Half, and FiTe per Gent., 
from One Pound to Ten Thousand, and from 

1 to 865 Days, in a regular progression of 
single Days ; with Interest at aU the aboTO 
Bates, from One to TwcItc Months, and 
from One to Ten Years. Also, numeroua 
other Tables of Exchanges, Time, and Dn- 
cocnts. New Edition. 12mo. price Ss. 

Thombory.—Shakspeare's England; or, 

Sketches of Social History during the Beign 
of Elixabeth. By Q-. W. Thobnbitsy, 
Author of HUtory of the Buccaneers^ &c. 

2 Tols. crown Sto. 21s. 

** A work which stands nnriTsUed for the variety 
and entertaining cbaraeter of ita contents, and which weft 
' 1 a plaoe^on the librar;|r-«he1f. hjr the tide, either of 



the hiatoriana of Bnghuid or the prince of dramatiste." 

JoHir Bull. 

The Thumb Bible ; or, Verbnm Sempi- 

temum. By J. Taylob. Being an Epi- 
tome of the Old and New Testaments in 
English Verse. Beprinted from the Edition 
of 1698 ; bound and clasped. 64mo. Is. 6d. 

Bishop Tomline's Introdnction to the 

Study of the Bible : Containing Proofs of 
the Authenticity and Inspiration of the 
Scriptures; a Summary of the History of 
the Jews ; an Account of the Jewish Sects ; 
and a brief Statement of Contents of sctc- 
ral Books of the Old Teetamenf, New Edi- 
tion. Fcp. Sto. 6s. 6d. 

Tooke.— History of Prices, and of the 

State of the Circulation, during the Nine 
Years from 184S to 1856 inclusiTe. Form- 
ing Vols. V. and VI. of Tooke's History of 
Friees from 1792 to the Fresent Time ; and 
comprising a copious Index to the whole of 
the Six Volumes. By Thomas Tooxb, 
F.B.S. and WnxiAic Nxwkabch. 2 toIs. 
Sto. price 628. 6d. 

Townsend.— Modem State Trials reyised 

and illustrated with Essays and Notes. By 
W. 0. TowHsnrD, Esq., M Ji., Q.O. 2 toIs. 
Sto. price 80s. 
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NEW WORKS Aim JNKW EDITIOirS 



COMPLETION 

or 

THE TRAVELLER'S LIBRARY. 



Summary of ike ConietUs of ike TRAYELLEK'S LtBRARY, now complete i» 102 
ParU, price One Shilling each, or in 50 Volumes, price ii. &d. each in cloth. — 
To he had also, in complete Bets only, at Five Guineas per Set, bound in cloth, 
lettered, in 35 Volumes, classijled as follows. '^-^ 



VOYAQES AND TRAVEL8. 



L HOPE. 
I. HOPE. 



IN EUROPE. 

A CONTIKENTAL TOUR BrJ.BARBOfW. 

ARCTIC VOYAQES AHD \ „ « wa yww 

DISCOYERIBS J BT r. «AI»JB. 

BRITTANY AND THE BIBLE BT L 

BRITTANY AND THE CHASE Br I. :^__ _. 

CORSICA BT F. QRBOOROVIUS. 

ICELAND BT P. MILES. 

NORWAY. A RESIDENCE IN bt S. LAINO. 

NORWAY, RAMBLES IN BT T. FORESTER. 

RUSSIA BY THB ItARQUIS DE CUSTINE. 

RUSSIA AND TURKEY .. BY J. R. M'CULLOCH. 

ST. PETERSBURG bt M. JERRMANW. 

THE RUSSIANS OP THE ftOUTH, bt 8. BROOKS. 

MONT BLANC, ASCENT OP BT J. AULDJO. 

SKETCHES OF NATURBl_« vONTRrmTDT 

IN THE ALPS ..f^^* ^"'* T8CHUDI. 

VISIT TO THE VAUDOtS) -_ « hatvtpq 

OF PIEDMONT J *^ ^' "AINES. 



IN ASIA. 

CHINA AND THIBET BTTHB ABBS' HUC. 

STRIA AND PALE8TIKB **EdTflEK." 

THE PHILIPPINE ISLANDS. BT P. OIBONI^BB. 

IN AFRICA. 
AFBIOAK WANDBRIKOS BT M. WERNE. 

NioBREri^L6RA*i6it*. *. BT f.'i! WtchinsonI 

THE ZULUS OF NATAL bt Ow H. MASON. 

IN AMERICA. 

BRAZIL BT E. WTLBERFORCE. 

C^ADA btA. M. JAMESON. 

CUBA BT W. H. HURLBUT. 

NORTH AMERICAN WILDS . . . . Bt a LANMAN. 

IN AUSTRALIA. 
AUSTRALIAN COLONIES bt W. HUGHES. 

ROUND THE WORLD. 
A LADrS TOTAOB btIDA PFEIFFSB. 



HISTORY AND BIOGRAPHY. 



I^MOIR OF THE DUKE OF WELLINGTON. 
THE LIFE OF MARSHAL "» bt tob REV. T. O. 

TURENNE it"±jJL COCKAYNE. 

8CHAMYL .... BT BODENSTEDT akd WAGIfER. 
FERDINAND I. AND MAXIMI- \ _^ i. Awm? 

LIAN U. / " RANKE. 

FRANCIS AiCAQ(y8 AUTOBTOORAPHY. 
THOMAS HOLCROFrS MEMOIRS. 



CHESTERFIELD St SELWtK. BT A. HAYWARD. 

ANBODQTSS OF DR. JOHNSdN. bt MRS. PI02ZI. 
TURKEY AND CHRISTENDOM. 
LBIPSIC CAMPAIGN, btthb REV. G. R. QLETG. 
AN B^SAY ON THE UFB AND\ bt HENRY 
GENIUS OF THOMAS FULLER/ ROGERS. 



ESSAYS BY LORD MACAULAY. 



WARREN HASTINOS* 

LORD CLIVE. 

WILLIAM PITT. 

THE EARL OF CHATHAM. 

RANKE'S HISTORY OF THE POPES. 

GLADSTONE ON CHURCH AND STATE. 

ADDISON'S LIFE AND WRITINGS. 

HORACE WALPOLE. 

LORD BACON. 



LORD BYRON. 

^^^g RESTORATIOK. 

HALLAM'S OONSTITUTtON AL H ISTOBY. 
CROKER'S EDITION OF BOSWELL'S LIFE OF 
JOHNSON. 

LORD MACAULAT*S SPEECHES ON PABLIA- 
iUJNTARYREFORM. 



WORKS OF FICTION. 

THE LOVE STORY, fboh SOUTHEY'S DOCTOR, 
SIR ROGER DE COVERLEY. . . . } SPBOTATQB 
MEMOIRS OF A MAITRE.D*ARMES. by DUMAS. 
'^^Sil^^^'t } BTE.80UVESTRE. 



bir~6dward sba^ 
his shipwreck. 



itt S. 0OUVB0TRE. 
fAXSyS NABB^TIVS OF 



NATURAL HISTORY, &o. 



NATURAL HISTORY OP \ »- nu t itbitp 

CREATION. ^...^ I *^ "»*• ^' KEMP. 

INDICATIONS bF tirSTINCT. BT DR. L. KEMP. 



ELECTRIC TBLBORAPB. Ac. BY DR. O. WILSON. 
OUR COAL-FIELDS AND OUR COAL-PITS. 
CORNWALL, ITS MINES, MINERS, ftc. 



MISCELLANEOUS WORKS. 



LECTURES AND ADDRESSES { ""abL^l£ °' 
BRLECTTONS FROM SYDNEY SMira*S 

WHITINGS, 
PRINTING BT A. STARK. 



BAILWi 

mS^^ 



"-'lway'tolic? ^™} • » H' SPENCSa. 
loNiSM . . BY t»'Kev. W. J. conybeare. 

LONDON BTJ.B.MH3UIiL00a« 
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The Traveller's Library being now com- 
plete, tlie Publishers call attetilioti to this 
coUection as well adapted for Tratelten and 
Mmiffrantif for School-room Hbrariest the Libraries 
of Mechanic** IfuHtutiont, Young Men* » Lihrariet, 
the LMrmiH •/ SMps, and similar purposes. The 
separate velumes are saited for School Prizes, 
Present4 to Tonnp People, and for general instruc- 
tion and entertainment. The Series comprises 
fourteen of the most popular of Lord Macaulay's 
Bss€nf9, and his Speeches on Parliamentary Reform. 
The department of Travels contains some account 
6f eight of (he principal countries of feurope, as 
well fts trarels in Ibur districts of Africa, in four of 
Ataerica, and in three of AsiSi Madame P^eiflTer's 
Firwi J&tamejf romnd the World is included } and a 
g^eneral account of the Australian Colonies. In 
BiOfpraphy and History will be found I*ord Macau- 
lay's Bioi^rapbical Sketches of Warren Hastings, 
Clhre, Pitt, Walpole, Bacon, and others; betides 
Memoirs of Wellington, Tnrenne, F. Arago, &c. ; an 
fessay on the Life and Genius of Thomas Fntler, 
with Selections from bis Writinfr8,*by Mr. Henry 
Rogrera ; and a history of the Leipsie Campaign, by 
Mr. Gletff, — which is the only separate account of 
this remarkable campaign. Works of Fiction did 
liot cofttke Within the plan of the TRAvsLLaa's Li- 
bRA RY J hut the Confessions of a Working Man, by 
BonTeatre» which is indeed a fiction fbunded on fact» 
baa been included, and has been read with unusual 
interest by many of the working classes, for whose 
nae it is especially recommended. Dumas's story 
of the Maitre'd*Armes, though in form a work of 
fiction, gives a striking picture of an episode in the 
history of Russia. Amongst the works on Science 
lind Natural Philosophy, a general view of Creation 
is embodied in Dr. Kemp's JiTainral ttistvrp of 
Crrationi and in his Inditations of Instinct remark* 
able facts in nataral history are collected. Dr. 
'Wilson has contributed a popular account of the 
Electric Telegraph, In the volumes on the Coal- 
Fields, and on the Tin and other Mining Districts 
of CorHvall, is glvett an account of the mineral 
wealth of England, the habits and manners of the 
miners, and the scenery of the surrounding country. 
It only remains to add, that among the Miscella- 
neons Works are a Selectton of the best Writings of 
the Rev. Sydney Smith ; Lord Carlisle's Leetmres 
and Addressee ; an accottnt of Mormonism, by the 
Rev. W. J. Conybeare ; an exposition of Railway 
management and mismanagement, by Mr. Herbert 
Spencer ; an acconnt of the Origin and Practice of 
Printing, by Mr. Stark; and an account of London, 
by Mr. M'Culloch. 
** If we were oalled upon to 



lay the first stone of a Me- 
chttuies' Institute or Book- 
Sode^'eCcllectlon, it should 
be composed of the hundred 
and two parts of the Tra- 
veUer's lAbrarv. It is the 
best ShUUiur Series extant. 
Here are Mr. Macaulay's 
best writings, the antbologia 
of Sydney Smith, some ad- 
mirable literary essajv by 
diflferent authors, several ex- 
cellent volumes of science, 
narratives of travel in eigiit 
~ n, four American, 

ican, and three Asl- 



atle countriel, and examples 
from the works of Souvestre 
and Dumas. Bound together, 
they form twenty-flve con- 
venient volumes, which any 
society of a hun<fred and five 
members may possess, upon 
paymeutof one shilling eaoli. 
An association of this kind, 
formed in every small town, 
would thus create sufficient 
basis for a free librarv upon 
a modest scale. Good boMcs 
are not beyond the reach of 
men, if working 
toobtaiu 

•BADEK. 



\ wui combine 



them." 



Buroman, 
lour Afric 

^^ The TraveUer^s Uhtary may also be had 
as originallj issued in 102 partB, Is. each, 
forming 50 vols. 2s. 6d. each ; or any separate 
parts or yolumes. 



t^oUope.— Ba]rch6Bt«r Towers* By An* 

THoirr TeoMiOpS. 8 Yols* post 8to. price 
die. 6d. 



" Sarehe$ter Toweri (i, 
kindof seonel Ineontluuatkm 
of Mr. Trollope's foimer 
novel The Watden) does 
not depend only on story for 
its interest i the carefVd 
Writhig,.the good humour 
with a tendency often to be 
Shandean in its expression. 



tod the wnse and right 
AMlIng with which the way 
is threaded among questions 
of high church and low 
church, are very noticeable, 
and secure for It unquestion- 
able rank among the few 
really well-written tolee that 
every season produces.** 
fixiKiinia. 



Tifollope.— The Warden. By Anthony Trollope. 
Post 8vo. lOs. ed. 

Sharon Turner's Sacred History of the 

World, attempted to be Philosophically 
considered, in a Series of Lettera to a Son. 
New Edition, edited by the Rev. S. Ttjeneb. 
8 voli. pott 6to. price 81b* 6d. 

Sharon Tamer's History of England 

during the Middle Ages: Comprising the 
Beigns from th^N^orman Conquest to the 
Accession of Hefiry VIII. Fifth Edition, 
revised by the Bev. S. TtTEiTBE. 4 vols. 
8vo. price 608. 

Sharon Tamer's History of the Anglo- 
Saxons, from the Earliest pOTiod to the 
Norman Conquest. Seventh Edition, revised 
by the BeV. B. TmiHtB. 8 vok. 8vo. 368. 

Dr. Tarton's Manual of th« Land and 

Fresh- Wat«r Shells of Great Britain. New 
Edition, thoroughly revised and brought up 
to the Pfesent Time. Edited by Dr. J. B. 
Gkay, F.R.8., &c., Keeper of the Zoological 
Department in the British Museum. Crown 
8vo. "with Coloured Plates. [In the press. 

Dr. tire's Dictionary of Arts, Manufiic- 

tures, and Mines : Containing a clear ExpO" 
sition of their Principles and Practice. 
Fourt^h Edition, mueh enlaiiged ; most of 
the Articles being entirely re^written, and 
many new Artidee added. With nearly 
1,600 Woodcuts. 2 vols. Svo. price 608. 

Van Der Hoeven's Handbook of Zoology. 

Translated from the Second Dutch Edition 
by the Bev. William Clak^, M.D., P.B.S., 
&o., late Fellow of Trinity College, and Pro- 
fessor of Anatomy in the University of 
Cambridge , with additional Beferences fur- 
nished by the Author. In Two Volumes. 
Vol. I. Invertebrate Animals; with 16 Plates, 
comprising numerous Figuree. Svo. SOs. 

Vehse.— Memoirs of the Court, Aristo- 
cracy, and Diplomacy of Austria. By Dr. E. 
Vbhse. Translated from the German by 
Franz Dehmleb. 2 vols, post 8to. 2l8. 
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NEW WORKS PUBLISHJBD BY LONGMAN and CO. 



Vott Tempsky.-Mitla: A Narrative of 

Incidents and Personal Adventures on a 
Journey in Mexico and Guatemala in the 
Years 1853 and 1854; With Observations 
on the Modes of Life in those CJountries. By 
G. F. Von Tbmpskt. Edited by J. S. Bii^ 
Author of Journal of a Retidence in Cireasna 
hi the Tears 1886 to 1839. With JUustra- 
tions in Chromolithography and EnffrayiiuM 
on Wood. Byo. U*thepretMr 

Wade. — England's Greatness : Its Rise 

and Regress inGoTemment. Laws, Beligion, 
and Social Life; Agriculture, Commerce, 
and Manufactures; Science, Literature, and 
the Arts, from the Earliest Period to the 
Peace of Paris. By John Wadb, Author of 
the Cabinet Lawjfer, &o. Post Byo. 10s. 6d. 

Waterton.— Essays on Natural History, 

chiefly Ornithology. ByO.WATEBTON.Esq. 
With an Autobiography of the Author, and 
Vwws of Walton Hall. New and cheaper 
Edition. 2 Tols. fcp. 8jp. price 10s. 

Waterton'sBswyi on Natural History. Third 
Series ; with a Continuation of the Auto- 
biography, and a Portrait of the Author. 
Fop. Byo. price 6s. 

Webster and Parkes's EncyclopsBdia of 

Domestic Economy j comprising such sub- 
jects as are most immediately connected with 
HousekeepJM: As, The Construction of 
Domestic Edifices, with the Modes of Warm- 
ing, Ventilating, and Lighting them— A de- 
amption of the various articles of Furniture, 
with the nature of their Materials— Duties of 
Servants— Ac. New Edition; with nearly 
1,000 Woodcuts. Bvo. price 60s. 

Weld. — Vacations in Ireland. By 
Charles Biohabd Wbld, Barrister- at- 
Law. Post Byo. with a tinted View of 
But Castle, price lOs. 6d. 

Weld.-A Vaoatioa Tdnr in the ITnited StatM 
and Canada. By C. R. Weld, Barrister-at- 
Law. Post Byo. with Map, 10s. 6d. 

West. — Lectures on the Diseases 'of 

Infancy and Childhood. By Chablbs West 
M J)., Physician to the Hospital for Sick 
Children; Physician-Accoucheur to, and 
Lectt^r on Midwifery at, St. Bartholomew's 
Hospital. Third Edition. Bvo. 14«. 

WiUich's Popular Tables for ascertain- 

mg the Value of Lifehold. Leasehold, and 
Church Property, Renewal Fines, &c. With 
numerous additional Tables— Chemical, As- 
tronomical, Trigonometrical, Common and 
Hyperbolic Logarithms; Constants, Squares 
Cubes, Roots, Reciprocals, &c. Fourth 
Edition, enlarged. Post Bv o. price 10s. 

PAINTBD BY SPOTTlSWOODB AND 



Whitelocke's Journal of the English 

Embassy to the Court of Sweden in the 
Years 1653 and 1654. A New Edition, 
revised by Hbnby Rbetx, Eatf« FJA. 
2vols. Bvo. 246. 

Wilmot's Abridgment of Blackstone's 

Commentaries on the Laws of England, in- 
tended for the use of Young Persons, and 
comprised in a series of Letters finom a Father 
to his Daughter. 12mo. price Ba. 6d. 

Wilson (W.)— Bryologia Britannica: Con- 

taining the Mosses of Great Britain and 
Ireland systematically arrangedaad described 
according to the Method of BrucJk and 
Schimper; with 61 illustrative Plates. B«ng 
n New Edition, enlarged and alterod, of the 
Jftueoloffia Britannica of Messrs. Hooker and 
Taylor. By William Wilboh, President 
of the Warrington Natural History Society. 
Bvo. 42s.; or, with the Platea coloured, 
price £4. 4e. cloth. 

Yonge.— ANew English-Greek Lexicon : 

Containing aU the Greek Words used by 
Writers of good authority. By 0. D. 
YoKGx, B.A. Second Edition^ revised and 
corrected. Post 4to. price 21s. 

Yonge*! New Latin Gradiu : Containing 
Every Word used by the Poeta of good 
authority. For the use of Eton, West- 
minster, Winchester, Harrow, Charterhouse, 
and Eugby Schools; King's College, Lon- 

* don; and Marlborough College. ^h 
JBdition. Post Bvo. price 9s.; or with 
Appendix of Epithet* classified according 
to their Englith Meaning, 12s. 

Yonatt.-The Horse. By William Youatt 

With a Treatise of Draught. New Edition, 
with numerous Wood Engraringa, from 
Designs by William Harvey. (Messrs. 
LoNGKAK and Co.*s Edition should be or- 
dered.) Bvo. price 10s. 

Yonatt-The Dog. By William Yonatt. A 
New Edition; with numerous EngraviDgs, 
from Designs by W. Harvey. Bvo. Ba. 

Young.— The Christ of History: An 

Argument grounded m the Facts of His 
Life on Earth. By Johk YouFa, LLJ). 
Second Edition. Post %io. 7s. 6d. 

Young.-Tlie Mystery; or, Bvfl and God. By 
John Yofno, LLJ). Post Bvo. 7s. 6d. 

Zumpt's Grammar of the Latin Lan- 
guage. Translated and adapted for the 
use of English Students by Db. L. Schiot*, 
F.E.S.B. : With numerous Additions and 
Corrections by the Authw and Translator. 
4th Edition, thoroughly revised. Bvo. 14^.' 
iOctoherim. 
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